Approved For Release 2009/07/09 : CIA-RDP80T00246A011 700340001 -4 


25X1 



Approved For Release 2009/07/09 : CIA-RDP80T00246A01 1700340001-4 



Approved For Release 2009/07/09 : CIA-RDP80T00246A011 700340001 -4 

„ „ y . , . ^ ^ * _ 


/ . ■ M 

' ( • : r 


I 


TEOPHH OJIHOPOJIHUX CJIY^HHUX IIOJIEI! 

Yf\C»UO^ A.M.flr;iou (MocKBa, AKa^eMHA HayK CCCP) 

I. BsejtieHHe 

IlempaiJILHHM $aKT0M KOppeJIflUHOHHOS TeopMH CiailHOHapHHX CJiy- 
yafiHHX npoiieccoB BBJiaeicB $aKT cymeciBOBaHUB cneKipaJiBHor o 
jiojceHHB KBK CBMoro npoi^ecca i(t) : 

(1.1) _ 

TBK H ero KoppemHOHHOn fjHKmiH ^(t) '£{|( ttT)5 ( t) j : 

( 1 . 2 ) = 

-OO 

SflecB asflHTHBHaB c/iy'iaiiHafl MHoaecTBa(c/iyMal!HaB 

wepa), a ?"(V\)- odH^Haa HeorpHitaieJitHaB orpaHHMeHHaa wepa Ha 
^-oo^oo) , cBasaHHaa c Z(A) cooTHOinemeit 
( 1 . 3 ) ffA) = ElZ(AT- 

BpeueHHOB napaiieip t nponecca mu npe,nnojiaraeM npHHMMaDiniiM bc 6 
BemecTBeHHue SHaMeHHa ; ;^JIa cJiy'iaiiHux npoueccoB c AHCKpeiHUM na- | 
paueipoM npBAeau HHierpHpoBaHMB b (I.I) h (I»2) Ha^o saMeHMiB Ha | 
~X a , • j 

AHaaorHqHue cneKipaaBHue pasaoseHHa cymeciByioT ciaitHO- 
HapHux npoHeccoB c MHorouepHuu BpeMCHHUM napaMeTpoMt'(ti,U,...,t*v) 
(i.e.jlJia oflHopojtHux caynaSHux noaefl ^(t) b Tt-MepHOM 
npocTpaHCTse Rn. ) h ajih enie doaee odmero Kaacca OAHopojiHHX no-^ 
aett Ha npoH3BOJii>HO0 /lOKaatHO KounaKTHofl KOMMyTaiHBHoH rpynne 
(cM.HH2ce $opMyau (2.21 ) - (2.23) 

<^pM 9T0M B caywae oflHopoAHoro noaa |(t) , t^R-fv asjdue 
;tonoaHHTeaBHue npe;inoJioseHHB o ero cHMMeTpHH Moryi duiB CBe^eHu 
K cneHHaaBHuu orpaHHHeHHau Ha Koppe/iaitHOHHyK) $yHKmiD J)(t) M 

TOO inirofs.? .<5 5 
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cneKipajiBHyio wepy r(A) (h/ih Z(a) )• OcodeHHO HHiepecHHM 
npmioEeHHfl nBJiReicsi c/iy^a0 ojiHopo^Horo h HSorpoiiHoro c/iy^aflHoro 
no/ifl - o;iHopoAHoro nojia ?(t) , o(5;ia;iaDiiiero c$epii*iecKO0 cramei- . 

pMeil. OdmHM BHfl KoppeBflitHOHHoa (pyHKitMH jZ=lXf , xaKoro no;ia ; 
;iaeTCB MSBeciHoS ^opwyjioii lOeHdepra [l]: i 

(I-l) 

r;te - $yHKiiMB Becce;iB nopB;iKa iLil , a - orpaHiweH- 

z z 

Hafl HeyduBaDDiafl (JyHKiiHa Ha[o, «>J ), b cTaTHciHqecKpfl leopMH xyp- 

f 

dy;ieHTHOCTH paccMaipuBaioTCB laKsce BeKiopHHS oflHopo^iHLie h Haoipon- ; 
Hiie c;iywafiHue noJiB oTBeqatouiaB km KoppeBBUKOBHaa , 

iiaipMua cBoe "cneKipaaBHoe paajioJceHMe", 

HecKOBBKo HanoMKHacmee (1.4) (cm. [ 2 - 4 ] ). OdodmeHMeM noHaiiia ,, 
BeKTopHoro HSoiponHoro caywafiHoro noaa BBaaeTca noHBTHe MBoipon- • 
Horo cJiywafiHoro noiOKa, BBe,neHHoe Hto [5] ; RJia laKMX noioROs | 
laKHc cymecTByeT cneKipaaBHoe paajioseHHe cneiiMaaBHoro BM,Ra. . : 

HecKOBBKO B cTopoHe 01 padoT no leopHH cayqafiHHX noaefl b ^ 
eBKBHflOBHX npocipaHCTBax CTOHT HedoBBtnaa saMciKa A.M.OdyxoBa [s],’ 
nocBameHHaa o;iHopo;iHbiM cayqaJiHHM noaaM Ha c$epe Sz ipexMepHoro \ 
npocipaHciBa R3 , OdyxoB paccMOipea paaaoKeHHe laKoro noaa..§(0,'f) j 
B pa;t no C(|;epHqecKHM |yHKKHaM • j 

H noKaaaajtjTO ycaoBMe oflHopo>5HocTM noaa paBHOCHaBHO ycaoBHD 

B cHay leopeMu caoscHHa flaa npHcoe^lKHCHHUx $yHKBHli JleaaHapa oi- 

CDfla w KoppeaaKKOHHoH 

(to 0ia - yraoBoe paccToaKMe Mesay lOMKaMH ’ft) h (0a. Y*) 
c$epu $ 2 , ) noayHaeica npe^s^ciaBacHHe - 
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€0 ? r + 1 O 

( 1.7) /Cos e), gr 2 

HaKAeHHoe b flpyroK cbbsh eme paHbine llleHdeproM[7] . OdpaTHO,npH 
/iiodux H fi yjioBJieiBopflKinHX (1.6) H laKiix, MTO pa;; (1.7) cxo- 
noJie (1.5) dy;ieT oj^HopoAHUM, a $yHKUHfl (1.7) dy^ei Koppe- 
jiflUHOHHoJi $yHKaHeii oAHopoflHoro c;iyMai5Horo nojia. 

Peay/iBiaTH (1.2), (1.4) h (1.7) i/iJii/i (I. I) h (1.5) BHeiflHe 
npe;icTaB;iBDTCB BecBiaa paa/iH^HUMM.EcTecTBeHHO ;tyuaTL,0AHaK0, ^lo 
Bce OHH flOJisHu co^epxaTBCB B KauecTBe qacTHMX cjiywaeB b KaKOfi-io 
odiiteii TeopnH, oxBaiHBaiomefi lanpoKHe KJiaccH c;iy^aaHHX $yHK^Ma, hh- 
.BapHaHTHUx oiHOCMTeJiBHO HeKOTopux rpynn npeodpasoBaHHK. Hexpy,HHo 
noHBTB, MTO ejmHCTBeHHUM MaiGMaTiwecKiiM annapaxoM, npMro;iHi)iM 
nocxpoeHHfl xaKoS odii;ea xeopHn,Moxex duxL annapax leopMH npejtcxa- 
BJieHHK rpynn. Hsefl HaciOBiaea padoxH h cocxohx b npH;ioKeHHii xeo- 
pHH npeAcxaBJieHMa rpynn k HaxoatAenHD odmero BMjta o^HopoAHux c^y- 
qafiHHX no;iefl h mx Koppe^iBmiOHHHx ^ynKnufi na pa3;iHWHHX iiHoroodpa- 
SHflx, jjonycKaoiiiHX xpaHSHxiiBiiyH) rpynny npeodpaaoBaHuB. 

Abxop HCKpenne d;iaro;tapeH H.M.re;iB$aH;ty , M.A.HaawapKy h 
H.H.BMJ ieHKMHy , dece^u c KOiopuMW no BonpocaM xeopHH npe^cxaB/ie- 
HHfl KMe;in cyniecxBeHHoe SHa^eHHe ajib HanHcaHHB Hacxoaniea padoiH. 

2. OjHOPOjiHHe cJiynagHHe no jib na rpynnax 
npociefiniiiM iHnoM npocxpaHCXB, sonycKaiomHX xpaHanxHBHyD rpyn- 
ny npeodpaooBaHiia, bbbbdtcb rpynnoBue npocipaHcxBa - co- 

BOKynnociH SBeueHioB ^ neKoxopoa rpynna. B ^taBBEeameu im dyfleu 
paccwaipMBaxB xobbko xonoJiorHEecKHe rpynnn 3 . Ha rpynne ^ mu 
MOSceM, Boodme rosopB, onpejteJinxB ;iase ;iBa pasBHqaux ceweacxBa ne- 
npepuBHux npeodpasoBamia: npeodpasoBanHa 

(2.1) V^: ^,-39. 

(/leBHe c;tBHri!) h 
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( 2 . 2 ) 

(n£aB^ c^biith). C;iyMal!Hoe no;ie ^(^)ua rpynne 9 mu onpeAeJim 
KaK (lyHKitHF) Ha 9 co SHaqeHHHMH h 3 rM/iB(5epTOBoro npocipaHciBa ^ 
K 0 Mn;ieKCH 03 HaqHHX cjiywaSHux Be;iH»iHH c Kone^Hofl wnepcHeii (cKa- 
jiflpHoe npoH 3 BeAeHHe sjieMeHioB m 3 paBHO mx KOBapHauiiH), Henpe- I 
pHBHy© B ciibic;ie cH/iBHoa lono^iorMH B^ . no;ie CyAex nasa- 

BaTBCfl O^HOpOflH^, BC^IH BFO rHepBHe H BTOpUB MOlieHTU HB MBMeHBIDT- 
cfl npH npHueHeHHH k cooiBeTciByiDiaHM apryneHTaw gj xoth 6u oaho- 
ro H3 ceweacTB npeodpaaoBaHHa ® aaBMcmdOCiii oi loro, ; 

BepHO Jiif 3X0 A^fi CBMeaciBa , Y^' iiJia odOHX apa^ mu dyflew ro- ^ 
BopuTB 0 noJiHX, o^tHopoAHux oiHocHie^iBHO ^iBBux c^iBiiroB, npasux 

CflBHrOB liJin ^ByCTOpOHHHX C^BHrOB. B CHJiy XpaHSHTHBHOCTH paCCMBT- * 

pHsaeMux rpynn npeodpaaoBaHHa AJia o;;Hopo;tHoro poviB Bcer^a j 

' . ■ 4' 

laK mo He yMeHBmaH odinHocTH mokho .nasce cpaay cwHiaTB, mo | 

E|( 3)=0 , IIpM 3 T 0 M e^HCTBeHHUM yCHOBWeM OflHOpOJlHOCTH HOJIH J 

*1 

oiHOCHiejiBHo jieBux cABMroB dy;5eT ycHOSHe 

( 2 , 3 ) 

a yc/iOBiieM owpoahocth 0XH0ciixe;iHH0 npanux cabhfob - ycJiOBHe 

Jl/ifl noHefl xe, oflHopo;iHHX oxhochicjibho ;^BycxopoHHMX c;iBHroB,;to/is- 
Hu Buno/iHHXBCH oda yc^iOBHH ( 2 . 3 ) M ( 2 . 4 ) oflHOBpeueHHO ; oicpfla, 

B waciHOcxH, cJie;iyex, qio $yHKimfl paseHciBa ( 2 . 3 ) b 

3 X 0 M c/iy^ae jtOBSHa coxpaHaxB cBoe 3 HaqeHHe npH aaMene s^ieMeHXOB 

,x.e. AO/i£Ha duxB nocxoaHHoS Ha 

KJiaccax conpH)ic^HHux SBeueHiOB: 

( 2 . 5 ) = A -, ^6 S - 


aKoe noHfliHe oflHopoAHOcxM,OMeBiWHO,flB;iHexcfl noHHiHeM b mapo- 
KOM cMuc;ie (cm,[ 8 ] , rH.n, § 3 ). 

r : 3 ssf^T 
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npej^noJioxMM cnepBa, ^ito rpynna ^ BB/iiieTCfl KOwnaKTHO^ 

(b Macf^, OHa MOKei duiB npocTO KOHeMHOfi). 3 to npe;ino;ioKeHiie cy- 
mecTBeHHO ynpomaei Jie/io, laK KaK nosBO/iaeT DOcnojiBSOBaiBCB lao- 
pMefi npe;iciaB;ieHMn KOMnar.THtix rpynn, Koiopaa yse cpaBHMie^BHO 
flaBHo AOCTHoa 3Ha™ejiLH0ii cieneHn saBepmenHocTH (gm. ,HanpiiMep, 

[9] H/iM [10] ). .Cor/iacHO 3 Toh TeopHH KasjiOM KOMnaKiHOfi rpynnu 
cymeciByei He (5o;iee ^en cneiHoe mhcjio He 3 KBiiBaJieHTHBix weacfly co- 
don KOHe^HOMepHHX yHHiapHtix HenpMBO^HMUx npe^cTaBJieHHii (i.e.roMO- 
M 0 p$H 3 M 0 B rpynnti ^ b rpynny yHHiapHHX. waipim KOHCHHoro nopa^uca): 

( 2 . 6 ) 

MaipiiwHHe 3 /ieMeHTu npescxaBaeHMn ysoBaeTBopaiox cae- 

J^yDmMM COOIHOlBeHHBM OpXOrOHaJIBHOCTH 
( 2 - 8 ) ^ 
r^e cMMBOJi KpoHCKepa, a - eflMHciBeHHaa HHBapMaHXHaa j 

oxHOCHxeJiBHO Bcex npeodpa30BaHHfl ^ h "V^ uepa na ^ xaKaaj^xo 
jolj =i . CoBOKynHocxB se Bcex MaxpHHHux ojieweHXOB i 

^ > 4 , 2 ,... odpaayex n^oanyiD opxoroHajiBHyo cMcxeMy b npoci- ; 

paHcxBe L^(^) KOMnaeKCHbDr>^yHKHMii c MHierpHpyeiami no KBa;ipa- 
xoM uo^^yaa. 

nycxB xenepB %{%)- npoH3BoaBHoe caywaKHoe noae na 
II3 ycaoBHH opxoroHaaBHOCXH h noanoxu ciicxeMH $yHKiiH0 7cj cae;Q/ei, 
xjTo Sfg) U02CH0 paaaoKMXB B cxoAflmunca B cMHcae KBaflpaxHWHoro 
(x.e. B cuHcae ciiaBHOi! xonoaorHH b ^ ) pa;; no oxhu $yHKi;HaM; 

( 2 . 9 ) 


5**V ■ 
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( 2 . 10 ) 


(iiHierpa.n b (2.10) laKsce noHMwaeicB b cMHc;ie cpe^Hero KBa^tpainq- 

Horo). Mr nojiea cEl[%)=o fO^eBi/iRHOf bo .Egjih npeflnojio- 

SHTB ;ia/iee,mo no;i^^wpo^Ho,ro oto, eciecTBeHHO, HaJiaraei flaJiB- 

HelimHe cymeciBeHHHe orpaHHqeHHB Ha K03$(|;HiiHeHTU • 

<J 

^qpeMa_I. c^ywaHi^ no^e (,2^9}^ 

OTHOCHieJIBHO ^ISB^ CJlBHrO^, HgOdXOgHMQ M J^OCiaTOHHO , 

^ CJiyqa^Hue bgothhu yAOBJ i eiB opfl/iM ycjiOBHBM 

(2. II) 

® C 


MaipMSg 
(2.12) 


r=ip . ., 

flBjBDTCfl no;iO HHTeJIBHQ 0_npefleJ[eHHUMH laKMWHj HTO^ ; 

(2.13) ) 

‘U .X . 

Koppe^^^HOH^ paBeHC^ (^3) b 3tom cjiygae ; 

npe^ciaBm^ b_jh^ 

ai.) . ■ I 

OdpaiHp^, TOdafl^^HK^ 3C^) BHja_ (2.14)^_rjte || - no^osHi^ 5 

HO on^e^e^eHHHe MaipiiijH, y;toB;ieTBopflK)iune (2j^ dys^ Ko p p ejiami- ] 

OHHp^ lyHKIJHeB HeKOTpporO qflHO£p£HOrO OIHOCHie/IBHO JieibtX i 

A 

roB c;i ^qaflHoro no^g ^ ff . 

JoKa3aTej^cTB£. Hs paBencTB (2.3), (2.10), (2.7), (2.8) h 
T oro,qxo JierKo c;iezyeT cooTHbnieHJie 

(2.15) 

feu caum ;iOKa3aHa Heodxo;tiDjocTB yc;iOBMB (2. II). no;icTaBHB aaiew 
(2.9) B (2.3), ydes;^aeMC^^ b cnpaBe;i/iHBOCTH (2.14). MaipimH • 


tm ni!f 

■. ■ I yiji iiJi a iy.a iL 
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oqeBM^tHO Bce dy^yi HeoipHiiaieJiBHO onpe^e/ieKHtaiH; tsk kqk 

^ " eflMHima rpynnu ^ ),to yc;iOBHe (2,13) 
dy^^ei yc;iOBHeM cxo^iimoctm pasoB b npaBHX ^aciBX (2.9 ) m ( 2.14). 
ECJIH TBIlSpB -A = i, — npOHSBOBLHIilB H60TpimaT6JII»H0 Onp6“ 

fle;ieHHHe (cC^^xti^j-MaTpHUu, lo Bcer;ia mojsho no;;o(5paTi> ^ ^ 
TaK,modu (2.II). IIpM ycJioBiiM (2.13) cooTaeTciByro- 

mMfi pa;; B npaBOii qacm (2.9) dysei cxoflHTtca h dy^ei onpeAe;iflTi> 
cJiywafiHoe nojie 5(5) , aab Koioporo 

BaiBCfl (JJOpMyjioii (2.14). C;ieAOBaieJiLHO, noAe l(^) dy^eT oAHopoA- 
HUM OTHOCHTBABHO A6BHX CABMrOB, MTO H SaBepHaei AOKaSaiCJIbCTBO 

leopewH I. 

XopoDJO HSBecBD, ^TO KJiacc Koppe;iBiinoHHHX $yHKiiHii cJiyyaSHoro 
noAB coBnaAaei c KAaccoM no/ioKHieJiLHo onpeAe;ieHHux $yHKmi0 b co- 
oTBeTciByDmeM npocipaHciBe (cp. ,HanpJiMep, [s] ^ rAasa II, leope- 
ua 3.1). TaKHM odpasoM, ijopiiyjia (2.14) onpeAeABei odiiiiifl bha 
$ yHKItHII Ha 9 , TaKHX,HIO npw Jliodux KOMHAeKCHUX 

(2.16) 9t) ^ 

3iot nocAeAHHl! pe3y;ii)TaT duA eme cpaBHUieABHO AasHO ncAyneH Eox- 
HepoM [ll] . OTweiMM, HTO BCB ociaABHHe yiBepKAeHMfl leopewH I 
M02CHO noJiyHHTB oicioAa> ecAM BOcnoABSOBaiBCfl odniefl leopenoM Kapy- 
HeHa [12] H Kpawepa [l3] 0 pa3A02ceHHM cAynaliHux $yHKi;iifl. OAnaKO, 
npHseASHHoe Buuie A0Ka3aTeABCTB0 leopewH I ABAaeTCB doAee npBMHM 
H dAeueHiapHUM. 

CoBepmeHHO aHaAomHHo odcTom asao h b cAynae noAell Ha 5 > 
OAHOpOAHHX OTHOCMTeABHO npaBHX CABHrOB ; npH 3T0M TOABKO yCAOBHe 

(2. II) 3aMeHAeTCfl ycAOBHeu 

(2.17) 
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B c^iywae se no;iefl > . o;lhopoahhx oiHOCKie/iBHo AByciopoHHHX 

C;LBIirOB, flO/IKHU BUnO/IHBTbCB Oda paBeHCTBa (2. II) M (2.17) , TBK 


mo MMeei mbcto 

TeppeMa_^ Tg^ro, qiodH c^iyHallHoe no^ (2^ 

P0J:HUM O^HOCMTe^tHQ JB^CTO^OHHHX C^BHT^B, HeO^XOjyH^ H JOCTaiOq- 
Hg, qiodH cJiyMaHHa g, ^JumuHij yjLOBxeiBopBJiH cooiHOiiieHHP; 

(2.18) 

rse KeoipHitaie)it.Hiie SBcja TaKg^wo 


(2.19) 




Koppe;iflilHOHHafl ) paBenciBa (2^_3)^ npn otom d;y^ex 


npejlciaBJiBitcfl b bh je 


(2.20) 




TRe “ xapaKiepH rgmm b , | 

'I 

V 

$opMy;ia (2.20) rjir odmeH noxosHieJitHO onpe^exeEHOl! ^yHKmiii i 
Ha KOMnaKTHoli rpynne ^ , MHBapiiaHTHoK oTHOCMiexbHO ;LBycTopoHHHX - - 
c^LBuroB, dH/ia BnepBue yKasana C.BoxHepou N . 

Teopewa 2 npHueHiiua, b MaciHocTH, b c;iyMae ade^iSBoH rpyn- 
HH i (Ha Koiopofi, paayMeeicfl, cymeciByicT jihidb ;iBycTopoHHHe o;iho- 

■i 

po^Hue no;ifl). B otom waciHOM c;iy^ae npeOTo/ioseHHe o KounaKTHocTH ; 
rpynnu ^ OKasuBaeicB HS/minHuu ; ero BnoxHe uosho saueHiixB, na- 
npmiep, npe^nojioEeHHeu o JioKajiBHon KoiiinaKTHocTH Cmu rqkb HeKOio- 
pbuj eiiie dojiee odiiimj npeAno/iosceHueu ; cp. ([l^jj* Odniui! bh;i no/iosH- 
TeJiBHO onpeAe;ieHHO0 ^yHKiiHH Ha npw otom ;iaeTca cJie^tyroniHM h3- ^ 

BBCXHUM odod.meHHeu K;iacGiiqecKoii xeopeuii Eoxaepa: 

( 2 . 21 ) 

rfle jr(c(.A) - orpaHMqeHHaa wepa Ha wHoacecxBe xapaKxepoB ^ rpyonuf^ 

jm my 
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(Befi/iB [lo] , PaHKOB [k] ). B cii;iy leopewK o pasjioKeHHH KapyHe-^ ' 
Ha-Kpawepa oicioj^a Heiie^l/teHHO c^ie^yei, qio jitoCoe oflHopo^Hoe no;ie \ 
Kg) Ha laKoK rpynne ^onycKaei cneKipa^iBHoe paajioaeHHe BH;ta ^ 
(2.22) = 

TRQ Z(d^) - cjiyqaflHaB wepa Ha ^ TaKaB,qTO 

(2.23) EZfA,)I(A^}=f(A,r\A,} 

(cm. [ 15 ] , fie] ). OdHWHoe cneKipajiBHoe pa3;io3iceHiie (I.I)-(I.2) 
ciaitHOHapHHX npoHeccoB ^(t)t oqeBHflHO, aBJiBeiCB qacTHHM cjiyqaew ' 
pa3;ioseHMfl (2.2l)-(2.23). 

3HaqHTe;iBH0 c/iosnee odcioHi ;te;io b c^iyqae npoH3Bo;iBHOfl no^ ] 
KajiBHO KOMnaKTHoii rpynnu & (ne npe;inojiaraeMoH KOMMyiaiMBHOll). i 
TaKafl rpynna, kbk msbcciho, Moacei Boodme He hmbib hh o^iHoro ko- i 
HewHOMepHoro yHMiapHoro npe^ciaBJieHHB. IIpaBjia, KaK dH;io noKa3aHO 
re;iB(|)aH;toM h PafiKOBHM [l?] ona Ecerjta dy;ieT nweTB j^ocTaioMHoe ko- 
JiHqecTBo decKOHeqnoMepHHX yHHiapHHX npe;icTaB;ieHH0 - roM#Op$HiiX 
OTOdpaseHHi! b MHOseciBo yHHiapHux onepaiopoB rH/iBdepiOBoro 
npocipaHCTBa. O^naKO Bonpoc o pa3;io2ceHiiH npoii3Bo;iBHOfi (JyHKiiiiH 
Ks) Ha rpynne ^ no MaipHqHUM 3;ieMeHTau TaKHX npeflciaBJieHMfl 
;taEe h oduqHHX (ne c;iyqaJ!HHx) $yHKitHfi nona enie He paaodpan 
B ^tocTaioHHO odmei} $opMe ; noaiowy Bpas ;iii mo 2 cho paccqHiHBaTB hb 
H enocpeflciBeHHoe nepeHeceHHe neiofla flOKaaaiejiBCTBa leopewH I Ha 
cpaBHHTe;iBHO miipoKHe K/iaccH ;iOKajBHO-KOMnaKTHHX rpynn. SHaqHiejiB- 
Ho Cojiee nepcneKiHBHHu npe;iciaB;ifleicfl nyiB, HcxoflBmHH m3 nocipoeJ 
HMB aHajiora leopeMu EoxHepa, oniicuBaioiitero BceBoaMOKHue no^ioacii.. 
ie;iBHO onpefle;ieHHHe $yHKHHM Ha ff , 

KaK noKaaaHO b padoie fl7j (cM.iaKace KHHry fisj ) Kaac;iaH 
nflJioaoiT0;iBHO onpefleJieHHaa ^yHKHHB Ha ;ioKa;iBHb KounaKiHofl 

rpynne ff npeflciaBiiMa b BH^e 

(Tinn f6rr‘\'ftns8 Hirsr 
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( 2 . 24 ) 

r^e ^ - onpefle/ieHHuH seKiop nuitdepiOBa ; npocTpaHciBa H t b ko- 
TopoM AeiiciByBi HeKoiopoe yHMiapHoe npeACTaBJieHHe rpynnH ^ , a 

T( 3 J- onepaiop npe;;cTaB;ieHHfl. TaKHu odpasow, onHcaHne BceBOSMoa- j 
HHX no/ioacHie/iLHO onpe;ie;ieHHHX cboamtcb k onHcaHMio bccbos- , 

uoxHux yHHiapHux npeflCTaBJieHHii 9 • KaE;;oe laKoe npe;icTaBJieHHe 

Moacei dHTL pa 3 .noxeHO b npBMOii MHierpaB HenpMBO,niiMHX npe;tcTaB;ieHM 0 
(cM.,Hanpmdep, [is] , r^iasa Ylil) , o^HaKo, b odmeii cjiynae xaKoe 
pa 3 ;io»'eHiie dy^iei b BtjcoKOfi cieneHH 1160,51103113^111)1111 h He noKei duit 
HcnoJii> 30 BaHO noJiyqeHMB KaKHX-ziHdo donee vinvi laenee OKOHwaienL- 
HHX $opMyn^. SHaMHienbHO donee y,50BneiB0piiTenBHue peoynbiaiH 
y;;aeTCfl nonyqHiL, ecnn nanoKHiL HeKoiopue orpaHHqeHH na Knacc J 
paccuaTpHBaeMbix rpynn . A HueHHOy uu dy^eii cqaiaiL, qio rpynna j 
^ flBnneTCfl cenapadenbHOl! rpynnofl inna I, T.e, xaKofi cenapadenB- .;i 



hoK rpynnoK, qxo Kawe ee yHHTapHoe npe,ncTaBneHHe nopowei , j 
KonBHO' onepaiopoB, nBnnDmeecn KonBHoii iHiia I b cMHcne Meppen h j 
$0H He0MaHa (cp. fis] ,rnaBa CornacHO peoynBiaiaw XapHDi-^aH^-|, 
pa (19] OTOiiy ycnoBMK) dyj^yx y^oBneiBopBiB, b qacTHOCiH, ace caaa-j 


Hue nonynpocTue rpynnu Jlu; noBH, 5 HMOuy, oho dy^ei BunonHBTBca h | 

« n 1 

MU donBDiHHCTBa OT^HX "AociaioqHO xoponmx noxanBHO KOJinaKiHux 

rpynn (cp. ,HanpKMep, [ 20 ] ). B to se Bpeun yKaaaHHoe ycnoBHe no 3 -. 

• ■ i 


%cxoflfl H 3 laKoro paonoseHHn Jina nonoisMTenBHO onpe^tenennol! $yHK 
HHH. J!>( 3 )iiojsho nonywHTB nniDB (fopiiyny BM^a 

rfle 5 - KaKoe-To npocipaHciBO c uepofl d^ , - aaBHcnmee 

oi^f 5 HenpoBO,5mioe ynwiapHoe npe,5CTaBneHHe rpynnu if 
"onepaiopHan uepa" na S (cp^.HHse cip. ). 



5 ' ‘ ‘ 

a ft 
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- II - • ! 

BG/iflei BOcnoJifcSOBaTBCB peayjiBTaiaMM padoT MaKKH [ 21 ] h rmnapfle 
[ 22 ] , cor;iacHO KoiopuM ;iioc5oe yHnrapHoe npeflciaBJieHHe cenapa- 
de/iBHofi rpynnu i mna I Bcer^a wosKei Ohtb npeflciaB/ieHO b bhab 
npBMOfi cyMMU o^^HOKpaiHux npe^ciaB/iCHHi!, pas/iararoiiiHxcfl b HHierpa/i 
no HenpMBojtHMbiM HeoKBHpajieHiHbiM npe;iciaB;ieHHflM. Toynee roBopB, | 
npocipaHciBa , b KOTopux ^eficTByDi oih 0J^H0KpaTHue npe^cTaB- 
jieHMB T^C^J uosHO npe;icTaBHii) KaK Tono/iorHqecKne npBMHe HHierpajiH 
m/iBOepiOBnx npocipaHCTB , b Koiopux ^ei^ciByioT HeoKBMBajieHi- | 
Hue Mesjty codoH HenpHBO^lMMue yHMTapHue npejtciaBJieHHB V^) 
rpynnu : 

(2.25) T^{3)=l®T'*b) . 

y — 9 

(cp. [I8] , rjiaBa yiU). 3;tecB iJ pana^iaei ";^ya;iBHui! odBeKi" rpynnu j 

S - COBOKynHOCIB BCeBOSUOZHUX KJiaCCOB HenpHBOflHMUX HeaKBMBa- j 
jieHTHux yHHiapHux npe^iciaBJiGHHi! oioK rpynnu, a Mepea ^(<^^)odo- | 
3HaqeHa HeKoiopan uepa b npocipaHCiBe ^ (cHadaceHHou "eciecTBeH- , 
Hofl dope;ieBCKofi cipyKiypoli" [ 21 ] - dope;ieBCKiiu nojieu nsuepimux 
MHoaceciB ); npe;tcTaB;ieHMe T^(j) npn oiou ecieciBeHHO aaBMCMi 
jiMiiiB 01 K/iacca 3KBHBa;ieHTHux Mep B ^ , K KOTopowy npHHafl/ieaaiT 
^ . Ec;ih lenepB mu noflCTaBHM b ( 2 . 24 ) BuecTo 7 ( 2 ) npHuyio cyu- 
My npeflciaB/ieHMii ( 2 . 25 ), to fl/in JbC^) HeueA/ieHHO no/iynHica $op- 
My;ia Bii^a 

KOTopyD MoxHo laKise nepenHcaxB b BH^e 

(2.26) 

rfi,e - HeKOiopuH afl;^HTHBHO saBMcamHa or opuHTOBul! 





li; 
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Heoippmaie/iLHO onpe;te;ieHHHa onepaiop b npocipaHciBe n npe;i- 
cias/ieHHfl 

TaKMu odpaaoM mh npiixo;iHM k c;ie;iyE)mefl Teopewe: 

Teop£M£ Ec£m ^ - cenapai/e^ibH^ 2pKa£L^ KOMnaKXHaB 
TMnaJ^ Ip KJiac£ np^oaHT^ eJibHO onpeAejeHHbix S 

coBna^aer c Kjaccpw JyH5H2B> npejciaBHMHX b b^ ( 2.20 , 

"o n^aTopHaa wepa" na, ^ (sHa^eHHfl KOiopoH aBaararca spj 
MHTojHMii HeoipHnaieaBHUf-iH one paiopaMH d, rHabdeproBOM npocipaHoi^ 

Be iaKaa,q_TO. 

(2.27) ' 

B cauoM fleae, to ^to aiodaa (fyHKitHa BHfla (2.26) aBaaeica no- ■ 
aoKHieabHO onpeAeaeHHOfi, aerKo npoBepaexca HenocpejlciBeHHo; ycao- ^ 


BHe see (2.27), oweBH^HO, rapaHinpyei cxo;tHMOCTb HHierpaaa (2.26) 
^opwyaa (2.26) aBaaeica eciecTBeHHHM ododineHHeM cooiHonieHHfl 
(2.14) (b KownaKTHOM caywae Bce ycaoBHa leopeMH 3 BunoaHaoTca ; 
oyeBMAHuu odpasoM). i 

nycTb lenepb f ('g] - oflHopo^tHoe OTHOcmeabHO aeBHX c;5BHroB I 
caytialiHoe noae na rpynne ^ , y;tOBaeiBopaioiiiei! Been ycaoBHaw leo- j 
peiiH 3, a (JyHKnHa (2.26) - KoppeaauHOHHaa $yHKmia OToro noaa. | 
JIaa noayMeHHa "cneKipaabHoro pasaoKeHKa" noaa “O^ho Bocnoai ? 

Boflaibca weioaoM, anaaoraMHUM npMMeHeHHOMy b padoiax [12 J h [isJ. J 
PaccMOTpMM raabdeproBO npocipaHciBO (/j BceBOSMOSHHX onepaiop-j 

Hbix $yHKnHi! CO SHa^emam h 3 Koabna orpaHH^enHux I 

T * *' 

■‘•Ecan cpe;tB ynHiapHux npe^tciaBaeHHii rpynnu 5 KMeioTca h Kone^HO- ^ 
MepHue, TO HHierpaaH (2.25) h (2.26) h Bce nocaeflyiomHe HHierpa- | 
au no -5 ecTeciBeHHO pacna;taDTca na cyMuy HHierpaaoB no noJnpo- [ 
cipaHCTBaw c 5) rt = i,z^... jOTBeuaommi BcesosuosKHM neoKBii- | 
DaaeHiHMM Tt-MepHuu HenpHB0flHi4taj yHHiapHUM npe,ncTaBaeHHaM rpyn- i 
DH -9 . B Kaz;toM ne caaraewoM laKoJi cywMH npocTpancTBa ' 

( MliotniiiMo n TTMuatTAnn tn r>n 'TI l'N uno /'tiM'ravi'nn a /> Anna Tret inmuv|w 3 
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(A) 




< 


onepaTopOB b H m HopMOfi 

(2.28) I 1 

B laKow cJiy^ae oTOdpaxeHHe 

(2.29) 

K 30 MeipHqecKHM oiodpaseHMeM MHOKecTsa c/iy^afiHHX BejiH'iHH 

{^(3) 3^^} , KOTopoe UOKHO npo^oraiB flo JiHHe0Horo 

HSOMeTpMMecKoro oiodpasceHiiB Bcero npocipaHciBa L (^) B^(cp. [l2]) 

nycTL lenepB |i h |a - Jisa npoH 3 Eo;iMHX BeKiopa npocipaHciBa 

, a A - HSiaepMMoe mhosbctbo b ^ ; Tor^a ipoKKe^A 

MH cneiymmi odpaaoM conociaBUM onepaiopHyio $yHK^Hlo U 

((iM)h cc/iM ^ 

(2.30) u'tA;W») 1=1 

nyoTi Z(A;f.,1») - oopas npH HSOMeTpHMecKou oiod- 

paseHHH (2.29). B laKou ojiy<iae Z/A', - ouj’iafiHaa aeJiHiBHa 

dHJiHHeBHO aaBHOflmafl di -fj h 'll ; ee udUHa aanncaTi s Mse 

(2.31) 21 a; 

rfle Z/A") ■ cJiy'iallHHH onepaiop a > assHiasHd aaBHcamiia 

oiAt^. nyciB npOHSBdBBHUM aplOHOpMlipOBaHHHfl 

dasHO B H*'*’ , larja neipysHd npdBepHii.'iio b onepaiopHaa 

$yHKUHfl ' 

dyiei odBnasaii o mu ? ( 3) - T (S) 

npa Haieu aaoueipH'ieoKau oiodpazeHMH - HBMeaBeBHO nojiyiaeioa 

(jopwyjia , 

(2.32) S(3)--\'Tz[y‘"h)^(‘i^)\ 

s , 

KpoMe Toro b cnJiy MSOMeipimHOCTii sioro oiodpaxeHHB 


r?^r» ffirrsif^sAt • iraiMiiw 
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T.e. ■ 


OCpaiHO, RJIH jiiDdoro DJiyqaiiHoro no.iij bkrq (2.32)yrRe Z{a) - 
c/iyqang HHg - nHHeanbifi onepaiop b yAOBJiexBopaiomii (2.33), 

f KaK /lerKO BUflaiL, pasHO npaBO 0 uacTii ( 2 . 26 ), 
T.e. ^(g) CyABT oAHopoAHO oiHocmejiLHo npaBux c^BHroB. TaKmi o( 5 - 

T\ _ 


pasoM, HMeei MecTO 


Teopei!a_ 4 _. loro.qrodu c^^sajiHoe no£e f^^jaa oenajaCeJi.- 
Hofl iOKyLHo KOHnaraoB rgyme f/ i nna I dMo ojHopoaHHM oihqch 
TMM o aeaux c^BEroa, HeoOxoaimp h ^ooiaiowo.Modu oho motjo 
toi^^SESieiaMSao B_BH 3 a (2^, rje 2(a)- cayHaaHHH oneoaTop 
j H . aMHIMHO OaBMCfflHa OT MHOiSeciBa TV C 5 M yaOBJeTBODJE- 
aaa njM BBOux iCBaago ( 2 . 33 ~) . E 3 I 0 M yjjBOfiaa 

fCA) - 210 o^mraB HeoTBmtargBBHHa one£aiop b , yaoBBeiBO- 
( 2 i 2 )> 2 ££Si K 0 I 2 M KoppeJBiiHOHHaa ayHm'H. noja 

l(%) gHEggae^ COOBCHO $ppnyBe (Z.JB). 

leopeMy 4 mojcho paccuaipHBaiB kbr ododpeHHe leopeuu I hb 
CBynaa aoKajiBHo KOHnaKiHHX rpynn. B oBynae nojiaa oflHopoflHHX oi- 
HooHieBBHO npasux sBOHroB b yoBOBHax reopejia 4 hbm bhub oaue- 
HHii ycBOBHe ( 2 . 33 ) Ha yoBOBHe 

( 2 . 34 ) £(: 7 fA,)f,,f.j( 7 (A.)g„ 3 .) ^Aj f 

Eobh mu BudepeH b ’ onpeseBeHHyB"cHcieMy KoopsHHai" 
(opioHopunpoBaHHuH da 3 Mc), TO $opMy;iH ( 2 . 26 ), ( 2 . 27 ) h ( 2 . 28 ), \ 

( 2 . 33 ) M 02 CH 0 CyABt nepenucaiL b siijte BectMa d;iM 3 K 0 M k ( 2 . 10 )- f 
( 2 . 14 ) 

ZTa(S).., 


“ 
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r^e B c/iy^ae noJieH, ojtHopo^iHHX oTHOCHTeJiBHo jieAbix 

a ^ U\'iS(X€ d^HOpodnocfu ojHctujeMHc npaSux c'iiu7.»( 
fz.iy') E^iJ [Ai) ^icC^Az) ^ ^Cte {A^^Az}’ 

^ JlJIfl n 0/160, OflHOpOflHHJS OTHOCHie/IBHO ^IByCTOpOHHMX C^IBHFOB, | 
flO/IKHH BHITO/IHflTBCB M COOTHODieHIIfl (2*33) H COOTHOBieHMfl (2*34)«^ 
OicK/iHa BbiieKaeT, mo Koppe/iBUHOHHaa $yHKi^MB •^(^) 3^eiB jto/iKHa 
pao/iaraiLCB no c/ie;;au onepaiopoB npeflCTaB/ieHHB T (§) • Tas kbk 
decKOHewHOMepHue ynHiapHue onepaiopu He mieoT kohchhux c/ie;t0B, I 
TO oTciojia c/iejiyeTj^To HeKownaKiHHX HeKOMMyiaiMBHux rpynnax, bo- | 

I 

odme roBopa, MOseT h ne cymecxBOBaib c/iy^a0HHX no/ie0,o;iHopo^[Hux | 

o / ^ 

OTHOCHie/IbHO /HBy CTOpOHHMX C^BHrOB QCM. , BOpOHSM ,HHSe Cip. 

B 3aKJiK)HeHne npMBejieM neKOTopue ccu/ikh na padoTu, co^epsa- j 
mne BBHue $opMy;iH ;i/ifl onepaiopos npe;icTaBJieHH0 T (§ ) Ha lex 
H/iH MHux rpynnax j hcxo^h m 3 3 tiix (Jopuy/i, o^eBMAHO, uoscho bbho 
nepeMMC/iHTi) laKse h bob o^HopojtHue no/ia na cooiBeTCTByiomMX rpyn- 
nax. Jl/ifl rpynnu BpaineHH0 Tpexuepnoro OBK/iH^oBa npocipaHCTBa sna-: 
MeHHB Bcex waipH^HUX SJieMGHTOB T’j Yg) (b $yHKUMaX OT ipex I 
yr/ioB 30Jiepa, o/iHoananHO aa^aioiuHX Bpamenne ^ ) BHnHcaHu b khh- 
re [23 ] ; b odinew c/iy^ae oim waipH^iHiie s/ieiaeHTu BHpaacaDicB na- 

pe 3 TpHroHOMeipH^ecKHe $yHKiiHM M no/iHHOMH HKodM. Jl/ifl rpynnu abh- 
seHH0 eBK/iHflOBO0 n/iocKOCTH (HMeK)nie0 o^HonapaMeipHnecKoe ceMe0CT- 
BO decKOHenHowepHux yHHiapHux npe;icTaB/ieHH0) ABHufi BM;t MaipiinHiix 
sjieMeHiOB yKa3aH b padoie [24] (3111 MaipiinHHe o/iewen- 

TH BHpaaaDTCfl Mepe3 ipHroHOMeipHnecKHe h decce/ieBU ^yHKmiH), 

J/ia rpynnu ^BHseHH0 n/iocKocTH JlodaneBCKoro MaipiinHue 3/ieMeHXu 
TCj) BunucaHu b padoxe [25] - 3fleci> ohh BupaxaDxcH nepea I 
mnepreouexpMnecKHe $yHKHHM. B odmeu c/iynae npoH3Bo/ii)HO0 K/iaccH- 
qecKO0 rpynnu abhub BupaseHHB a/ib onepaxopoB (aa^aBae- 

Mux He B uaxpHnHOw $opMe) mosho Ha0xii b KHHre [26] . Mexo;;u no- 

(nsMi's/ . • ' 
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F 


cipoeHHfl (|)opuyji Bcex MaipMMHux o/ieMeHiOB npe;icTaB;ieHHl! rpynB 
nu BpameHH0 h rpynnu eBK/iM^lOBa u-wepHoro npocipaHciBa 

K rpyniiLi ^BMacemifi TL-wepHoro npocipaHciBa JIodaMeBCKoro yKaaaHU b 
saweiKax [ 27 ] , [ 28 ] H [ 29 ] ( 3aMeTMlyI,mO DIM MaipM^HHe OJIGUeHTH 
BHpaxaioTCB qepe3 HeKOTopae HOBue,flo chx nop ne nsywenHue, ipanc- 
neHACHTHHe $yHKmiH). 

3. OiHOpojHae no;iB jsa ojiHopojtHHX npocipaHciBax, 

nyciB X"(^} - npoH3BOJiBHoe owpo^Hoe npocTpaHCTBOjT.e-. 
npocTpancTBo, flonycKaiomee ipaHSHTiiBHyD rpynny npeoOpasoBaHHfi.n 
^'{ 9 } • Odo3HaMHii Mepe3 X={lc} cTannoHapHyio noflrpynny 9 ,t* 0 . 
nojirpynny pciaB/iBioiiiyK) na wecie HeKoiopyD lo^Ky x^(:X , CoBOKyn- 
HOciL npeodpaaoBanuM ^ > nepeBO^lfluiiix Xc b ^HKCupoBaHEQ/D 
TOMKy Zi^X , odpapyei, oweBMjtHO, ;ieBul! KJiacc CMesHociH 
rpynna noX . Tbm cawtiM Meac^iy TowKawH x^^X h yieBHWH KJiac- 
cawH cMesHocTH g,X ycTaHaBJiKBaeiCB BPanwHo oinnoSHaqHoe cooiBer- 
CTBMe, TaK HXO X MOXCHO OTOaC^eCTBHTB C MHOKeCIBOM 3TIIX KiiaCGOB 
CMeisHOCin: X^y/x ; ec;iM . B AaBBHeU- - 

meM MU Bcew dy^eM npe;tno;iaraTi>,mo Bpynna 9 lono/ioriwecKaa, i 
a X- ee saMKHyiaB KOMnaKiHaB ^o;^^py^^a. B qacTHOM cJiyqae,Kor- | 
;ta X - eflMHHWHaB no;irpynna, oflHopo^Hoe npocipaHciBO X odpama- i 
eicfl B rpynnoBoe npocipancTBO ^ 

TonojiorHfl rpynnoEoro npocTpanciBa 9 eciecTBeHHO HH^iyitHpyeii 
Tdno;ioriiK) b X (cm. [io] ). Ilpn 3 tom ^ynxmiii na X oKaauBaDicB 
HenpepuBHUMM Tor;ta h to/ibko lor^a, Kor;ia HenpepuBHu cooTBeicT- 
Byomne $yHKnHH na 9. (npnmiMaiomHe nociOBHHue ana^eHiiB na Bcex 
;ieBux K/iaccax cMeacHOcxH 5 noX). CjiywafiHoe nojie ^(x) Ha X 
MU onpe;ie;iHM, kbk EenpepuBHoe oiodpaseHHe X b ^ . no;ie §{x) 
HaauBaeTCH o^Hopo^HUM, ecJiH ero nepBue h Biopue MOMeHiu He we- 


mo oi:pp.iai im Paisv 
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HflDTCfl npM npeodpaaoBaHHflx > i»e. ecni/i E^(x) paBHO no- 

cTOflHHoi! (KOTopyio MU Bcerfla dy^tew cMHiaiL paBHoM Hy;iE)), a 

.y^oB^ieTBopaeT co.oTHOineHHD: 


i 


A(Xi,X2,) = E}(Xi)i(Xz) 

(3. 1) 3(x\,xz) = , ^Xz), if 

OqeBM^HO, WTO K;iacc o^HopojtHux c;iywa0Hux nojieii na X , C0Bna^;aeT| 
c KJiaccoM o^iHopoflHux cJiywaHHUx no^ieii na if , nocTOBHHux Ha Bcex 
jiBBUx K^iaccax CMeKHOciH no X , 

IlawHew onniB c npociefiiuero cjiywaB, Kor^a rpynna KOunaKT- | 
Ha. SjiecL M03KH0 B0cn0Jii>30BaTLCfl odmeH TeopHeJi c^epMwecKHX $yHK- \ 
nHi! (c^epHwecKHX rapMOHHK) na KounaKiHux ojtHopoflHux npocipaHCT- ! 
Bax, paSBMTOfi S.KapiaHOM [so] h r.BefiJiew [si] (cM.iaKse [10] )• 
PaccMOTpHM no;iHyio CMcieiviy ykHiapHux HenpHBOAMMux HeoKBHBajieHi- 
Hux npe;icTaB;ieHM2 (2.6) rpynnu "9 h Budepeu b npocipaHCXBax 
3THX npeflciaBJieHHfi daSHc xaKjWTOdu'oHH pacnajiHCB na nenpMBOAH- 
Mue npe^cTaB^ieHHB no^irpynnu X • JIjib TorOjWTodu MaTpHWHuli 3;re- 
weHT <5u;i nocTOBHHUM Ha Bcex ;ieBHX KJiaccax cMeKHOCiH if 

no X flO;iKHO BUnOJIHBTBCfl paBeHCTBO 

(^)/ I \ XT z' 1^ \ 


1 


■1^ 


( 3 . 2 ) T’] 73 )<)-zTrr 3 )T:;Yfc)--T,;r 3 ). 

( 3 . 3 ) T^^’{k)^S„.;ni-i,z,..,d_,,kiX. 


OTciD;ta BMflHo, WTO nocTOBHHue Ha ;ieBux K/iaccax cMeEHociH MaTpMw- 
Hue 3;ieMeHTu7jj‘^Y§) sano/iHADi cTo;idnu naipHnu > oiBewan)- 

iilHe e;iHHMWHUM npeAciaB/ieHHflM X . nyeTB,HanpHMep/ Cnpe^cxaBJie- 
HMe T^'^^rpynnu if paBHo2_5^pa3 co^epsMX e;tHHHWHoe npe;tcxaB;ieHH0 
X . npeflno;io2[HM,wxo b nanieM da3Mce ^ . sxh e;iH- 

HMWHue npej^cxaBJieHHB oxaewaox nepBuu 7 da3HCHUM BeKxopaw (xaK 
wxoT npH k^X M ). B xaKou cjiywae 

$yHKItHH OTXz 


(TyrTr,.-)' ,■ 
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dyj^yi HasHBaiBCfl c^epnqagKHMH ^^kuhamk Ha X , a $yHKiiHH 
(3.5) (^) , Pi‘l,Z,.- 

- aoHaBBHHMii c^e^HqecKMjui ^.vhkiihbmh. JlerKO BUfleiL, mo sonaBB- 
Hue c^epHwecKHe ^yHKitHH npMHUMaK)! nociOBHHue SHawenuB na Bcex 
flBycTopoHHHx KBaccax ciaeacHociH rpynnn ff no ^ ; 

MHaqe roBopB, w hkx , keX . CoBOKyn- 

HOCTB TOWeK Ic^ , eCTeCTBCHHO HaSBaiB C^epo^ C llCHipOM 

B TOMKe Xc(~X) , npoxo^Bmefl yepeo io^Ky z ; TaKHu odpasou, 
(|)yHKnHH (3.5) nociOBHHH Ha Bcex c$epax c nenipoM b Zc • nooiony 
SOHaBBHafl iyHKUHB (JaKTMHecKH dy^tex saBHcexB jihbib ot 

coBOBKynHocTM HHBapHaHTOB y nopBflOHeHHofi napu tohok x h x, ,co- 
xpaHBomMXcfl npn npHueHeHHM k odoMM rowRaii /iiodoro npeodpasoBaHHa 
g 6 9 (ox c^OKHpro paccipBHHfl OT X ^0 Xo ); 

(3-6) = giU , ij-l,...,?;,, 

Cor;iacHO odmeU xeopHH c$epHqecKHX $yHKHH0 $yHKniiii (3,4) 
npeflcxaBJiBBX codo2 noBHyo opxoroHajiBHyio cHcxeiiy b npocxpaHcxBe 
i- (X) $yHKitHB Ha X c KBa;;paxoM Mo;ty;iH, HHxerpHpyeuHM no Mepe 
dx , HHBapHaHXHoii oxHOCKxe/iBHO Bcex npeodpaooBaHHH ^€9 . 
Tobbko 4xh (|)yHKnHH. (3.4) h BXo,Hflx B pa3;ioaeHne $yHKitHii , 

nocxoBHHoa Ha Bcex nesux K;iaccax cMeacHocxH ,no 

MaxpHHHHM o/ieweHxaM ([lo] , rji.y, § 23). 

IIpHMeHeHHe oxoi! xeopHH k o^Hopo^tHUM cByHafiHUM nc;iflM 
B cM;iy xeopeMH I npMBo;iHT k cHejtysDiiieMy pesyBBiaiy: 

TeppjMa_5. T 2 ro,HipdH cByHapHoe no^e 
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Ha KOMnaKTHOM q^HojDO^H^ npocTpaHci £g X = :^/X o^ho^o^ 

HjM Heodj^a^HMp M jociaiogHo , qio^ c;iyqagHH_e se^HqHHU. zf^ 
.VflOB.neiBOPfl;iH COOI HOiaeHHflM 

(3.8) ■ 

n£H KOppMfflOHHM JbfXt^ Xz) 11225 2222*| 

CJ ^aBJIBI fcCfl B BH^e 

(3. 9) x.> z£ /f €’(x, ,z.). ' 

rfle “■ $XHKiiHH (3^. Od^aTHo, JiipCaa ^ymciiHa 

3[Xi,Xi) HeorgHijaiea^o onjg^- 

0 I 

JieHHHe MaTpMgu laKHe, 5 ^ C^) cxo^h^, dpei KoppeaaijiipH- j 

HoK (^yHKHHefl HeKOTOPoro oflHopo^Horp np^ na, X • 

^opuyaa (3.9) npeflCTaBaaei codo2 HecKoaLKO ycoBepmeHciBOBaH- ■ 
Hyio sanHCB peByaLiaia, c^opuyaHpoBaHHoro eme b 1941 r. BoxHepoM 5 
[ll] • ^aciHHM cay^aew xeopeuH 5 BBafleica Teopewa OdyxoBa [b] od-^ 

. i 

o;iHopoAHUx no/iflx Ha ^tBywepnoK c$epe S, , ynouMHaBinaaca bo BBe^eHHH; 

■ . i 

K HacToameB ciaTte. B doaee odmew cJiy^ae o^Hopoj^HHX noJieK Ha c$e-l 


pe TL-MepHoro eBKaH^toBa npocipaHciBa Hama leopeMa 03Ha»iaeT, 
qio Kasfloe laKoe nojie dy^eT pasaaraitca b pfl,n no rMnepccJepOTec- 
KHU rapMOHHKau!/ e„.., '?)/-», 1,2, 

(BupaaaDmMMCB »iepe3 ipHroHOMeipH^ecKHe $yHKi^HH h Q)yHKiiHM FeHeH- 
dayopa oi c^epMwecKiix KOopsHHai 0j,...^0n-2X ; cm.[ 32] , i.II) c 

HeKOppeaiipOBaHHUMH KODlMiimHeHTaMH 2. , WHC-i 

nepcMfl KOTopux saBMCHi jiHmi) oi t . SonaaBHue c$epHqecKne cpunknnu 
B 3T0M cayqae dy;;yi flaBaTBC|^nojiHHOMaMH FereKdayspa ("y/iBTpac$e- 
pHwecKHiiH noaHHOMawH") C * ot j, =Co&di nooToiiy ^opuyaa 

(3.9) 3;tecB odpai4aeTca b H3BecTHys) ^opwyay IfleHdepra [7] mjis noao- 
KHieaBHO onpe;neaeHHux ^yHKi^HB Ha (^m-ij-uepHofi c^epe; 

(3.10) J^(e,z} = Z{cC^,'^}coi0a} 
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( ©iz- yr;iOEoe paccioaHHe ToqKawH x* h x^, c$epu )• 

To odcioflieJiBciBO, MTO B 3T0M G^y^ae c;io:^:Hoe paccTOBHHe 0,2(koto- 
poe 3 AecB aa^aeicB o;;hhm mcnou) cuMweTpimHO saBHcm ot TOweKXj , 

H Xz (laK mo MOZHO rOBOpHTB npOCTO 0 paCCTOBHHIl Mew WMfl Toq-^ 
KawM) M TO MTO npH JiiodoM > MMeeT odmee odiBCHeHiie, KOTopoe ■ 

dy^eT ECHO MS AaJiBHeMinero. 

IlepefifleM lenepB k c/iy^aio jioKaBBHO KOMnaKinux o,HHopoAHUx 
npocTpancTB X . HaMHeM c saj^aqn od onpeAeBeHHM odinero BH^a noBO- ^ 
OTieJibHO onpefle;ieHHoa $yHKum j5/j;.,Zz]Ha X , yflOB;ieiBopflK.ne0 
ycJiOBHio (3.1). Kawii laKOii $yHKUHH mosho cJie^^iomMM odpaaoM oaho- • 

3HaMH0 conociaBKTB no;io3KiiTe;iBHO onpe;;e;ieHHyiD $yHK^HlD Ha : 

Ombbiuho.'ito npH siou ,npH Biofiux k,,k:.iX_, 

i.e.Ji(5)npHHiiMaei nociOBHHHe SHa.qeHHB Ha Bcex wciopoHHMX oac- . 
cax cMesHOciH 9 no X . OdpaiHO, no;iosHTeBBHO onpeAejieHHoH $yHK- : 
HMM Ha 9 f nocioflHHO0 Ha Bcex ^ByciopoHHHX KJiaccax cMesHOCXH no j 
X » mh MoaceM npM noMomn paBeHciBa (3.II) conocTaBMTB no;iosHTe;iB- ; 
HO onpe^e/ieHHyK) ^yHKHHK) na X i yflOBJieTBopfliomyD (3.1). Tokhm odpa- j^ 
30M Hama aa^aqa cbo;ihtcb k paBucKaHMio Bcex no^ioKHieJiBHO onpefle- j 

JieHHbIX ^yHKHHfl Ha , nOCTOBHHUX Ha JtByCTOpOHHMX Kjiaccax CMCKHO- 
CTH no X . 

.f 

B cHJiy [ 17 J ^DdaB no;io3KHie;iBHo onpe;te;ieHHaa $yHKitHa na 
sa^aeTCfl (JopMyjioJi (2.24). JUna Toro,modu oHa dn^a nocioaHHOfl Ha ^ 
Bcex flByc2:opoHHMX KBaccax cMesHOciH noX Heodxoflimo h ^locTaTonno | 
modu BeKTop yjtoBBeTBopaJi yc/iOBHo: | 

(3.12) T(k)f. =f« npn Bcex keX - 1 

B nacTHOM c/iyMae,Korfla yHHiapHoe npe^ciaBBeHMe rpynna S J 

flBJifleTCfl HenpHBOflMMUM, ^yHKHHB (2.24), w ^0 yAOB^ieiBopHei (3.l|j 

dy;teT sonajiBHOfi c(|)epHMecKoi! $yHKniie2, OTBenasmeH OTOwy npeACTaB- 

* ■* 

■ ‘.'T' !nii:pp!ari?^r 
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;ieHMD, Boodme, $yHKmifl 4^/x) HasHBaeicfl 30Ha;iLH0M c$epH*iecKOfl 
(|;yHKmien Ha X » oiBeMaioineii HenpHBO^mMOwy yHmapHoijiy npeflciaBJie- 

HHK) , ecJiH OHa npejtciaBMwa B BH^ie 

(3.13) t(x) = ^(x.,x)=(T^l^)§,^), T^-"r/c)|=f,T'"^)?-^npii Bcex keX 

M HasHBaeicfl npocio c$epHqecKOfi (|:yHKitHeK, ecJin 

(3.14) npH Bcex heX. 

O'jeBHflHOjMio 30Ha;ii>HHe c$epiiqecKHe ^ymcitHH (3.13) .3aBiicflT jihhib 
OT CJIOKHOrO paCCTOBHMB OT X ^0 Xc , a $yHKmiM (3.14) - 01 TOUKH 

x=^XeX . . 

npeOTo^iosMM lenept, wto rpynna $ - cenapadeJiBHaa ;iOKa;ii>-l 

HO KownaKTHafl rpynna •.Twnal. B ibkom c;iy^ae b CMJiy [21], [22] j 
MU MOJKeM pa3;io2cnTL npejicxaBJiGHMe T(^) ^opinyjiu (2.24) b npHuyo j 
cymiy o^HOKpaiHux npeAciaBJieHHK, Kawe h 3 KOTopux b cbod owepefltj 
paajiaraeTCH b KOHiHHyajiLHyio npaMyio cyMuy HenpHBOjiHMux HesKBHBa- j 
;ieHiHux npeflciaEJieHHH. Ecjih yBOBJiaiBopHei (3.12), to nposK- 
iiHfl oToro BeKiopa b npocipaHciBO jiDdoro HenpHBOAHMoro npe^iciaB/ie-j 
HMfl T ((^) jBXOflBuiero B cociaB T(§) , dy;;eT MBBapnaHiHUM BeKio- 
poM cooTBeicTByioinero (npHBOfiHMoro) npe;iciaB;ieHHa rpynnu 

X . Paccysflaa fla;iee xaK se kbk npw buboab ^opuyjiu (2,26) mu 
HafifleM, ^xo npoH3Bo;ii>Hafl noJioKHxe;ii>Ho onpe;ie;ieHHaB (JiynKUHa HaX, 
yjtOBflexBopBDuafl (3.1), oflecB dy^ex npejlcxaBMua $opMyJiofl 

( 3 . 15 ) 

~ ■^x - 

r^e - no©iH02cecTBO xex^t- ^ , Ma Koxopux b npocxpaHcxBe 

HiieexcH xoxb du ojuih Bexxop, HHsapiiaHXHuii oxHOcHxeJiBHO Bcex 
npeodpaaoBaHHli k6X; - onepaiop npoeKXMpOBaHHB b 

na MaKCHMa;ibHoe HHBapHaHXHoe oxHOCMxe^iBHO Bcex T^^'jffc.jnoOTpocx- 
paHCXBO i ” spwHxoBa HeoxpMuaxeJiLHO onpefle/ieHHaB 

"onepaxopHaa uepa" Ha ^ co SHa^eHnnuH M3 KOJima onepaxopoB b 


!?0?: 
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npooipaHcrBe , a h - npoHaBOBLHue sjieueHiu b3 

KJiacCOB CMBKHOCTH DO ^ » Sa^iaBElHX TOMKM Xj H Xx H3 X • 

Onepaiop b $opuy/.e (3.15) eoieoiBeHHO pacctiaipH- 

Baeicfl KaK onepaiop b noflnpocipaHciBe » HHierpa;i no 

3?,eoh cnej^ei noHniiaib kbk cyMMy HHierpa/ioB, pacnpocipaHeHHUx no 
noAMHOJKecTBaM laKim, mo npH JX € nojl- 

npocipancTBO BB/ifleicB 7v-MepHUM. 

TaKHM o(5pa30M, Hweei wecio c/iejtyDmafl 

Teppena 6 . Ec^ 5 BiiKe^ ^snaercH cena^adefiSHpfl 

noKBJibSQ KOMnaKTHOfi rpynnpK mna I 5 19 K^a^ HHBapHaHiH^ othoch- 
t^^ibho Bcex ABimM0 no jogcHiejiBHO oji^e^e^eHHHX ga o^nor 

pojiHOM np ocipaHCTBe » coBna^aei c oaccoM ^y^nnHjii^ejD^ 

c^raBMMHX BjHfie (3.15), ffc/^) - jpMHiOBCKafl HepipigaTegj^ 
on jejeJieHHafl "pjnepmppHafl Me pa, " ga (55 3 HageHMgMH,gEngDDjH- 
MHCfl ojTepaip^aMM B ) TaK§flj gio. 

(3.16) 

BuOpaB flajiee B KaacsoM m 3 nojtnpocipaHCTB , OTBeqaDmHX 

BceB 03 M 0 «HUM , onpese/icHHufi da3nc MH mokbm nepenHcaiB $op- ] 

wy^y (3.15) B BHse 
(3.17) 

Henocpe^cTBeHHO ododinaiouieM (3.9). 3;teci> ^epesjTg- (Xj,ia.;j odosna- 
neno nojiHoe ceMeficiBO JiHHeMHO He3aBiicKMHX 30Ha/iLHHX c$epM*i 8 CKHX 
^yHKnnfl, 0 TBe*ia»iuHX HenpHBO^tmiOMy npeflciaBBeHHD *’(^3) 5 310 I 

ceMeiicTBO dy^ei KOHe^HUM ( Ti^-MJieHHLiii) npiiX^^n., ? 

H decEoneHUM npw • - j 

CyQecTByei e^e o;ihh Baanafi KBacc o^tHopoflHux npocTpaHCTB,flBa ■; 
KOTopax uoKHo BanHcaib odinya $opMyjiy (h npHiow ^laice doaee npocxyij 
Mew (3.15) ) fljifl npoHao OBBHax no/ioxHieBBHO onpeAeBennaX ^ynKiiHil j 

r. ^ 
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JB( Xi , Xz ) , yflOB/ieiBOpfllOmMX (3.1). 3 tHM OaCCOM BBJlBIOICfl CMMUeTpH- 
wecKMe OAHopoflHHe npocipaHciBa 3.KapTaHa. OAHopoflHoe npocTpanci- 
Bo X'^/x HasHBaeicfl cHMueipHMecKHiii, ecM b rpynne Sf ero ^ibukg- 
HMfi MMeeiCfl HHBO/IDTHBHUH aBT0U0p(|:M3M (T.e.H30M0p$H0e OTO- f 

dpaiceHMe 5 Ha f/ , npM KoiopoM i^')' )> Bu^e^iHioinMfi cianHo- 

napHyio nojirpynnyX , i.e.iaKoH, hto Tor^a h to^ibko ior;ta, 

Kor^a • HeipyflHO BiifleiL, mo OTowy yc/iOBiiio dy^tyi yjioB/ieiBO 

pBTB, HanpHwep, Jifodue oflHopoflHHe npocTpaHciBa nociOBHHOli kphbhs- ‘ 
Hti (cm. ,HanpHi!ep, [33] , r^e moeho HaKiH laKze pafl jipyrHX npHwe- 
POB O^lHOpO^HHX CHMMeTpMMeCKHX HpOC TpaHCTS) . jl/Ifl np0M3B0/IBHHX O;^- | 

HopoAHux ci4MMeipHqecKMX npocipaHciB re;iB$aHXDM [34] (cw.iaKse | 
KHMry [is] , § 31) 6ujia jtoKaaaHa c/[e;tyE)mafl BaKnaa TeopeMa,cyme- | 
cTBeHHO ;tono/iHflDmafl leopeuy 6: | 

TeppeMa_^. B cjiynae cHMMe tqhhj cko ro ojHopoj^Horo np ocTp a Hci" l 

Ba X = KaajtOMy HenpHBomoMjy yHMiapHp^ npej^ciaBJieHHio 

r^nnu 8 oTBeqaei He d_ojiee hgm o^na aoHa/iBHaa cJepMHecKafl $yHKiira| 
^ ,T.e. no;inpocTpaHciBO npw JiiodoM s^gcb ; 

ii? 0 JHpM epHp . Jliodafl HHBapnaHIHaB OTHOil^TeilBHp JBHgGHHii 

no;ioiHTe;iBHO onpefle^GHgaB ^yHKijHB Jd(Xj , na laKOM npocTp agcT- 
BG V X dpJB npejciaBBGHa ^^ppMyBofl 

(3.18) y 

rje !f[cl^) - Heoi pHHaTeaBHafl wepa na (coBnaflaigigeM b^ 3T0m c^y^ 

5M3 S "^x ) Ji npaBog^ (,3^J7) cxojhtcb . 

B cBynae cHMMGTpHHGCKoro. npocipaHCTBa X ^yHKPMH 

dy^yT CMMMGipHqHO BaBMCGTB OT H ,TaK KBK SfleCB Bcerfla cy- 
mecxByeT flBMseHHe, MGHHDmee nopn^^oK othx flsyx xoqeK, iiHas^ 

OHH dy^yx SaBHCeXB BHIDB ox CBOSCHOTO paCCXOBHHB MGg^ Xpqg^H Xt, 

H Xx (cm, [33] ), 

m nFRfJM !EE 0I1_Y 
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neveUeu lenepB k "cneKipajiBHOMy pa3;io^ceHHK)" caworo o;iho- 
powro c/iywaaRoro no/ia • npe;ino;iosMu, mo KoppejifimioHHafl 

$yHKUHfl 2T0T0 no/ifl MOEei dtiTB npeflciaBJiCHa b • 

(3.15) (waciHUM c/iymew oiofl $opMyjiH BB/iaeTCB. h (3.18)). By^ew 
paccysc^aiB aHa;iorHMHO ^toKasaie^iBciBy leopeMH^.. PaccjiojpHM rwiB- 
depTOBO npocTpaHCTBO L (^x) onepaTopHux ^yuKUHl! K ^ 

CO 3 HaqeHHflMH h 3 KO/iBua orpaHH»ieHHUx onepaTopoB, ^eHciByiomHX h 3 
B , H Hopjdoa 

(3.19) 

Jliodofl orpaHHweHHHif^ onepaiop Y b V mozom, ec/iii yro.HHo, 
paccMaipHDaTB kok "onepaiop w3 V b ^ orpaHH^HB ero od- 


;iacTB onpeseJieHHB no^npocipaHciBOM ; bo M3de2caHHe nyiaHimu 

3101 "cy 2 :eHHui!" onepaiop mu dy^eM. odosnanaiB Mepea V 


B laKOM c;iynae cooiBeiciBHC .* 

(3.20) 

OyAei M3oueipH>jecKHii oiodpasceHMeu MHOuecisa (5(x),^dX]npooxpaH- 
ciBa B f Koiopoe mokho npoflOOTiiB ao HSOMeipimecKoro 

oiodpaseHMfl JL^(^) ® ^ lenepB nape BeKiopoBfj^H 

H H3MepHM0My MHoxeciBy conociaBHM {a, ^ (^x) 

c noMomBD (|)0pMy;iu (2.30), lo npn oiodpasenHM (3.20) 

(3.21) ^(Ajji,{v)^Z{A)fi,fi)‘[^(A)fi,fiy)f 

fag 2(a] - cJiyMaMHuli JiMHeMHuii onepaiop h3 b , saBHca* 

mwil 01 At 5;^/ • JlaJiee laK se kbk npH BUBo;^e ^opwyjiu (2,32) ;tbKa- 
3 hiBaeicfl,nio 

(3.22) §(x)=|Tz(Z(dA)T'*’(9)^i^’), 


M mo npH JIDdUX ji, ^ 
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. ^ 

OicDfla /lerKo no;iyMaeicfl c;iej5yiomafl - - 

Teapeua.7; ^ loro , giodu CJiyjia|Hae npjie |(xjHa o^Hopo^HOM 
npocipaHcm X~ > J^PyHS^ ^ ABiiEeHnii Koioporo ABJaeicfl 

cenapadeJii.Hofl ^pkbjih^ KOMnaKiHofl r^ynnoE dHJio o;tHopo;tHHM 

Heodxo^^u^o H 50013103113., ero moscho Ohjiq npe^ciaBHTi. b, bh^ 

M§,Z(a) - cjiy^anHHH MHejHHfi onegarop ms, b > 

a^^tjllHBHO g aBHCB imiE OT MHOSeCTM j\ c jH y JtOB/ieiBOpflKmHE 

HeoipHpaiejiBHHg onepaTi)p b yjOBJieTBopBiouiHfl (3^^, ng,- 

jDea KOTop^ K^peMm^ HHjifl cbynKPHa no^a, BH paKae icB 

npH JTOMOUJH ^opuyajj ; 

AHaaoruMHue pesyaBiam cnpaBejianBH h ^aa o^Hopo^HHX cayqall ~ : 
noaeE ga npoMgBoaLHOu craMerpHqecKOM q^Hopo^HOM npocipaHciBe i 
X » £ ^ TOJiBKP pasHHueru mo b piom ca^gae. npocipaHciBO 
o_5HOMepHO npH ajodOM ^6 ■9^- "9^ caej^OBaieatHO * cay^aEl 

aHHeEHafl JyHKigiOHaa^ b H , yflOBaerBopaK^Hfi yaaoBHK) 

£5£ ^(A)'- HeqipiniaTeaLH^ aepa j. ^ , Ji0?pHpp^ b ^o^ae 

C^; 

B "KOopmaiHoE sanHCM" $opMyau (3.22) h (3.23) dy^yi, pasy-: 
lieeica, secLua noxosM Ha (3.7) h (3.8). B wacTHOciH, b cayqae 
CHMMeipnqecKoro npocipaHciBa X pxm (Jopjayau odpanjapica b 

(3-33) = 

(3.26) £2Ja‘)2^('aJ . 

^ noanaa cKcieMa "c^epimecKHX $yHKiiHE", oi- 
BeqaioiuHX soHaaBHOfl c$g,pMHs?^^a«„$yaiKmiii T lXi..xA . Teopewy 7 
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(BMecie c leopeiaaMH 6 h 6'0 mozho paccMaipHsaTi, KaK odod^eHHe 

npHBej^cHHbix Bbune Teopeu I,-3> 4 h 5, 

npHMepu.. H3DecTHC,wT0 B TV- McpHOM eBKJiM,HOBOM npocxpaHCTBe 

drv (c oduMHOi! rpynnoJI flBHiceHHfi 9 ) MMeeicB ojtHonapaMeTpiwec- ^ 
Koe ceMeKcTBO 30Ha;iBHux c(pepM^ecKHX (pyHKUHii.4^ (z) (saBMCBiaiix 
JlHUIb OT paCCIOBHHB Z MBSCfly TO^KaMH M )l i . 

(3.27) 

(cM.,HanpHMep, [35] ,[28] ). . TaKMM odpa30M, . (JopwyBa niendepra (1.4) V 
BBJiJieTCB wacTHbiLi cjiy^aew odmeli qjopMyjiH (3,18). 

OdmHe c^epMMecKne ^ynKUHii Ha eBKJiHAOBoK n;iocKociH 
HH B padoie Kpeiina [ 35 ] (cM.TaKace BHJieHKHH; [24]). IIoflCTaBHB sth ,.| 

■ Jt 

$opMyjm B (3.25) - (3.26) uu noBy^im c;ieflyioinee odmee npeAciaBJie- | 
HHe oflHopoflHux M HBoiponHux cJiy^aJiHHX nojie0 na iuiockooxh: • 

(3.28) 1(7, V’)=£e^fJ,v(7A)Z-v(;<<;\), ] 

nz^co J < 

rfie(^,V) - nojiflpHHG KoopjiHHaxKi Ha nJiocKOcxH b ^tt^il^jyAOBJieiBopa - j 

ex (3,26). AHajiorH^HO sxowy rjir o^iHopo^tHHX h n3oxponHux nojiefl b 
T ir-iiepHOM eBK^iHflOBOM npocxpaHCXBe R^mcxo^h h 3 pe3yjiBxaxoB aawei- i 
KH [28](GM.xaK3Ke [32] , XOM n) Moacex duxB noAy^eHO npe^cxaBAGHwe: j 

(3.29) ^(7,0„...,0n.i,'<’)v 

W - C$epHMeCKHe KOOp;tHHaiH B Hn, , cyMMHpOBa- 

HHe B npaBO0 mbcxm pacnpocxpaneHO no Bcew 

H WM 3HaKaM ” HOpMHpOBO.M- 

HHe KOHCxaHXu, npocio BupasaBamHeca wepea f 

- cooxBexcxByDiuHe noBepxHOCiHHe rapiiOHHKH, a 
y fciA- cMGXHoe ceMe0ciBO Baaiu^HO HeKoppeanpoBaHHux caynafi-j 


'X,my.,mn.>«Tnn.t 
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HHX wep Ha npaMOM [o, c o^HHaKOSHu MaiewaTHHecKHM OKH^aHHew 


KBajlipaia Mo;iyjia. 

B c/iyqae n-MepHoro npocTpaHcisa ilodaneBCKoro La, soHa/iLHue 
C^epHHeCKIie HUeDT bh^i 


( 3 . 30 )rz)=^f^> 

' (ckz)^ 


z 






Me ^ 


- cneumjibEoe pemenae flH$$epeHi^Ha;ii>Horo ypaBHeHHa 

JIesaH;tpa (cM.KpeKH [ss] , Bh/ighkhh [29] ; jijib ipexMepnoro npoci- 

paHCTBa JlodaqeBCKoro, rjte r W = , cooiBeioTO 

V^'l S«<Z f 1 j 

niMii pesy/ibiai eme paHtnie c5h;i no/iyneH re;ib(|;aHflOM h Ha^MapKOM [36j | 
[is] ). OTCMa fljifl Koppe;iBiiHOHHO0 ^yHKiiM HSoiponHoro no;iB L 
no/iynaeTCB cBeAyiomaB odmaa $opMy/ia (BnepBue yKasaHHan KpefiHOw 

[ 3 ^) : T ■ ■ 

(3.31) 


I 

"5 


B pa dole [35] BHnHcaHH xaK^ce Bce HeaoHajitHue c$epHwecKHe 


(JyHKitHii npocTpaHCTBa L^ ; nojucTaBJiBa iix b (3.25) mm nojiywiiu cJie- 
;q/k)iiih 15 odmHil BHfl o^HopojctHoro c/iyyai^Horo noJia Ha n/iocKocxM Jloda- 
qeBCKoro: ^ « 

(3. 32) !(z,v’) U2)24d^) , r„=\|-ir 


n»'oo 


2n(d?^) yAOBJieTBopam (3,26). to n-MepHoro npocxpaHCXsa 
Lk, Bce soHaBLHHe $yHKiiiiH yKaaaHH b saweiKe [29] ; oxcD^ia ^jib npo 
HSBOBBHoro HSoxpoiiHoro noBB B noBynaexcB npe^cxasBeHMe xana 


(3.2S1, B KOXOPOM lOBBKO ^VHKHHIO CJie;Wei aaMGHHXB Ha 

Ch f n-l. 


(cA.Z) r aHOVCHlit (ZV \ 

(h MSMeHHXPlc^CXaHI Ao ). 

(skz)~^ 

Pflfl eUpyrax npawepoB hobhux cMcieM soHaBBHux c^epaqecKMX 


(JyHKHMJf Ha wacxHfcix o;^Hopo^HHX npocipaHcxBax ynasaH b padoxax [zsj 
[37] , [38] i B [33] H3ytieHU laKze neKoxopue odutae CBO^ciBa xaKax 
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' HE mil 


syHKUHB, cyaeciBeHHO ofiJier'iaraiiiMe hx HaxostfleHHe. Bonpoc o Haxos- 
jeHHH npoHaaoxbHux (HeaoHaxBHbix) o$epH-ieoKKX $yHKwa aaJiaeioa 6o- 
jiee cxoKHHM ; osaaKOj sxa KOHKpeTHUx npocrpaHCia 
Ke B pBfle cJiy^aeB Ohtb peiueH anojiHe 3$(|;eKTHBH0. 

4. MHorowepHbie o^^Hopo;tHHe no;ifl. 
jfajiBHeMniMe odoOmeHHB. 

noHBTHe oflHopoflHoro c;iyMaiiHoro no;iB, paccMoipeHHoe b pas^^e- 
jiax 2 M 3, ^lonycKaei pflS ^ajiBHeHuiHX odoOineHHii. CefiMac mu BKpaTijG 

OCTaHOBMMCfl Ha HeKOIOpUX H3 HMX. 

(a) MHoroMepHue o^o pojEHue c 7 i j/_^a.gHue np^B aa r^ n n a j c , IlycTB 

X-MepHoe cByqaiiHoe noBe na rpynne 5 » a 

JU(^)] - KaKoe-TO (He odBsaieBLHO yHHiapHoe) -uepHoe npeA- 

cTaBBeHne gioK rpynnu. nojie5(3)Ha^aeicfl owpo^HUM oTHOCHTeBBHO 
jieBux c^BuroB noBeu BeJiiiwuH ^ , npeodpasyamuxcB no npeAciaBJie- 

HHK) eCBH flBB Bcex - 

(4a)E5i(94=£[V3iyi , 

TO . ‘ I 

(4.2) \5l(g.)=U(3)|(fg.). I 

Hnawe roBopfl, ecjiM Mf3)=£l(iL - BeKTop cpe;;HMX sna'ieHMli no- | 
Bfl |(§), a - ero KoppexflUHOHHaa uaxpa- j 

ua, TO 

(4.3) M(30=^(3)M(f3.)''u(3OM‘ , 

TRe - HeKOTopuii nocTOBHHun BeKiop, a (^) - MaTpnna, 3a- 

BHCfliuafl OT ojiHoro opryueHia. AHaBorwMHO onpejieBfleTCB h noBe KfH 
o;^HopoAHoe oTHOcmeBtHO npaBux c^bhfob: b oiou c^ynae Ha^o tobb- 

KO nOBOSHIB: V3§/g.)-U(9)§C3.9). ! 
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fiyii 

CJieAyfl Ko-HMoropoBy (cw.PosaHOB [39] ) wHoroiaepHoe nojie 
TaK:i:e HHTepnpeiMpoBaiB Kan aa^aHHoe na 9 noJie BHHeiiHHX 
onepaiopoB h 3 HeKoioporo BiiHeKHoro npocTpancTBa / b npocT- 

paHCTDO c^y^aliHHX BeJinwnH ^ • | 

(4.5) |j(a)=Z§<c(g)aK,/ 

B 3T0M cjiywae nojie §^(ol) ^^y^eT HasuflaiBCfl osnopo^^Huii oTHOCMTeJii)- 
HO jieBux c,HBiiroBj ecJiM cyinsciByGT npcAGiaBJiaHHe |li, rpyniiH 

f) B npocTpaHCTBG -£ TaKoe, Mio Bcex ■ 

(4.6) E§3Ja)=E||gJu:(3)a), £|^,(ax)|^^(aJ=£5^^,(UY^)ai)%(u^^ 

(npeAcxaBJieHne CBBsano cU(^) cooTHOnieHneu: U (^) » 


=[U(f)f , T.e. Ulj(3) = Uji(3‘) ). I 

TaxaB "decKoopjiiiHaTHafl" HHiepiipeiaiyifl uHoroiiepHtix noBel! ocodeHHO ^ 
y;to(3Ha npn nsyqeHUH noJieS decKOHe'iHOMepHHX* ] 

OduiHK BM^l BGKTOpa CpeflHKX SHaqeHHfl OflHOpOAHOrO nOBB BeJIMqHH ] 
^ HenocpeACTBeHHO onpe,neBB8TCB (JopMyjioii (4.3): BeKiop Mb .j 
9T0Ji $OpMyjie MOacei dUIB JIlOdUM nOCTOBHHHM SeKIOpOM M3 A . Ocia- • i 
eTCfl eine tobbko bubchhtb oduiMii bmj; MaxpMUu 

10 Ee oauoe, uaipiWH •^*'*(^3) )• C aiofl ueJitu uu aono^iHHieJiiHO | 

npeAnoJioKMM, qio rpynna ^ - cenapadeBBHaB BOKaBBHO KounaKiHaa 
rpynna iHna I (b qacTHOciH, ona uosex duiB npoHSBOBBHoli KOunaKi- 


HO0 rpynnoa). JlaBee nyciB CL - nponSBOJiBHua nocxoBUHtia bgkxop 
H 3 X H a(§) = U*(j)a. . Tor;ia b CMBy (4.6) cByqaBHoe noJie 

dy;tei oanopo^lHiiu oiHOCHieJiBHO jigbux c;5BHroB oahohgphhm no^ew, 

JIHHGaHO 3aBHCflIHMM 01 napaUGTpOB . npHUGHHB K 3I0My IlOJID 


TGOpGuy 4, noJiyqHM 

(4-8) L(3)=Jn{T'*]:g)-Z-(<i^)}. 

fIi flFFiil L’SF m 
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nm yam 3 

-so- 


rtie . : 

2 . fn» 

, , cu(a) ^LZ>c(A)a^, 

a Z(A)-{Z,(a),:.,.IJ4- BeKiopnafl "c^iyMaHHafl onepaTopnaB we-; 

pa” Ha ^ laKaa, mo - I 

T.e., ecJiH ^m,.fA) = ||2;j,m-(A)|| , j 

(4.I2)E2a,(Ai)|i, •f|i4i)('?/Ai,A,)fA/3»)> i 

*( 

■> 

3;ieci> my I Ml - 310 ajt^HIHBHO 3aBHCHmH0 01 A 3pMH--j 

?> 

TOBCKHH HeoipHitaiejiBHuJi onepaiop c KOHemma c;ie;iou b "KponeKepoB-J 
CKOM npoH3Be;teHHH" npocipancTB A H H'*’ (x.e. B npBuoJ^ ! 

cyMMe H30Mop(3fHtix npocipaHciB ... > r^e J, ti ^ :; 

Cj,^...} - da3Hc B A). $opMy;iy (4,8) mokho laKsce nepenHcaTB b j 

BHAe ■ ' i 

(4.13) |/j)=Ju(9)Tz(T^%)Zr</A)) ■ 

§ ■ ' 

h;ih se ^ . 

(4. 14) M9) =Z )| Z Tif b (rf>) ■ 

^ g 0 J 

PaBeHCIBO (4.3) npM 3T0M OKBHBaJieHIHO yC/IOBHD 1 

(^.15) ^ I 

TRe -e;!lHHMqHoe npejiciaB/ieHiie rpynnii 5f , laK 'iio 

I* KOppeJlflUHOHHOfi MaipHI^U M3 (4.8) H 

(4.12) BuieKaei cooiHOineHHe . 

(4.16) 

.r-R>n^ fffirr^Rflll (R!!M¥ i 
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HJiH HHa^e 

( 


4.17) =Z U„. (3.) 1 S T^\C 

5|t 5 


_ I 




rrvS 



^ y 'V 

lOrO 3T0 C00TH0II16HH6 dU/IO COBUeCTIIMO C (4»3), J^OJIKHO 
TOJIBKO BHnOJIHflTBCfl HepaBeHCTBo: 

(4.19) . 

OTCK)fla ;ierKO bheoahtcb 

Teopej^_8^ Torp,HTO^ wHoroMe^Hoe, cjri^i0Hg^ no^ \(^) 
Ha rpy Fine cenapadeJiBHofl jioKajiBHO . KoioiaKTi^^p^ ^ ^na ^ ^ dHii^. o^o- 
QTHocHie/iBHO JgMix c^BMi^ noJ^GM BeJiMHHH ^ ,npeodpa33[E^ 
mMccB no npeacTaBJieHHip {WC 3 )} , Heodxonmjo h go cTaTOHHO, ,^odH 
OHO duJio npeJciaBiiMO b_bh^ ( 4 ^ 132 , rfie 1 (A) - BeKioPHaa 
qaSHafl one paiopHaB mgj^" Ha , vj[OBJieTBOPHK)ma_B. ^4jJ[2}, ^ ^{A.) j 
- " onepaiopHaii mb pa" na 5* > SHaneHUB Koiopog HBJiHDTca opMHTOB- 
ci ^MH HeoTpunaTeaBHHMii onepaiopaMH g. KonegHLiM cae^ow, jb, "Kgoge^- 


I 


pOBCKOM npOMSBeJieHMH " nPOCTpaiFCTB A H • QSSjSt 


M 


nee SHaHeime M = E|(g) no^ n^H stom ^aerca (4^, j 

r^e Qnpe, i[eaaeTca h 3 , g KoppeaaUHO HHaa Marj^HS? | 

- d [;opMvaoa (4 ♦16’). . 1 

OdpaxHOt ajoda^ MaipHua Bjua Ciii§) HBaaeica KoppeaaijHOHHp^ 
MaTp ifflgl HeKOTpppxp MHoro^ ieiiHorp pj^H^ojiHoro caygagHorg . noJia.; 
cp e^jHee SHaneHne pioro noaa MO^ex nPHHHMaiB arodog. SHaweHHe. bh^b^ 
(4,3’) , rj^e “ nocToaHHua bskiop , vJOBa&jBOp amMg. (4^.1^, 

(4) MHoroMepHHe oJiHopoaHHe riQJia na o^^HP^PiLfiux nppc^ajjgTBax, 
MHoroMepHoe noae Ha HaauBaeTca 

o;nHopoflHtiM, ecJin ero nepsue h Biopue uoweHTu He MeHaroica npM npH- 
MeHeHHH K BeaHniiHaw l(^) npeodpasoBaHHa |(x)— U(9)§(3 x), 


yi\ 


V 4 


■« 


ypi*! 


„ uvvs.^, v£*a g 
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FOR (LJiiL! 


ryi\ ui 

rfle {U(^)} - HeKoiopoe npe;tciaB;ieHHe rpynnu ^ . iIcHo,qTo ec;iH •• 

no/ie J(x) dy^iei ofiHopoflHuw, to BeKTopM(x) = E^fx) h MaTpH^a i 
Jb (Xj ,Xi,) = I E (Xi) I- (X;,)! dy ;;y T y;noB;ierBOpBiL cooTHonieHMjni: I 

(4.20) W(x) = U( 3 )M(fx), I 

(4.21) J2,(Xi,Xi) = J 

(op.(4.3)-(4.4) ). HH3'ie 3io ene uoiwo Bupasmi ibk: BHHeHHufl 
onepaiop h 3 4 b 

(4.22) L(a^)=ZUx)a^ 

K/ 

dyflei B Gioivi cjiy^ae odjia^aiL CBoacTBauH; 

(4.23) Ef j.(a): x<). 

113 $opMy;iu (4.20) cpasy c/i0;^eT,qio 

(4.24) M(x) = U(^)M“’V 

XiJta ^ - np0H3B0JII»HiiM BCKTOp II3 Jj ^ HHBapHaKTHUS OlTHpcHIBJIB- 

HO Bcex npeodpasoBaHMa U(lc.), fctX; 

(4.25) * = M^** npM Boex kfX- I 

3HamiTe/lLH0 dOJIOS C/IOJSHtlM ABJIBeXCB BOnpOC Od Odineu BUfla KOPPCJIB— 
^HOHHOl^ Maipimu Jb(Xj,Xv^ H EBfl3aHHtI0 C Hill! BOIipOC 0 "cnOKipa^B- 
HOM pa3;i0JKeHHH" caidoro noJiB • Mh paadepau ceiiHac oioi Bon- 

poc cjiyqaB KOHOHHOMepHoro no/ia ^(xj Ha KownaKTHOu OflHopo;iHou 
npocxpaHCTBe X » noc/ie oxoro yice Heipy;HHo dy;iei coodpaamB, KaK 
/tO/IXiHU imcaTBCB COOXDeXCTBy DIHH6 H B dOJiee Odll(6M ^OKa/IBHO 

KonnaKTHOM c;iyqae. 

IIxaK, nycTB yxj)™ kom- 

naKXHaa rpynna. Ilo/ie m iJo:^:HO xaKice paccMaxpHBaiB KaK /iT-MepHoe, 
o;^Hopo^Hoe c/iywaflHoe no;ie m Ha -J , nocTOBHHoe na Bcex jigbiix 1 
K;iaccax cMeiSHOcm ^ no X . C;ie;i0EaTe/iBH0 (cm. (4. 14), (4, 

: fOU Officii USE 3HLY . ' 
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ry!\ 

— oo — 

(4.26) lj(9)UH3)-|:Ucj(f)|;/g) 

npH TOdoM dy;;eT ;nonycKaii) npeACTaBMHHe 

( 4 . 27 ) ^,( 9 )-zz 2 f;!,Tj:’r 9 ;, ' 


u 


r^e It'Ts)) - BCeBOSMOKHtie HenpHBOAHMUe (m HeOKBHBaJieHTHUe) 
yHHiapHHe npeflciaBjieHHB iJii 

Ho B Haiiieij cJiynae §^( 9 ) fc^X-nooioMy npH JiDdou /ceX 


i i 


i.e. 


(4.30)ZZZz"’t"|g)T;4»-)=|^2Zz“:’jr(9/M^^^ 

OdpaTHO, MS (4.30) c.neflyei, ^to = >T 2 Kkm odpa3ou,yc- 

.nOBMe (4.30) BBJIBeiCfl HCOOXOAHMUIvI H JliOCTaTO^HHM TOrO,*ITOdU 
noJie I( 9 )b (4.26) - (4.27) dHBo Ha canoM fle;ie oflHopo;tHbiM uHoroiiep- 
HHM noJieM Ha x^Yx . 

B cHBy cooiHomeHHii opioroHaBBHOciH (2.8) h 3 (4.30) BuieKaei, 
mo npH BDdux A.tn. u rt Bcex kiX 


i 


|: 2 S,’..tYk)=zz::,’.u;,w. 

Budepeu lenept h b npocxpaHciBe Jl , b KOTopoM seKciByei npe;;cTa- 
BBeHHe H B npocipaHCTBax npeAciaBBeHiifi T^%h Mh-, 

da 3 HCH laKMM 0 dpa 30 M,wT 0 dH 3 TH npe;(CTaBBeHHB pacnaBHCL Ha nenpH- 
Bo;uiMHe npe;;cTaB;ieHHB noj^rpynnu X . noMHMO loro MU noTpedyeM eiiie 
MTodu 3 KBiiBajieHTHue Mosfly codoK npe;tcTaBJieHHB X » BXOflaiiiiie b 
U* H BanucuBaBHCL o^HHaKOBO - 3 Toro laKse Bcerjxa mokho sodHiB- 
CB npociuM H 3 MeHeHHeM da 3 HC 03 . nycTB npe;iCTaBaeHne U*(^) rpynnu 
pacna^aeiCB Ha HenpHBOjtuMue npe;;ciaBBeHiiB 1 = 1 /...,!^; 


rno 
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Kpaiuocii) npej^ciaB/ieHKfl V'‘’(ic) B uYj) MM odosHa^HM Mepes^^t, 
a Gro pasMGpHOCTb - mgpgs 3i • B laKOM c/iynaG mh^gkc t-C .jJiO 

npH KOMnOHGHiaX BGKTOpa ^ K/IK ^ yfiOOnO CyjiQT SaMGHHTL COCiaBHblM 

MH;[tGKCOM ( L ‘ 1, , II S=l,...jSi)^ r 

(k/) npH 3T0M OdpaiMTCfl B 

Ana/iorHMHO oiowy gc/iii npGflcTaB/iGKiiG Y^) if pac^a;^aeT- 

CB Ha HGnpHB0;5MMtiG npGACTaBJIGHHB Y“'>(k), n: 1,:.., ,npHHeu 

KpaiHOCTL K T^^j^jJpaSHa Utva , TO BMGCTO MHJtGKCa rt 

( = 1, )f Hyuepymero KOwnoHGHTU MaIpH^ T^Yj) > 

MU dy;;GM ynoipedJiflTi) cocTaBHOH mhsgkc Tina,. ( M =1^ 

U=l^..., IL^;, •, 0.= 1,..., So » 

(4.33) Tn"" 

no^cTaBBflfl (4.32) H (4.33) b (4.31), d63 Tpy;ta noBynaeM 

(4.34) ,m., ^as 






ut * 


TAB 


(4.35) = S ^ 


OicDjta cBe^eT,^TO 


d> Ub 


(4.36) 

T.6, Kaic;iaB KOMnoHGHia ^^(j) BGKiopa 7f3/ pasjiaraGiCB /imiub no 
TGU CTOBdnau Maipim T<»(^) f KOTopuG npuHa^/ieJicaT TOMy kg HenpMBO- 
flimiOMy npG^iciaBBGHHK) rpynnu X , hio h j-ii ctobOgu waipimH 
UYj'j h saHHwaioi b hgm le se mgcto, wio m stot J -U cioBden. 

B cHBy (4.36) KOwnoHCHTu §j[^) kmgtb bha 

(4.37) 
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r;te cyLiwa depeicfl no Bceii dobtopbiouimwcb HHfleKcaji. Heipyjoi- 

Ho npoBepKTi>,mo ^yHKmiii na caMOM ;;eJie dyjtyi 

aaBMceiB ;iHini> ot K/iacca cMeKHOciii ^ no X , i.e. $aKTHqecKH 
dy;tyT (lyiiKnHBMH ot xeX , a ne ot g 6 ff . Hs (4.37) h (4.35) 
Heiaefl/iGHHO no/iywaeiCB h odinaB ftopwy/ia m Koppe;iBmioHHOil waipH- 
nu Jb(Zs, x.z) = ll3jK.(Xi,Xv)l: 

r^e cywMHpoBaHHe laKae Bejieicfl no boom ;iB 3 :i:jtH noHiopBioinMMCfl hh- 

^leKcaivj H II fuv^ael " HeoTpHnaieJiBHO onpe^e^ieHnaB uaipHna 

no Bcew CBOHM HH;ieKcaM: 

(4.39) m Z 

U,V a, 6 lair,ae 

PaBencTBO. (4.37) h sajtaei odmee "cneKipa/iLHoe npeflciaBfleHHe" 
MHoroMepnoro o;iHOpo;;Horo nojia na KOMnaKinoM oflHopo^tHOM npocipaH- 
CTBoX > a jfeeHCTBo (4.38) - "cneKipajiLHoe pasBoi^eniie" cooibgi- 
cTByioineii Koppe;Ifl^MOHHO^} MaipimH. 

B c;iyqae cenapadeJiBHOfl ;i0Ka/ii>H0 KownaKiHOH rpynnu ^ mna I 
H ee KOivinaKTHoii no^rpynntj X cneKipa/itHoe paa/ioaceHne unorowepHO- 
ro o^^HopoflHoro no;ifl §(xj na n ero KoppeJinitMOKHoa wai- 

pnnu dy^tei AasaTBCB $opMy;iatiH, no;iHocTi>D aHa;iornqHbiMH 

(4.37), (4.38) H (4.39) ; tojibko cymiMpoBaHne no X 3;;ecB npM;ieT- 

CB SaMeHHTI) HHTerpMpOBaHHGM COOTBGTCTByDmMX ^jyHKIiHii MHOEGCIBa 
dXc ^ no Bceuy npocTpanciBy -9 . 

B npnuGHeHiiH k kohkpgthhm wHoroodpaOHAM X m innaw BGBHqHH 
^T.e.npejlcTaBBGHHBU ^^(3) ) odmne (iopuyBu MoryT,ecTecTBeHHO, 
cymecTBGHHO ynpocTHTBCB. TaK,Hanpmiep,B cByqae noBei! na c^epe 
5z ipexMGpHoro OBKBHflOBa npocipaHCTBa ciaiwoKapHafl noflrpyn- 
m /X-Oz (noflrpynna BpaineHHii BOKpyr ocm) OKasHBaeiCB KOMMyia- 

tm nmmi nmy 
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THBHOil, TaK qio DCe 66 H6npHB0^HMU6 np6;iCTaB;ieHMfl O^HOUepHH 

(hm6K)t bh;^ j r;ie f - yroji noBopoia). Kpowe to- ' 

ro B 3I0M c;iyqa6 bo bc 6 H6npHBo;rHMH6 np6;icTaBJieHiifl rpynnti ; 

nojiHOfi rpynnH BpaiiieHMil R^3 ) Kait;t06 np6ACxaB;i6HHe rpynnu ; 

Oz BXoflHT H6 6ojiee, wen no paay. HosioMy 3;jeci> BMecTO cociaB- 

HHX IlHfl6KC0B H I.fl, Odtl^IHO MOSHO OrpaHH^MIBCB npO- 

CTHMM HH^ieKcaMH C, n. H T.^. BocnoJiBSOBaBuiHCi. Aa;iee ^'OpuyBauH ^ 
Bcex MaipHnHux ojibivIGhtob Tn^ np6flCTaB-i6HHa rpynnu 0^ , ; 

yKaaaHHtDJH b [bs] , HoipyjiHO nanHcaiL bbkuH bh;i cooTHOineHHiS 
(4.37) H (4.38) cjiyyan, Hanpmjep, b6Ktophhx o;iHopo;tHHX c;iy- i* 
yariHHX no;i6fl Ha 5 ^ h;ih T 6 h 3 ophhx o^HopoflHHX notion HeBHcoKoro 
panra. To K6 poayjiBiaiH moicho nojiynniB, BOcno;iB30BaBDiMCB onH- 
CaHHUM B [23] HHBapWaHTHtBJ 0TH0CHT6JIBH0 BpailieHHfi paSJIOKeHHeM • 
B6KTopHHX H i6H3opHBix (h 6 cJiy wafiHLix) no;iel5 Ha c$epe Sz no coot- ' 

B6TCIB6HH0 no;tO(3paHHUM Cn6mia;iBHLIU ^yHKHKHM (cM.iaKIKe OBMOTKy 
[40] , B KOTopoa pa3oc5paHa aa^tawa o no;5o(5HOM see HHBapiiaHiHOjyi 
pa3;io2ceHHH boktophhx no;i6i! Ha c$6pe 5„, (Ti-n)-MepHoro npoex- 
paHCTBa R'lu), . 

B flpyrou BasHOM wacTHou cjiynae - cjiynae boktophhx o;iHopoji- 1 
HHX I! HSoiponHux no;ie0 b tl-mophou OBK/iH^tOBOu npoeipaHCTBe 

n. ( Mk- - rpynna ;tBPiB:6Hiin > On.- rpynna n,- 
-MopHHX Bpain6HHl5) - 3a;;ana ynpomaaiCB TeM,mo BOKTopnoe npeM- 
cTaBJiemie li rpynnu Mrv BBJiJieica b to se Bpeun HenpHBOflUMUM 
yHHTapHuii np6^cTaB;ieHH6M noflrpynnu On. , ne CoJiee paaa bxoothm 

B Kasfloe H6npiiBo;^HM06 np6;icTaBJi6HMe Mn. • IIoGioMy $opMy;ia (4,36) 

3fl6CB npMHiuiiaeT bh;h | 

( 4 . 40 ) 

f ‘ 
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(MHierpa/i depeicfl no boom HenpwBO^^KMmj npescTaBJieHiiBM Mn., co- 
;iepicaini'iu BeKiopnoe npeflcTaB/ieHne nojirpynnH On.). BocnojitaoBaB- 
lUMCL ;^a;iee pesy/iBiaraMH saMexo [es] oicio^a moscho no/iywMXL ksk 
odniee cneKxpa/iBHoe npescxaB.xeHne Koppe;iBitHOHHHii uQi^vim J£>ij(Xi,Xi) 
BeKxopHoro no;iB (naii^aHHoe HHm cnocodou b [4] ),xaK h 
cneKipa/ibHoe npe^ciaB/ieHKe caworo no;iB §(x)i 

(c) Od.odmeHHHe o^Ho^p^Hue c.nv^.aMHLie np^B. Ecbh npocxpanciBO 
X‘ Tx (w X uozet dHXb H no^rpynno 2 ) aB/ijaeica 

KOHenHOMepHHM flH$$epeHqnpy eiauM MHoroodpaSHeM (rpynna .£/■ BBBBei- 
CB rpynnofl JIh), xo HapBfly c oduMHLiLiH'cJiyqaiiHHiiH noBBim S/xJ 
(hbh Ha X M02CHO paccwaxpHBaib iaKse h ' 

ododnieHHHe cJiyHaMHHe oobb (cByHaidHue pacnpeaeJieHHB) b CMHCBe 
PIxo [41] - re/ibipaH^ia [42]^ CorBacHO [41] , [4^ ododiiteHHHU noBejav* 
HaauBaeicB cByqafiHuS BMHeilHuB $yHKmioHaB (hbh 

) OXHOCHXeBBHO ^yHKliKM ‘f ^ ^ 9 TRe - BBe- 


JI.IIlBapi^eii icBacc decKOHCHHO flH(|;(|:epeH^HpyeMbIX KOMnBeKCHnx 
fyHKi^MK xo^iKii X , odpaii;aK)inHxcB b HyBB BHe HeKoioporo KOMnania, 
Ododi'ieHHoe noBe IM HasHBaexcfl o;i;HopoflHuu, ecBH MaxenaximecKne 
osciasHHa nv('(’)=E?(Y’) “ laKOBH, HIO 

npH BIDdOM if . 

(4.41) mM = nr(T^V>), , 

TAB , B MHoroiiepHOM cByqae am ycBOBMB aa- 

WeHBIOICB yCBOBHBMM 

( 4 . 42 ) M(v)=U( 9 }MCVj'f), 

- BBKTOp CpeAHIlX 3HaHeHM2 HOBB §M, - ero 

KoppeBBUMOHHafl uaipHita, a U(§) - HeKoiopoe npe^iciaBBeHMe rpyn- 
HH ^ • IIOHIM BCe peayBBiaiH HaCIOBIIiea CiaXBM COXpaHBIOTCB H 
^BB xaKHX ododmeHHux OflHopoBHHX noBeif,ecBH loBBKO noByqeHHHe bu- 

fOROFHi'isety 
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me (JopMy;itj mb |(x 3 (m/ih mb ^(^) ) noHHuaiB d tom cMuc/ie, mo 

(4.43) % 

X 

r;ie dx HHaapHaHitv^OTHOciiTG/iBHO npeodpasoBaHHa ^ey uepa^X. 
EflHHCTBeHHHM OTBHmieU dy^GT TO, ^ITO OpH TOKOM ^0;^X0,He K HaUIMM 

(|opMyjiaM BupaxcGHUB ji/iB §(x) (m/ih 5(^3 3 Bno/iHG woryi dHTB h; 

paCXOflBIHHMHCB - JIHIIIB du TOBBKO OHM CTaHOBHBKCB CX0flB]4MMMCB HOC- 
Jie MHTGrpHpoBaiiHB no YCoc^Jdx. yijiH . IIooTOMy yc;iOBiiH 

cxoflHiiocTH (2.13), (2. 27), (S. 16) h T,n,;t;ifl ododnteHHux noJieS yse 
H6 dy^Q^I OdflOaTG/IBHHMM H flOJISHiJ dy^iy'T duTB SaMGHGHU Ha MCHGC EG- : 

CTKHG yc;ioBHfl. To^Huri BHfl OTMX oc/iad/iGHHHX ycJiOBHri dyflei onpe;te- 
/IBTBCB aCHMnTOTHnGCKKMK CBO^CTBaMH COOlBGTCTByiOIIlHX MaipH^IHHX 

T* \ T , 

O/IGMGHTOB [^J M c$epHqecKMX (|:yHKnH0 Tij (x.) ,* B HaMdpjiee ' ' 
BaKHux KOHKpeTHHX c;iyMaBX 3TM acMunioTHnecKMe CB0l5ciBa oduqHO 
hsegcthbi HJiy Moryx dtiTB dcs ipy^ia no/iyMeHH, Tax mo HSyqeHHe 
COOlBGTCTByiomHX OJtHOpOflHHX OdOdaiGHHUX HOBGil 3^eCB HG CBBSaHO HH \ 
C KBKMMH HOBHMH Tpy;^HOCIHMM (cp. , HanpHMGp , padOTH [s] H , HO^ j 
CBBIHGHHtie OdodniGHHUM C/iynaSHHM nOBBM B GBKJIHjiOBHX IipOCTpaHCTBaX f 

R.’v ). ■ :j 

HOBHG nOCTaHOBKH BOnpOCOB BOSHHKaiOT, GCBH Hapflfly c OdOdniGH- I 
HHMH no;iBMM HV. SdA^Humm Ha $yHxiTMOHa;iBHOM npocTpaHCTBG ^ - 

dGCKOHGWHO JlHIf&GpGHI^MpyGMHX CpyHKItHli pacCMaTpHSaTB laKEG H Odod- | 
iUGHHbiG no/ifl Ha KaKHX-ziHdo HHtlx ^yHKnHOHa/iBHtix npocTpaHCTBax — I 
HanpHMGp, Ha npOCTpaHCTBG ^n. ^yHKItHM, ^tK^GpGHUHpyGMUX HG.do;iGei 
pa3 (ii odpauiaiomHxca b nyBB bhg KOiinaKTa) hbh na oaccax $yHKv 
nHM, bbg^ighhhx b padoTax r6BB$aHfla h ItaoBa (cm. [43] ). jicho, ^ 
mo cyEGHMD KJiaCCa $yHKnHfi dy^GT npn OTOM OIBG^aTB pacHIMpGHHG ’ 
cooiBGTCTByfomero K;iacca o;iHopo^[Hbix cjiyqaflHHX no;ie«,T.6.oc;iad;ie- | 
HHG yCBOEHn pGry/lBpHOCTM, 3aM6HflDDlHX (2.27), (3.16) H T.^.IOiacc 
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oduKHOBeHHux (ne ododmeHHUx) ojiHopo^Hux c^iy^aanux nojiefi aBJiaei- 
cjj, c OTOfi ToqKM speHiw, nepecetjeHHeu ite;ioro cewericTBa oxsaTHBa©! 
DmMx ;ipyr ;;pyra K;iaccoB ododmeHHHX c;iyiiaKHiix no;ieM,oTBeMaB3i^nx 
Bce dojiee h do;iee cyS':HBaK)iniiMCfl oaccaM ^yHKUHii Y . Henocpeflci- 
BeHHO 3a oaccoM oduKHOBeHHux c;iywa2HHX no;ieii b 3tom ceweiicTBe 
dy;iei c^ie^OBaiB K;iacc o^iHopo^Hux cJiy^iaMHux uep - c^iywafiHux $yHK- 
?(5) MHOEecTBa 5<^X laKxXjtiTo E§(S)-E§rj5j, = j 

= npH ;iDdon ^ ^ (no;i'iepBHeM, bo HadesaHwe ■ 

HeAopa3yMeHKfl,mo TepuHH "c^ywaidHaB wepa" sflecL HMeei flpyrofl 
CMucB, qeM paHBUie b otoS ciaite, w oh npHuenaJicfl bpidib k cny- | 
qaJdHm (JyHKitHBw MH0s:ecTB, npiiHrMaioiHHw Ha HenepeceKaicinHxcB wHose- j 
CTBax HeKOppaBHpoBaHHue SHaqeHHB). lOiacc cByqaiiHHX Mep moscho j 
paccMaipHBaiB kbk KBacc odoo'meHHbix cBy^aidHHX noBe2,3ajtaHHHX na I 
BCeB03lil02CHUX HenpepUBHblX (lyHKItMBX 'f } nOOIOMy B OIBMHHe OT no- 1 
cBeflyioinHX KBaccoB ododmeHHHX noBeid oh woiceT duiB onpe^ieJieH Ha . ^ 

BDdOM lonoBorMqecKOM o;tHopo;iHou npocTpancTBe (i.e. rpynna 
B 3T0M cjiyqae BOBce He ;^0B2CHa odBaaieJiBHO bbbbtbcb rpynnoli Jin). 

B TOM se cMHCJie, mo m mb ododmeHHHX oAHopo^Hnx nojiefi 
KTO-reBB$aH;;a Ha^ npocipaHciBOM ^ , ocHOBHHe pesyBBTaiu HacTon- 
leid CiaiBH COXpaHBDTCB H abb Bcex OCiaBBHHX KBaCCOB OdodmeHHUX 
noBeii. O^HaKo Bonpoc o tomhom BH^e cooTBeiciByiomHX "ycBOBHii or- ; 
paHHHeHHOCiii" (HaBaraewux Ha K03$$MmieHXu kbh na ”onepa- 

TopHyio Mepy" ) ?tBB Kasc^oro h3 othx KBaccoB ;^0BseH peciaTB- 

CB ocodo. 

W £9 cB yaaflHmjn obhopobhhmh npHpaaeHHBMH . B leopHH 
cByqaKHHX nponeccoB napBBy c npoHeccawM cTanHOiiapHUMH xopoico Hsy- 
qeHti laoe h doBee odinHe nponeccu, MiieiomMe cianHOHapHue npnpa- 
meHHB (cm. ,HanpiiBiep, [44] >[8]). AKaBorH^Hoe ododcieHHe isoseT duiL 
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: npefliioMHO H B oiHomeHMi noHfliHfl oflHopoAHoro o;ijsa0Horo no;ifl Ha 

np0H3B0)itH0M oflHopojiHou npocipaHoiBe X • A HMeHHO, nose l(x) 
m OyfleM HaaaDaii noBBM co cny’iaUama owposHM npMpaneHHauH, 

ecJiH BCBBOSHOKHue paSHOcTH ^ (Xi) “ §(Xx) = | (BCi, ^*-) iipeA ; 

ciaBBaiB coCofl ojHopoflHoe (oihoohigbbho npeofipaaoBaHHfl j 

=^aXi; ) cBynaKHoe noBe Ha npocipaHCBBe X*X • 

■ He cJiGAysT c^JiTdTbjHTO leopHfl noJieii c ojiHopbjiHHMH npiipame- 

I HHflMM HenocpeACTBeHHO CBOOTCB K TeopHH o^iHopoAHHX no/ieU Ha HO- 

BOM o;;HopoflHOM npocipaHCTBe: 3 to hg tsk, h(3o b npocipaHCiBe • ^ 

I X^X rpynna i) = yse He dy;ieT TpaHSHiMBHOfi. floDiowy b od- : 

I ^eM cJiywae yciaHOB;ieHne "cneKipajibHHX pasjipaceHMn" w no;iefi c ^ 

' oflHopoflHui^iH npKpaiiieHMflUH TpeOyei npMB/ieqeHHB HeKoiopax hobux co- i 

! odpa2£eHH0. -j 

' OCHOBHHMK MHC/ieHHHMM xapaKTepiiciMKaim no;ifl c o;tHopo;iHHMM 

I ' npi'ipameHHBMH dy^yi nepBue h Biopae moughth pasnocTefi j 

(4.44) in.(;xi,x»)»E|(x.,xi,),:6(x,,x,.;x^x,)< £S(x,,ix)?(x>,x,>. 

! $yHKHHB TrifXi^Xj^no.’iHOCTiio xapaKiepMsyioicfl ieH,Mio oHa y;iOB/ieTBO- . 

■ paei ^yHKUMOHai/IbHOMy ypaBHGHMD tTv(Xi,XvJ + 7TV{^Xx,X3^s Xa,/ 

H ycJiOBMK) mC3Xi,p^)=‘m,(xi.xa,) ; oico^ta odMO yie ne ipy^Ho ' 

• onpej^eoiB odmmi Biifl ^yHKUMil. Hto se Kacaeicfl'BTopux MOMGHTOB | 

I Jb(x,^x*- X3,x0 Bce OHM de3 ipyjia BHpascaioTCfl nepes cboh 1 

0. OHaqeHHB <^(Xi,Xx) X3,X|,) npn Xy^ Xx ; ecJiM no;ie -• 

*i meciBGHHoejTo B cHJiy a/iredpaHqecKoro los^teciBa 

MU MOKGM ^lase OrpaHHHHTbCB JIHinb MSyqeHMGM $yHKmifl 

(4.45) J2l(Xi,x») = E(|(xO-|(x»iJ*', 

I saBMCflmi'ix Bcero oi wx nepeuGHHUx. KaK du;io bubchgho leHdeproM 

i [45] iymauiH Jb(x,,Xij no/iHOCibio xapaKiepMsyDica c;ie;QrmHM cbo2-’ 

I nn^f^rp /?M^nnw/j \ 
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cTBOu (poACTBeHHLSi CDOiiciBy no/ioKiiTe/iLHOfi onpe;ie;ienHOCTM): npH 
jiiodux 1^; Xi^ ... ,Xn,€ K jiiodpix BeiiiecTBeHHHX Cbi,. ., \ 

\ laKMX , HT_Q ,gOB2C^ BLinO/IHBTBCB Hep^eHCTBO , . 

n 

(4.46) Z,^Cy^i,X^)CiiQ-,c.^O. 

i^KU 

TaKiB/ odpaaoM onncaHHe Bcex (BemecTBGHHHX) nd/iefi c o^hopo^Ihhmh 
npHpaiHeHH^jMH B HSBeCTHOM CMUCJie 9KBMBa;ieHTH0 OnMCaHHK) BCeX $yHK- 

*l . • ■ - 

;! m-iri ,yflOBJieTBopBiomiix (3.1) h (4.46). 

j' , B c^iynae KownaKiHoro npocipaHciBa X neipy^HO noKa3aiB,qTo ^ 

■ K/iacc TaKHX 4;yHK^Hfi Jb(Xi,Xz) coBnaflaeT c K/iaccoM $yHKmii! BH;ia 

;! ’Ailx,x)-jbi[xi,Xv) >W X- npoM3Bo;iBHafl lo^iKa X , a , 

Ai(Xi,Xa,) - HHBapnaHTHaB (fl ci^uG/ie (3.1) ) noJioiSHie^iBHO onpeAe-' 

! ’ .neHHafl ^yHKi^HB na X (cM.EoxHep fii] ). OiciOAa cpaay c/ieAyer,^TO 1 

B KOMnaKTHOM c/iyMae KJiacc nojieii c oahopoahhmm npMpauieHUBMM cosna-^ 

I Aaei c K/iaccooM npocio oAHOpOAHux'no;iel!. 

j jlJia 6ojiee odmwx ;iOKa;iBHO KownaKiHHX npocipaHciB X noc;ieA- , 

^ nee yiBepsACHHe yse OKaauBaexcB HeBepHHM::.3AecB KJiacc noael! c 

j oAHopoAHuiiiii npHpauieHHBi,!!! Moxei OKaaaiBCB cymeciBeHHO lonpe K^acca 

I OAHopoAHHX nojiefl. TaK,B wacTHOciH, odcioHi Ae;io b cjiywae eBK/in-. 

AOBa npocipaHCiBa (c rpynnoil TpaHc;iBitM0 mn oCjneH rpyn- 

no0 ABHsceHMfi B KauecTBe rpynnu ij ); cti.no 3ioMy noBOAy padoTy[4]' 
no;iB c oAHopoAHUMH npiipaineHHBMH B npocTpancTBe liiv (oAHOwepHue h | 
BeKiopHHe MHoroiaepHHe) HrpaDi cymecnj.BeHHyio po;iB b cTaTHcmMecKofl 
leopHH lypdyjieHTHOCTH ; m*eHHO b 3to 2 CBaapi snepBue dti/io c^opiiyjiH- 
poBano M caiio onpeAe/ieHiie laKMx no;ieJ3 (Ko;iMoropoB [iej ),. B eie 
I dojiee qacTHOM c/iywae X = R. (i.e. A-hb cByqafiHux npoueccoB ^(i) ) 

I H3yqeH TaKse m dOBee odmHil KBacc npoipeccoB c oahopoahumh npMpa- 

‘ ineHHBiiM npoHSBOJiBHoro nopBAKa ( [41] , [47] , [43] ) ; leopHa laKMX 

' ^po^eccoB laKze uoKei dtiiB nepeHeceHa m Ha cayqafl noacfl Ha neKO- . 

< ' 

* 

rf}!? ^arraiRi!! * , 
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Topiix OTJiHqHux OT ojtHopo^iHux npocipaHCTBax. 

B c/iywae, Kor^a rpynna f/ AB/ifleTCfl rpynnoii .Jlii, yflodHO 
paccMaipiiBaTb cpasy ododineHHue c/iyMaKHue no;ia c oflHopo;iHUMii npn- 

f 

panieHHBMH. Heipy^HO noHfliL, mto laKxe noaa wor^KHO onpe;ieJiHTB,KaK J 

• ’ I 

noaa un , yfiOBaeiBopaioinHe cooTHomeHHBM (4.41) (Man (4.42) ), ? 

HO 3a;naHHHe jihidb hb noflnpocipaHCTBe $yHKUiiR h 3^ iaKHX,qTO 1 
(4.47) 

(cp. [4]). 3 to onpese/ieHMe jtonycKaei ^ajiBHeflnme odoOmcHH^ cbh- \ 
3aHime c paccMOipeHneM o^HopojiHHX cayqaSHHX nojieM Ha HSKOToptix j 
J^py^lx ;iHHei5HHX no^npocipaHciBax npocipaHCTBa ^ ; b HacTH0u;.Qay2 ? 
qae no;ieii na npauoH ili na 3 tom nyiH laKKe moxcho' nocipoKTL leo- .1 

i 

pHK) no/ieii c oflHopoflHHii,iH npHpanieHMBMH rt-ro nopaflKa. ; 1 
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ON THE PROBABILITY OF LARGE DEVIATIONS FOR 
THE SUMS OF INDEPENDENT VARIABtES 

Yu. V. Linnik 
USSR Academy o£ Sciences 


1. Introduction 

The classical theory of the stunmation of independent 
random variables as expounded in the book in its simplest 
case considers the increasing sums 

the properly normed and centered sums = ^n^^ “ ^n 
behavior in the limit of the probability measures generated 
by (Zj^) on the real axis is studied, 

The most general theorems are the integral^ iiinTWiiu on the 
limit behavior of 


PCZjj < x). 


( 1 . 1 ) 

Although the theory of local limit theorems is rather well 
Q 

developed [j^], it is not yet of such finished character as 
that of integral limit theorems. Limit theorems for the 
expression (1.1) usually suppose that n « and x is a 
fixed number. 

However, many problems occurring in such different 


fields as .mathematical statistics 




information 


^ ^ iq * ’ ^ j ^ 

theory ([^3^ statistical physics of polymers 


riffu??!-, ?\1 

It 
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t 


iijf. 


§ 


rubber chemistry [I?], and even analytical arithmeticjjf 
require certain information on the limit behavior of (1.1) 
not contained in the classical limit theorems. The informa- 
tion required concerns the asymptotic behavior of 
(1.2) P(Z^ > x) 

for "large values" of x, that is for x = x^ increasing as 
n increases; the corresponding problems will be called 
problems niMlIl jll illlllill I Ijipp i T large deviations. As 
probabilities of events of this kind the 

usual methods of establishing the limit theorems (character- 
istic functions, partial^ differential equations) are too 
rough to give satisfactorily general results and the desired 
asymptotic results were considered in the literature under 
certain very stringent conditions imposed upon the variables 

X4 t ^ , 

The first theorem on probability^ of large deviations 

A 'X ^ ..T 

was published by Khiiybhin^ [lo] in 1929 and related to 

the particular case of fill Bernoulli variables. The same 
case was treated more completely by Smirnov [16]. In 

I 938 appeared the fundamental paper [4] of Cramer contain- 
ing the first result of a general nature in the theory of hysiy- 
deviations. It was inproved by OL Feller [^] and 

U.V.^ r , 

Petrov [12]. 

? NinJ-j Hh shall formulate Petrov«s result, restricting 

ourselves to thh case of identically distributed variables 
for the sake of simplicity. Let * * * * be a 


m isj ii!.Y 
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sequence of independent identically distributed variables with 


(1.5) 


^(Xj) = 0, 


S = X, + • • ■ + X^, 
n 1 “ 


>„(x) = PCZ„ < , 


D(X,) - 0“^, 


z - Jli- 
" ■ dVH’ 


0 Cramer’S condition 


60) 




(1.4) E (3|Xjl). ^ 

must hold for some a > 0. Then for x 4 1, x = o(^,^^ 5 . and 


n — ) oo we have 


(1.5) 


iiLlnW = exp j X 
1 -.G(.x). ^ 


e:^jJi!l(JL)l.o(-^) , 


(1.6) 


fn(-^) 

G(x) 


= exp. 


x^ / X N 6 ^ \ 

_ X ( ) 1.+ 0 ( ) , 


iAiere ?v(z) is a power series involving ^ cumulants of the 
variables and convergent for Izj ~ eq , * 0 . 

Later on, Richter ([15], [ 14 3) introduced systemati.. 
cally the saddlepoint method into the theory of fefeg 
deviations.t?^^^ a particular case^this was done earlier by 
i^^baniels (^]|. Under Cramer’s condition (C), ^ Richter 


I'y'ii IJj i 


■■ 6 --01 
V W C, L \!l t«al • 
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hjv^ 

deduced several local limit theorems for t-hfe. big deviations, 
established the connection of Cramer’s method with the 
saddlepoint method, and investigated the necessity of 
condition (C) for the formulas (1.5) ^nd (1.6) to hold for 
X = o( Vn) . 

All the results hitherto obtained used Cramer’s 
condition (C). The analytical meaning of the condition (C) 
is that the characteristic function (ch.f.) of the Xj is 


analytical in some neighborhood of zero, and so in the 
corresponding strip. This enables us to apply complex 
function theory and the saddlepoint method. 

But if the condition (C) is violated, the methods 
hitherto applied fail. The purpose of this paper is to give 
some applications of a new approach vdiich enables us to 
obtain rather general results. Of the class of problems 
subject to this method we shall treat here only the problem 
of normal convergence and the problem of limit theorems 
valid for all values of x for n 

Wb consider here the normal convergence problem for 
l^^deviations for the sake of simplicity only for inde- 
pendent identically distributed variables. 

Let X^, (^2^* * ’ ’ ‘ independent identically 

distributed variables with ^(^j) “ 

=(Xi + *•* + Xjj)/Vn. Let 'J'(n) « be any monotone 
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function. The sequence of the segments [O, f{n)] will be 
called 4ihe' zone of normal convergence (z.n.c.) if, for 


n -4 «», 


( 2 . 1 ) 


V2ir 


P{Zn > x} 

n«, 2 

i ' 


I 


for any xe [O, 'Jf(n)l. Xfee z.n.c. [-^(n), O] is defined 
similarly. The definition does not require the convergence 
to be uniform, although in all the theorems obtained it will 

be . 

1/6 

Under Cramer’s condition (C) for any ^(n) = t>(n / ), 
both [O, ^(n)] and C“^(n), O) will be z.n.c. ^ The zones 
with Y(n) = o(n^^^) will be called narrow zones. Our two 
first theorems relate to the zones with T(n) = n , idiere 
a > 0 is a constant. 

Theorem 1. If for any a l£l/2, the zone [0, n®] and 
the zone C“n , o] are z.n.c.. then all the variables Xj 

are normal . ^ 

Of course, this is also sufficient for zones 
(O, n®) and [-n®, O] to be z.n.c. This last fact is 
trivial. Thus, we see that it is sufficient to investigate 

the values of a 1/2. ^ 

Theorem 2. Let p(n) be a monoto ne function 

increasing as slowly as we please and let 0 < a < 1/2. If 


?>• 


St;:',- ^ 
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jfSm. zones [0, 

and" [-n^pCn), O] to z.ti.c. ±3 


a < 1/6, tfeg necessary condition for 


ha 


( 2 , 2 ) 


, 2a+l 

E exp jX^ 1 «. 




This condition is sufficient forJSt^ zones [O, n^/p(n)3 and 


C- n“/p(n), O] to be z.n.c. and the convergence is then 
uniform . If 1/6 ^ a < 1/2, consider th e eeauence of the 
critical nianbers 


( 20 ) 


1 1 2- . . , i s +1 , - . 
6 4 10 2 s + 5 


1 

2 


Let 

(2.4) 


1 S 4- 1 < ^1 3. + 2 

2 S-.+ 5 2 s' + 4 


If the zones [O, n°^p(n)] and [-n°^p(n), O] are z.n.c., 
the condition (2.2) must hold and moreover all t he moments 


of X up to (s + •=^'> ^ust coincide with the momen ts of the 
j 

norniQl 1 hw» These two conditions qtg sufflcxcnt for tliG 


zones [d, n“/p(n)] and [- n“/p(n), O] to be z.n.c. This 
convergence is then uniform . 

As the normal law is completely determined by the sequence 
of the corresponding moments, theorem 1 is an immediate 
consequence of theorem 2, 

1/6 

We consider now the narrow zones with ¥(n) = o(n ) 
other than [0, n®3. condition necessary for the zones 

[0, T(n)p(n)] and E*-^(n)p(n), O] and sufficient for the 
zones [0, 'F'(n)/p(n)] and E- '?(n)/p(n), O] to be z.n.c. is 


sUu .. f. , 
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/ 


rPI! Ilf''' ^ 


of the type 

( 2 . 5 ) E exp h(lXj) < «, 

\Aiere h(x) is a monotone ftinction depending upon Y(n). 

It is siii?)ler, however, to describe Y(n) in terms of 
h(x). To this effect we consider several classes of functions 
of h(x). The functions h(x) \d.ll be assumed to be 
positive, monotone, and differentiable. 

Class I will denote the functions h(x) -und^ the 

condition . j 

(2.6) (^ x)^'^^0 <<, h(x)f<>x ' , Xf>. 1. >• 

Here ^ ® small fixed number. Functions increas- 


5 I /2 not be required for the narrow 


ing faster than x 
zone investigations. 

Class IT consists of the functions h(x) under the 
condition 


h 


( 2 . 7 ) X a h{x) 2 

where x > 1, p^(x), P 2 (x), ••• in follows are given 

positive monotone functions increasing as slowly as we please, 
Class HT consists of functions h(x) such that 


( 2 . 8 ) 


3 ign X 5 h(x) < M 'P X, 


where M 5 is a givett constant. The inequality 

h(x) > 5^x is connected with the existence of the third 

moment . • . 

Consider now the functions of ^ass j^as defined by 

(2.6). We put 
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(2.9) h(x) = exp [H (^x)]. 

Then H(z) is a monotone differentiable function. We 
introduce the following supplementary conditions 

( 2 . 10 ) 


8 


H^(z) < 1/js 
H*(z) exp^H(z3 


(2.11) H'(z) exp|H(z)J «> ^ ^ 

These conditions follow from (2.6) if H*(z) is assmed to 
be monotone; otherwise we adopt them to simplify the results. 

Given a function h(x) of class ^^^under t^ supplemen- 
tary conditions (2.10) and (2. 11)4?^ or of class we deter- 
mine new functions A(n) by means of the equation 


( 2 . 12 ) 


h[Vh A(n)] = [A(n)]^. 


Theorem 3* The condition 


(2.15) 


E c:qp h( jX^ | ) *^ «/ 


where h(x) belongs to class ^ (2 .IQ) and (2.11)] or 

class gr is necessary for the zones [0, A(n)p(n)] and 
— — ^ 

[-A(n)p(n), 0] to be z.n.c. and sufficient for the z ones 
[0, A(n)/p(n)] and (- A(n)/p(n), o] to be z.n.c. Th e 

convergence in this case i s uniform. 

We pass now to the functions h(x) belonging to 

o 

class This case can be studied by classical means C^]. 

For the sake of completeness we formulate 

Theorem ». Condition (2.15). where h(x) belongs ^ 
class is necessary for the zones §>%— and 
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[ 0 , 


to be z.n.c. 




!/i^ 


{-■^v4^ .a '"'j r( Tr)7~0i' to be z.n.c. and sufficient for the zones 
^^E§|^»/p(n) ] and 

A A 

Thus, if ElXjl^ = «> for a fixed M, the z.n.c. cannot 

be essentially wider than [o, i(!!$fl|P!l]. It is, roughly 

speaking, of this siz<^if E|Xj|^ < « with M ^ 5* The 

case E|Xj^ = « (nonexistence of the third moment) was 
J % 

studied by several authors (see for the literature) . 

The case (2.8), which is class III of the functions 
h(x), corresponds to slowly decreasing "probability tails" 

P (Xj ^ x}. In this case, as we shall show later, a new type 
of limit theorems holds; limit theorems valid for the whole 
x-axis. 

hocal^^limitjtheor^^ 

In the preceding section we considered integral limit 
theorems. We pass now to the local limit theorems relating 
to normal convergence. These theorems are usually considered 
for variables possessing a probability density or for inb ^ gPoL 
valued variables. We can consider also/€S^probability 
measures on the ring of th^^^S^ogrol nv i mbop fr of an algebraic 
number field. We shall restrict ourselves to the class (d) 
of all random variables possessing a continuous bounded 
density g(x).' Then (see section 2) will also have a 

continuous density p'Z "(x) . The zone [O, f(n)] will be 
called Jbhcr zone of uniform local normal convergence 
(z.u.l.n.c.) if 


' r*! a p a n if 
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m 


10 


( 5 . 1 ) 


‘'n 


^(x) 


-.2 


1 , 


^ X 




as n 00 , uniformly for x e [O, ^(n)]. The z.u.l.n.c. 

[-^(n), 03 are defined similarly. 

Theopcfm) 5. For the variables Xj belonging to the class 

(d) the z.u.l.n.c. behave with respect to the necessary and 

sufficient conditions indicated in theorems in the same 

wav as the z.n.c. for the general random variables in 
■h> 

theorems Ink. ^ 

'' We 

§n=feret^”fhe local limit theorems for^feig deviations are 

easier to prove than the corresponding integral ones, by the 

method proposed here, the existence of the probability 

density g(x) greatly facilitates the proof. 

We shall be able to expound here the proofs for only the 
simplest cases so as to present the new approach in its most 
transparent formj the proofs of all the theorems 1^5» although 
not basically different, are more involved and will be 
published elsewhere. In particular, we shall treat only the 
zones [0, n®] and [-n°^, O] with 0 < a < 1/2 and only 
local limit theorems. However, since a part of the necessary 
conditions for the integral theorems is almost trivial, we 
shall begin by dwelling upon it. 



4 .( ,l 
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^ Let the zones [0, n°^p(n)] and [-n®p(n), O] be z.n.c. 
We shall prove that . o 


(4.1) 


E exp IX^ J 


Suppose (4.1) does not hold. Then it is easy to see that 

A 

there exists either 4;he sequence 4hat 


(4.2) 


P(^l * ^ exp “2xnj' 


or -the sequence -x^^ — > -<» such that 


(4.5) 


< -Xj^) > exp -2x^ 


4a 

2aJfel 


Suppose that (4.2) holds. For a sufficiently large m, 
choose n such that ■*‘^/^p(n). The zone [0, n°^p(n) 3 

being z.n.c., we muec have 


(4.4) 


> ^£(22>* 
2 J 




n^“(p(n)]^- 


But the event Z ^ n*^p(n)/2 will surely occur if the two 

n 

independent events ^ xP" ^p(n) 


KXg + X^ + ••• + Xti)/ynj ■' I occur simultaneously. Hence, 
by the central limit theorem, Vihere c^ > 0 is a constant. 


U O' ti vj J J l! L V 


^>wlL lyiSijiL -j 
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sE 0M. 


(4.5) 


n^p(n) 


2 -> ./ '* 


> Cq e:iq> “2n' 


4a 

2a+l 


by (4.2). >S’ a < 1/2, id»a« 4a/(2a+l) 1 and (4.5) 

contradicts (4.4). The case (4.5) is treated similarly. 
The proof of the necessity of (4.1) for the zones 
[0, n^7(n)] and [-^i^ ^(n), O] to be z.u.l.n.c. is 
constructed in a similar way. ' •// 


I ' ' 

* / // 


o < ^ < /A 


We now pass to'^^^^ocal. limit^ theorem. Let the variables 
X. possess the bounded continuous density g(x). We 
introduce some notation. By the letter B we shall denote 
a bounded function of the parameters considered, not always 
the same. Sq , “* small 

positive constants; Cq, ***» ^1^*** positive 

constants. Denot e- 

(5.1) (p(t)=E e^i = f 8(o) du. 

The function |9(t)|^ is a nonnegative Fourier transform 
and therefore (compare [1], p. 20) l9(b)j € Lj^(“«», »), 

A 

so that 


(5.2) 


/.: ^<= < 


r ’ ! , $ 
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Hence we have 


(5.5) = 


dt. 


Let (4.1) be " ^l£i"l*led ‘. Suppose first that ® 1/6. We 

must prove that [O, n*^/p(n)] and [- n°^/p(n), O] are 
z.u.l.n.c. We shall study only the first zone, the second 
one being treated analogously. Take x such that 


(5.4) 


0 5 X 


p(n) 


In view of (4.1) the function 9(t) is infinitely differen- 
tiable on the whole axis and so, for any T > 0, |t| g T, 


and p >■ 0 an integer. 


(5.5) 


(pC't) = (|>(o) + 


1! 


where 


(5.6) 


\f,m i 1 Sir 




Moreover, '^P*(0) = 0; [ 9 *\i 0 ) = -1. From thi^ for 

|tl g Sq, \ 


I .. w:: 


y X 

(p (o) 
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appropriate approximation to it in the segment jtj ^ n 
that is, choose a convenient p in the formula (5*5) • We 


need 


( 6 . 1 ) 


Hence 


estimates of ^ P« We get 


(t) = f (ix)*^ g(x) dx. 

J -00 


(6.2) < f jxj^ S(x) dx. 

^ -00 


Putting k = (l+2a)/4a, we obtain from (4.1) 


(6.3) r exp(lx|^^^) g(x)dx < <», 

O -CO 


w&Ttce we easily obtain 


(6.4) 


|9^‘*'(t)| = bVkq). 


lorf 

Let us den ot e K(t) = 9(t)^ K(0) =0, jtj < n . 

From (5.12) we 


(6.5) P 9 ( 5 ^) = 


2H P exptnK(t) - Vn itx] dt;+'7 
2ir J 


2cx 

+ B.exp (-a^n ),. \ 


Moreover, from (5*7) conclude that, for jtj ^ .e_. 


( 6 . 6 ) 


K(t) = B. 




/I .J 
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17 


as is easily seen from (6.10) and (6.11). Hence, on 


(6.15) 


i < |?(t+t^)| <1 



(6 14) = B exp(Bq + kq |>n q) • 


We write now the -dewB*»fai^ (5*5) for the function K(t) 
instead of q>(t) and «e put 


(6.15) 


p = m = 


n 


2a 


p|(n) 




(jM-I 


the function p (n) will be fixed later on depending 

-U. 

upon p(n). Hence, for lt| ^ C-e^an^ e (5.6)^, 


..(6.16) 


t”Rm(c) 


ml 


Qi>Y f f ^ 

+ (k-l) in mjiA ^ n\ € 


= B exp m[B 


t= B ejq? m[B - (k-l) ^ Pi(n) ] 

A 


J(0 



p., and 

Moreover, 

k = 

a < Hence, for 

|t| 

J2: m 

r 

y 

2 r=3 

~ + B 
^ rl 

expf 


n^ 

Pl(") 





'' D 


^ )idlM 
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M- = Br'. 2-V^, 




(6.24) 


exp[nK ( t) ] 
P 


\ ^ ’ + B 2 4^ 

r=3 


iti j “■“• 




7. 

wV'' 



^,tr) 


Putting (6.24) into (6.19) and taking^into account 


we find that 


(7.1) p„ (x) = 


2Tr w/.jj-p, 


1 + c ^ 

r=3 


I 

1 J;"**'’ ') ?— "v ■•®*P {-itx B exp (-6^ , )• 

vW”''', (^'VTlve next step is to extend the limits of integration in (7.1) 




t"t U- 

y 

y 


from -«>. to CO. Putting ^ = t Yn, we obtain 


!' ' V f l/2-^p>, 

(7-2) 1 ^/ i/2-n V r /* ' • 

iY\: ■- jl^-n/ 

iH ‘t.'l ' ■ .. / - 1 \ r> 

/ ./ * 1 + ^ -T ( -7= ) 

y y Z \ Yn y 


, /WO t\o^ 


rBa! 
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In order to cbtain the required extension of the limit of 
integration, we estimate, for 5 = ^ 

(7.3) / ^ (- | 


I I =' B exp [Br + | - r(| - n) j^il)) 


\r / 


= B exp r [B + - |x)^n] = B exp [- |M^pj^(n)]. 

< 

< 

Summing over r < m^c obtain from (7*3W 

^ L/ ® = B exp (- a^^n^). 

35r<m‘il/2-p, ^ 

- - n . 

Of course, the integrals / can be subjected to the 

U ..00 

same treatment, and we get 

~l V*’ “ ^ l3*^ (4-)'«^:exp(-i5x)d^ 

y '-6) Vl R exn 






^ )« 


We are thus led to the expressions 


(7.7) c-^^Vae, = 

-00 

for 3 < r < m. The polynomials are Hermite poly- 

nomials ax for suitable a >0. Let now 


(7.8) 


X ^ 


= Trnr • 


For 3 I r 5 Cj^, when is any constant, we have for (7.7) 
the value 

(7.9) ® ItW I ' • 
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Stunming these for r = we get the estimate 

(7.10) B 1-^ . 

Consider now < r ^ m. We use the following expression 
for Hermite's polynomials Hq(x) (see [Tlj^p. 195): 


(7.11) 


[q/2] (-1)®(2 x)‘1-2s 
H a(x) = q» 2 


s=0 s» (q. 2s) 


Hence (x i 0 ; 0° assumed to be equal to 1), 




(7.12) |H-(°'(x)| = max 

Let s = qp 40 5 p < 


• - • '^|a° S * S n /p(“)i| Cl < q a m. 

Si 

Then (7.12) has the valued^ , 

&6 


I 


B max exp q-fs + (1 - 2p)fa 4^n - p(n)j'^^ 


V_P^ 


/«: 




'J 




(7.15) - p^M q - p^^ p - (1 - 2p) rfq - (1 - 2p) 

q} . 

Multiplying (7-15) ’oy = exp [^(q ^a)/2] and by 

(7.14) ^ = Bn^P- = B exp (qix^l|> n)^ 

y 

JJe get, after an elementary computation,: 

(7.15) B max exp q [B - (1 - 2p) cgjf?p(n) + p.y^j^ q - p2a nl . 

HeA 

As ■'.^h-q 5 = 2a n - J^w p-,{n) + B, we can replace (7.I5) 


by 


4 

iVa 






(7.16) B max exp q[B - (1 - 2p) 4a/p(n) - p m p(n)]. 

If p > l/4,.^*Mlp(n) >;^/p(n)/4 ; if p ^ 1/4, Hav 

(1 “ 2p) /f^p(n) i inQp(n)/2. Hence (7.16) can be* replaced bj 
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(7.17) B[p(n) < q 2 n.J ' ^ 

, , , — oVta'*n 

Inserting ::his into (7* 6) and sunoiing over q, we goofes 


(7.18) (iz„M = r=r [1 + )+ B exp (-6, -B- 

f > PI' 

is supposed to bo chosen > 1/82^. The relation (7- 18) 


Cl + 


p{n) 


] + B exp [-6- 


n 2 a 

S ] . 


Pl(n) 



holds for 0 i X ^ n‘^/p(n). We take now pi(n) = p(n), fijora viiich 

(7.19 )_j( 9 z (X) = tAt- > 

" i/27r p(n) V_, £(*') / ^ 

vAiich was to be proved. The case where - n®/p(n) ^ x ^ 0 is 
treated similarly. 

8. Proo^f ’ ^ ®< ‘ 

We pass now to the case 1/6 ^ a ^ 1/2. The principal 
scheme of reasoning remains the same as in the previous case/jx ff^' 
ffla < 1/60; we shall indicate only the points tdiere it differs 


substantially from the previous scheme. 

Let 1/6 ^ a < 1/2 and .trin®. condition (4.1) holds. In 

view of (5*7)4^, (4.1)VK(t) =')M^^t) possesses all derivatives 
/) n /„x 

for |t| < and 'Hj. = ' (0)A\vl»ea EBilttplied into h suitable 

^ N ^ 

power of i = V-1, becomes the rth cumulant of Xj. As is well 
known ([9]> PP* 6I-65 ), the rth cumulant depends only upon the 
moments up to. rth, and conversely. If the 3jcLA4 di . rth ctimulant 
vanish, \diile EXj = 0|r D(Xj) = 1, then all the moments up 
to. rth are the moments of the normal law N(0,1). Consider the 
sequence of the critical numbers (^.3) and suppose that^ 


( 8 . 1 ) 


2 S + ' 3 = ^ ^ 2 m • 

ri 1 M I’ '‘n f' ? f, ^ ^ 
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Consider the numbers ^4 ,..., ^s+3 • these numbers 

vanish (and so the first s + 3 moments of X. are normal),, we 
proceed as in the previous case. We put |i = 1/2 - ct^^^hcncey^ 
and carry out the above computations. Instead of 
(6.17) we have now 


( 8 . 2 ) 

for 1 1 
(8.3) 


nK(t) = - H- n 2 

2 r=s+4 


^.r 2a 

„ -^ + B exp 0 61 1 


2 n 








Since p. = 1/2 - a , we have 




.s+4 


1 JL 

= Bn . Bn‘®+3 


(s+4)i 

Reasoning now as in section 7, wa obtain the local li»it 
theoreCi ^Bptx>0 g x i n®/p(a) and - n°‘/p(n) i k i 0, 

9. FrOO'f S; ^ 

Suppose now that not all the numbers ^5, 
vanish; let the first nonvanishing number^^ s| . 

J 


We then set 

(9.1) 


M, = 


So + 3 


We can show that in this case there will be no local normal 
convergence even in the zone fo, which is obviously 
smaller than the zone [O, n^(n)]. We choose m = [n^'^^/Cg] 

with a sufficiently large C2.We have then^^proceeding as in 
sections 6 and 7> 


I “P- 

(9.2) (^^(x) = J exp C- + K (t) - ii/^i‘ txjdt 

•*n ^ • 


r 


+ B exp (- 6^n^"^^) 
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In this case 
(9.3) 


Further, 


V? 


r=So+3)r; 


(9.4) 


f “ 

exp [nK =14-2 

r=s.-F5 r» 


It is important^ that 


(9.5) 


Taking now 


3Cs^-f 5 " '''^Sr.+3 rs^+3 ^ ^ 


(9.6) 


*0 = in ^ 2 



with a sufficiently small t|, and proceeding as in section 7, we 
obtain^after some computations similar to that of section 7'^ 

7 _ <V^ Qxv ' 






(9.7) 


1 1 , 

« + si (So + 3); “so+3 ^*0.) 

fWS) ■ -'A 




/ + B (e 


"^0 So-f4 


f^S) 


for a sufficiently small > 0. Taking^ into account 

we see that the second term on the right AsS&i side is of the 

form 

, ^1 ® o +5 [1 + 0 ( 1 )] 

' . 0 ^ # 

as a — > 00 , where a :q 0. Hence, there is no local normal 
convergence in the zone [0, n^^^ "‘*3 and likewise in the 


zone 


[0, n“p(n)]. 


ITf!!) fr^ fr;) " ' n r» rj r-.- 


. L; li B„.> 
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Hence, if there^^^ *ehe uniform local normal convergence 
in the zones [O, n^J^t-n'^, O] for all a < 1/2, then all 
must vanish and so all the Xj's are normal. 

There is an interesting class of probability densities 
g(x) for which an integral limit theorem for the normal sum 


Zjj holds for the vhole x~axis. 


1^, 

rnn^^ con til 


Consider the class of all even^^ continuous probability 
densities g(x) such that for x t 

(10.1) PtXi > >0=/*g(u)du = ^ ^ ^ 


t -4 


^ I 

I 








4a+5+i 

vdiere a ^ 5, a being an integer, Aj being constants.^ Let 
Xi, X 2 , . . . , Xjj be 4^^random variables with probability 
density g(x) of this class. The»iE(Xj) = 0. J3onotc 


D(Xj) = a^. 


"7 


0 Vn 


Theorem 6 . For x > 1 ^ and as n —► <» we have uniformly 
with respect to ^ 


(10.2) 


P{2n > x> 


r e'''*^/^du + r(x, 'VlT ) 

^ V 




i2ir X 

vhere r(x, “vTn*) is a rational function of both variables 
determined by the coefficients A^, . . . , iS ( lO. 1) . 
Moreover . for x t n^^^ wo have ft**-*- 


evenness condition is assumed loir simplicity orvly. 


' ! I 

t I 


lOs^te 


,T-r V 'T: ^ 
.1 111 .\N ■’ lliil.'.'J: • ii 
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(10.3) 


/ CO 

g(u)du. 

oxVff 


Of course, g(x) being even, an analogous relation holds for 
X |-1, while for - 1 < x < 1 the classical normal convergence 
theorem acts. 

Simple examples of theorem 6 are given by rational 
densities. For instance, if g(x) = + 1)^^ so 

that D(Xj) = 1, wo have/forx^ 1, n — > 


(10.4) 


_J 


PCZjj > x} 
du + 




(10.5) 


for X i 


— 2- i ~ nP-pC, > xT/rr> 

' OirTS' ‘ / 


We shall indicate here briefly the principal points of 
the corresponding proof. We take a = 1. The case 

(10.6) X 2 n^'^^ i^xk 


in’n 

A 




is treated in an elementary manner. If y > n, then the event 
Sji > y implies at least one of the events Xj > y/n. Denote 
by H. ^ 1 ,%3C k S n, the hypothesis that 

> y/n, Xq^ > y/n, . . . , X^ > y/r^while this is not true 
for any other Xj . Hence 

~~j BCS„ . y> - > y I 

kiS (ai,...jak) ^ ^’“1' 

r* ^ i **k,ai, . . . 




. . I ^ .T'S <~i 
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the sunmation being extended to all ordered sets of distinct 
ntanbers a-^ ■< ag <..•< > Now, in view of (lO.l) it is easy 


to compute that for 


the double sxira^ the right 
smaller than the first so 


2+1/ a \o^^ 
y > n ^ 


side of (10.7) is of order 


( 10 . 8 ) 


PtSn > y) P ts„ > y f 

= nPCH^ i) P (S„ > y I H„). 


Moreover, it is easy to see that 


(10.9) 


pFs„ > y I h„) .V p (Xi > y I Xj > ) .. 


Inserting this into (10.8) we get: 


( 10 . 10 ) 


P( ^ y) ~ iiPt Xi ^ y} W y > 


P{Z„ > x) ~ nPCXi >r xV^ 


( 10 . 11 ) 




We must now investigate the behavior of P (Z^ > xj for 

1 < X < n^^^ It is possible to do so by the 

A 

method expounded in sections 6 and 7« 

Let (p(t) be a characteristic function. A function 7(t) 

CL 

will be called 4ifeer radial continuation of 9 (t) for the ray 
t S 0, if it is defined in some neighborhood of t = 0 and 
coincides with q)(t) in this neighborhood for t ^ 0 (a radial 
continuation for t 5 0 is similarly defined). For instanco.J^ 

iiSi: OSLif 
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iil !|. 


the function <p(t) = {|t| + 1)^ corresponding to the 


density g(x) = 2/ir (x^ + 1)^ 


has two radial continuations: 


7(t) = e"*^(t + 1) 


for |t 5 oi^ and 7 (t) t + 1) f6t o|? 


Both continuations a*© ontire functions (though different ones) . 

Noto that they at© iiot even, while (p(t) is even^. 

11 . - 

From (10.1^ deduce by integration by parts that (p(t) 

has a radial continuation 7 (t), coinciding with it for t ^ 0, 

jX 

which is differentiable at least b = 4a + jp times. We proceed 
now to calculate R^(x) (the integral theorem can be obtained 
later by integration). As g(x) is even, cp(t) is real 
and we 


( 11 . 1 ) <^{x) = 


c--^ “*dt. 


Applying the reasoning of section 5 [compare (5.9)] we get^‘ 


p, (x) = 


dt + Be'®". 


( 11 . 2 ) 


Further 


= 1 “ V t < ej.- 

From this, ^ 

(11.4) P2 (x) = ”c7(t)]’^ e""*^ 

1^0 

[ Also 

; (11. 5 ) 7(t) = 7o(t) + B I t |’^;( $^^(t) = 1 - ^ 

-[ A+ liSlM q j h ■ 

. V ■■■ 1=5 

: 

/' I'i, '• • s. yiviei 
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m mix m. oai 

ii-%. 

for I t I 5 Eq* I I ^ WG have 


(11.6) 


7(t) = -/o(ei,+ B n-'>/2 + E 


for^^any & > 0, B_ depending upon e. Further 


(11.7) K(t) -;te7(t).=Jn7o(t) + + ^4^(0 < t < 

V 

Further, for 0 ^ t ^ M n/ -\/rP, 

(11.8) = - -^ + ^ 2 '' 5T + Be*". 

For 0 ^ t ■< n/"\/'rr,^Bnt^ = B^n 

Thus I ^ 

106 


in n 


(11.9) p2^(x) = 




Re/ ^ 


^in n/ VlT 


2 b-1 


t'* / 


T %?3 ’^q qT “I t - 

. '• -'Vn' lt=<)d^+ >• I- 


If we jd a noteG - K^(t) = 2 t^/q’ we obtain 


nlC^(t) = B^ 


-A 0 I t 2-i^ . 


Hence 


(11.10) exp blC^(t)] = 1 + K 2 ^(t.,n) + B^n 


where 

(11.11) 


”b/2 + !• +£ 


K.(t,n) 


b [nK,(t)]^ 

2 , — t' — 

j=l 


Hence, taking t = ^/VlT, we get 

j I P2 ^(h) 1= I (- % ) ‘ i C5cp(-iex)de ^ 

(11*1^^ / - -b/2 +1 +e 


+ B^n 


rO!l i;:,.. 
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cm mFSP,"’ r'll fit! 


Extending the integration limit to ^ “ (the error is esti™ 

mated trivially), 


(11.13) 


‘'(^exp(- i^x)d|j+ B^n 


“ b /2 +1 +£. 


The function K 2 j.(^/Vli', n) is a polynomial with respect to 
i/iTn'. The evaluation of (II.I 3 ) is thus reduced to the 
evaluation of the integrals 




11.14) 


E(x,r) 


TV ^ V ^ 


w> 


for largo values of x. If r is an even nuraber^E(x,r) = 

|^d^^^is~casily expressed ^iM?e«gh 6 - 0 ^ 

e~x afjd Hermite’s pol 3 niomials [compare (7-7)] • If is 

^ of 

odd, there is apparently no expression through the elementary 
functiortf^but^for large values of x, (11.14) can be easily 
evaluated by integration by parts. Thus, for r = 1, jlM \ ^ G- 
E(x,r) ~ 1/x^. 

We must now show that the formula (II.I 5 ) holds for the 


values of x satisfying 


(11.1^) 


15x5 


Comparing nP{Xj^ > xVli} [compare(lO.ll)] to the remainder 

term in ( 11 . 15 ) we deduce that n 

must be smaller than n(n^'*^^^^^') ^ ;• from 


must 


this^b/2 - 1 > 2 a or b > 4a + 2. Under this condition we 
obtain the local theorem valid up to n^Z^ +I/s +e uniformly 


FBil ’ ' f" 
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and hence, by integration, the integral theorem. The 
relation ( 10 . 11 ) enables us to obtain it for the whole 


x-axis. 




The condition of evenness was assumed only to simplify 
the final formulas; if it is not fulfilled, (II.I5) will only 

n 0 p 00 

involve j in to / . Moreover, the analogous limit 

W -00 ' 0 

theorem on the whole axis can be obtained for the variables 


Xj such that 


( 12 . 1 ) 


P(Xj > x) 




where a, > 4 a + 5 ^nd G(v) is a function of bounded variation. 
/) 

similar relation must hold for negative values of x. 

The new approach expounded hero is applicable also to 
independent variables which are not identically distributed 
and to the investigation of nonnormal convergence*^ 

-The asymptotic behavior of the big deviations of 

A 

order statistics can be also studied by this method. 
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f iJJia i*.' .i n 'VU’. 

HEIlPEPblBHOCTB ii yCilOBMfl PEJILjlEPA ' 
jPfl BblBOPOHHblX a)yHKuHM CTAUMOHAPHUX PAyCCQBCKMX 
nPOOECCOB 

lO.K.BEJiaEB 


B HacTOfliuei^ paCoie paccaoTpen pnjt BonpocoB, CBHaaHHHX c 

JIOKaJILHHMH CBOiiCTBaMH BK(5opoqHtIX ^yHKUHlI CiaUHOHapHblX CTOXa- 

rtG(i\MteGKM..Eenpepb!BHbix cenapadejiBHux rayccoBCKnx npoueccoB. Cjio- 
Ba cTOxacTH^GCKH HafipGpfcLBHUK M CGnapa^GJiBHbiii dy^^yi onycKaiLCfl. 
WajiojseHHbie HMace peayjiLTaTbi oujim onydJiMKOBaHH panee, 
dea flOKaaaiejiBCTB, B § I iioKasaHo, CTamiOHapHbK rayc- 

coBCKMX npoueccoB MMeei aecTO ajiBiepHaTHsa: hjim noqiH Bce bu- 

(JOpOWHUG ^yHKItHM HGIipcpHSHb!, HJIH flO^TH BCG Bbl^OpO^HUG ^yHK^H^! 
HGOrpaHH^GHH HG JliOCJOM MHiepBaJIG KOHGqHOM PMnoTGaa 0 cy- 

mGCTBOBaHHM TaKOW aJILTCpHaiMBbl flaBHO BUCKaaUBaJiaCB A.H.Kojimo- 
ropOBHM, CM. TaiOCG fpj. B § 2 AOCiaTOqHHG yCJIOBHH HGnpepblB- 
HOCTH BudopoqHbix $yHKmii5, nOJiyqGHHblG XaHTOM [3] , c$opMyjiHpo- 
Banu B TGpMHHaX KOppCJIflUilOHHbDC (|)yHKUHri,$opMyjibi (12) H (13). B 
3T0M )KG naparpa$G nocipoaHH npwMepbi rayccoBCKwx npouGCcoB ,c 
BGpOHTHOCTLH) G^HHHUa HGOrpaHMWGHHblX HG HHTGpBaJiax KCHG^HOil 
flJIHHH. Stm npMMGpU lIOKaSHBaiOT , qTO VCJIOBMfl (12) M (13) H6JIL3fl 
yCHJIMTB CymCCTBGHHblM 0 ( 5 pa 30 ri. /lOCTaTOqHblG yCJIOBHfl /yifl Toro, 
WT0(5bi noqTH bcg BuCopoqaKe ^yHKUHH y/iOBJiGTBopflJiM ycjiOBHio Pgjil- 
^Gpa paccMaTpwBaioTCH b § 3. Abtop BHpaaaGT rjiydOKyn) dJiaroaap- 
HOCTL A.H.KojiMoropoBy aa nociaHOBKy sa^a^. 

§ I AjiLTGpnaTMBa , 

nycTB (t) CTauMOHapHHfi rayccoBCKMg npoaccc c HcnpepbisHoM 

‘ - W.. . . ,, ... ,, 

-- ■- .Wo ti'li Jlljli 
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KoppejiHitHOHHOH $yHKi(HeH, npHHHMaioiiuiH seniecTBeHHHe SHaHemiH* 

OcHOBHHM pesyjiBTaTOM 3Toro naparpa$a HBJiHeTCH c^ieAynmaH 

TEOPEMA I. Ajih Jiiodoro rayccoBCKoro CTOxacTHHecKHHenpepHB- 

Hord CTauHOHapHoro npoiiecca cnpaseizyiMBa c;ieAyBmaa 
ajiLTepaaTHBa: c BepoaTHOCTBU e^amma BHdopo^HHe $yHKm!H 

^ Ct) HenpepHBHH, jiho'o c BepoaTHOCTLD e^HEHua ohh HeorpaHHHeHH 
Ha JIIDCJOM KOHeHHOM HHTepBajie* 

J[jisi AOKasaTejiBCTBa TeopeMH ehm nonaAOC^HTCH Ase jicmmu. 

JIEMMA I. nyCTL ^ (i) CJiyHafiHHfi npoi;eoc TaKo2 ,hto Ha HHTcp- 
Bajie A s 

p { w to > a} > p., 

TorAa cymecTByeT KOHeHHOe MHOsecTBO ToneK = { t-, , 
HTO 

P { i«c^x >p. 

JIEMMi 2. HycTB ...^M^jil-O.nooJieAOBa- 

TejiBHOCTB BsaHMHO HesaBHCHMHX CTaiHiOHapHHx rayccoBCKHX npo> 
iieccoB, y KOTopHX AJUi HeKOTOporo HHiepsajia Ci', ■ 

^oe;i > V , Z > o 

rAe naxoAHTca hb ycjiOBHH (^1- 
TorAa 
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JloKaaaTejitCTBO 3 thx BcnoMoraTeJiBHHx jiomm ajieijeHTapHoe h 
MU ero onycKaeM. 

KaK HSBecTHO, Mo^yjieM HenpepuBHOCTW ^yHKitMH ^ (-t) Ha oi- 
pesKe A HaauBaeTCH $yHKHHfl 


Wf U.O r w U(t') - 


B TOM cjiy^ae, Kor^ia Ha MHiepBajie a ho^th see Budopo^Hue $yHK- 
UHM HenpepuBHu, 

P { tow (A,^) > e = o 

^ i 0 

aJifl Jiiodoro €. >o . B laKHx odosHaweHMHx HaM j^ocTaTo^HO noKa- 
aaTB, WTO ecHM 


P { Wv f) > ^] > p' . . 

AJIH HOKOTOPUX qMCe;iI >Oj p’>0 W MHTepBaJia a' ,'TO 

fljifl Jiiodoro MHiepBaoia A h Jiiodoro > o 


Pi w i>(+)i = 

Ecjim BunojiHeHo HepaseHCTBO (I), to ncnojiBayfl cTanMOHapHOCTL 
npouecca ^(4) mohho noKaaaTB, ^to Jiiodoro HHiepsajia 
,t') npH HOKOTOPOU p =• pCt'-t,)>0 

-CCiM. P { Wv CA,?) > € i > p. . (!') 

SaMOTHM TenepB, mo ecjiH ^jih HOKoioporo HHTepsajia 4 ^ 

C = 2 a. > o ^ p> o ^ P 4 > 2 a ^ > p , to 

... p{ ^ \ P 


full h^L 


tL y 
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• ‘ ' - I »**■ w-'— - ^ 

y^HTHsaji CHMMeTpHD rayccoBCKHX pacnpe;ne;ieHK3 0TCD;(a 
nojiynaeM, hto 

P { L i > 4 . 

Ha BHTeKaeT, hto cneKTp npoiiecca ^ It) HeorpaHiiHeHa 
TaK KaK B npoTHBHOM cjiyHae no^TH Bce BHtfopoHme 
$yHKI0!H dHJIH (5 h aHajIHTHHeCKHMH [4] . HOSTOMy 

(l') HMecT MecTO npH JiiDtfOM L>0 MS. npoiiecca 

5 ; 

\x\^L 

Saccl cneKTpan&Haa cjiy^aSHaa uepa, cooTBeTCTsyD- 

maa nponeccy ^ TaioiM odpaaoM, ms npoiiecca 

X • 

HyCTB HaM saAaHU t>o , • BudepeM CBanajia OTpe-> 

SOK iOcTCWB MaJIHM, a SaTCM L CTOJIL dOJLBIIIHM, HTO 

TM K TaKoe Bejioe bhcjho, hto 

C' -ipr< %. ( 4 ) 

Ha jieuMH j H C.2) nojiyHaeM, hto mis HeKOTOporo KOHe^Horo 
MHOiecTBa Tj c A 




Ho 


P ^ t >i- 


W,-»oo L 


x/ ?.v.wt. oaHanaeT cxo^hmoctb b cpeAHeii RBaApaniBHOM. 


Bfmi m sir 
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SR6.s.sa y^l, yilLl 


n03T0My Ha2;neTCfl laKoe ;iocTaTOHHO dojiBinoe • hto twh 

;tx 




vi^ M 

Tax KaK y npoiiecca 

UlM, 


fe P { w5,u, 5) >a.<x\>p. 


TO TaKHM se cnooodou HaXOJCHM >W^, H KOHe^HOe MHOSeCTBO 




, HTO MSL 




i; 


HocTynaa anajiorHaHHM odpasoM h jiajiee, mu OTpoHM nocJiexoBaTejiB^t 
HOCTB BsauMHO HesaBHCHMHX CTaipiOHapHux rayccoBCKMX npoueocoB 




k. s 3 H 

^ ^ j ^ ^ ' I 


A/ia KOTOpUZ 


Pi W [ > 0 .} >^ ■ 

\tr£^ 

Ecjih odosHaaMTB ^^U)- yaHTHBaa(^3), (4), h 

npHueuafl jieMMy 2 , JierKO noayaaeu ,hto 

p I ^5 [^cv)- i ^ i.-2£. 

TaK KaK £ > O , ^ > o H OTpeSOK A MOXHO BUdHpaiL CKCWai 

yroAHO MajiHMH, to OTCD^a b cbod OHepejL cae^yeT, hto ma 
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jiiodoro oTpesKa a = 


p { W [ = 1 . 

TtA 


( 5 ) 


Ha 3T0M aaKaamiBaeTCH nepBHH aian aoKasaTeJitcTBa leopeMU. 

noKaaew TenepB, ^toh 3(5) cjieayei 

PI ^ >K10l\=1 ^ (6) 

ilpoBeAeiJ paccyacfleHMfl ^jih Vv = 2. l/IiaK, nycTB (5) BbinoJineHO. 
CHOBa 3a;^aJ^nM ckojib yro^HO Majitie qwcjia £ >o , • Ms (5) 

M jieMMu I BUieKaeT, ^to cymeciByei laKoe KOHe^HOo MHoacecTBO 
TO'tieK ^5^c6t KOToporo 

P{ v«ax [ ttt;) - ?U.ll >«l > 1 - t • 

TaK KaK , 

lAl^H 


TO MQIHO BHCiMpaTB CTOJIB dOJIBillHM, ^TO Tyifl 

‘ UKN 


a AJifl 


t" I 


(2) 


i^tU) = S « 




uUOl 


4 Co'X) 


^ 6" A 

Ilpouecc lit) HMeeT orpaHMMeHHbiii cneKTp. CjieAOBaTeJiBHO , ho^th 
B ce BbidopowHbie $yHKiJ.wH 3Toro npoiiecca HenpepuBHue. lIosTOMy 
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run m^Li 

j 

OKOJIO KaHAOii TO'IKM t /S^- * 1 ^ 1 ,... \ j ^ ^ \ I 

HO BHAeJIKTB CTOJIt WaJIblM OTpeSOK A ^ ^ 1 

B TOM cjiyqae, Korsa v^, CO - >;. W>^ , to m BCioAiE Ha ot- 
peane - 7 ,Ct,)>a ajih scex k osHOBpeMOHHO c BepoHT- j 

HOCTLH) dOJIBUieil 1 - Sr . y^HTHBaH ( 7 ) OTCK)Aa nOJiy^aeM, HTO 

• f 

PI U [>«f (vj-ct;)- i2.a.))>a]] > 1 - % . (9) i 

PacoMoipHM leiiepi npoueoo . Hobiophb paccyiseHHH nepBO# 

qacTM TeopeMu, mojkho noKasaiL, ^to ajir oipesKOB A ^ 

? { 9 ^ L ViC't) - > «| = i . I 

Ma aToro paBGHCTBa h Ma (8), ajih coduTWR cocTonmero b 
TOM, ^TO SrwO [.V7^Ct) “ 

HMeeM _ * 

f ■'. ^ 7» " 7i •>■ ft J - 

~ - ^,u.1 - 5 ] i 1 - f . 

IlyCTB B«v COCJbITMe, COCTOfllHee B TOfvi, HTO AJIH 2_ « t < K. 


iwf [ n, CO - Ij.ci.ll S ft. , *Kf L 7,C+) - w,)] >ft-. 

tf-A; ^ HAiu 

B aiHX odoaaaqeHHHX (9) nepeaHCHBaeTCfl b bha© 

s e 1 Biui > 1 - % . ( 9 ^ 

yqMTUBaa (9^ ), wMeew 

P i t ^ ^ 3 ^ ^ 3 ^ ? 3 ® K An i *" 

C- 


rr^o il^rPilY 
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lull 

= Z P{6.AJ -- r P{ 8J P^A4^ i-£. 


TaK KaK ^>0 H ^>0 MOHCHO BUdMpaTB CKOJIB yrOflHO MaJIHMM, 

TO oTcio^a cjieA'jeT BunoJiHeHwe (6) >fliJiHi^=2. IIobtopmb le ae pac- 

CyiK^eHMA, MOKHO 6UJIO du, MCXO^H M3 (6) npM Vt=2 AOKa3aTB(6) 
AJifl>^=4 H T.A» CjieAOBaTejiBHO, ajih Jiiodoro 0Tpe3Ka m Jiiodoro ^>0 




Teopewa A0Ka3aHa. 


§ 2. .HociaiOMHue ycjiOBHH ajih HenpepuBHOcTM. 

ilpMMepH BCiofly HeorpaiiMqeHHbix npoueccoB. 


PaccMOTpMM TenapB flociaTO^Hue ycjiOBMH ajih HsnpepuBHOCTM 
BHdopoMHUx $yHKUHM CTauMOHapHbix rayccoBCKMX npGueccoB. HaH(5o- 
jiee CHJiBHuti p 63 yjiBTaT, h3 msbccthux b HacTOflinee bpcmh aBiopy* 
npMHaAJiejKMT XaHiy I[3 j . ^ocTaToqHue ycjiOBMH, nojiyqeHHbie XaH- 
TOM, C$OpMyJIMpOBaHH B TepMHHaX CneKipaJIBHhlX $yHKUHM. iJjIH 
nepe$opMyjiMpoBKM stmx ycjiOBUM b xepMMHax KoppeJiflUMOHHbix $yHK- 
ilMii oKasHBaeiCfl nojieBHOii cjiasyiomaa 

JIEMMA 3. Ecjim VC^) HeydUBaioiuafl iyHKUHH orpaHwqeHHOti 




BapMauMM, a 

= i C I - oKfM, 

O 

TO M3 TOrO, qTO HOKOTOpblX C>0 , OIT-O M BCeX AOCTa- 

TOMHO MaJIHX 'tu 

- I ^ Kir 


(10) 


cjicAyeii ^10 npM jiioCom ^ 


i Cm. I t ^ < oo ^ 

o 

KB USE ii. 
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0(5paTHo, ecjiM (II) BunoJiHeHO npM neKOTopoM , to (10) cnpa- 
BeAJiHBO npH Jiiodbix 6 , Q,>o , ajih scex AocTaio^HO wajiHX 

“ft. , 1-^1 < ST ^ ^CC,^). 

XaHT noKasaji, qio ecjiM cneKipajiBHafl $yHKUHH FC^) ciaiiHO- 
napHoro rayccoBCKoro npouecca (i) yAOBJiaTBopneT ycjiOBHK)(II) 
npH HOKOTopoM ^ > 1 , TO nowTH Bco BbiCopo^Hue ^yHKUMH npouecca 
^ (f) HenpepuBHH. G /npyroM CTopoHbi, b cwjiy .s^KaaaHHOii Buuie Jiew- 
Mu 4 M 3 (10) npM a > 1 , cjie^eT BanoJineHMe (II) flJifl it 
i < ct . lIoaioMy ycjiOBHe (10) npM a. > “i laKse Aociaioq- 
Hoe flJiH HenpepKBHOCTM BHdopo^Hux $yHKi;MM. TaKHM odpaaoM, cnpa- 
Be;(yiHBa ciie^yiomafl 

TEOPEMA 2 IIjih Toro, tiTodu noqiM bco Budopo^Hue $yHKUMH 
ciauHOHapHoro rayccoBCKoro npouecca |(•t) (5 hjih HeripepHBHHj_ UO- 
CTaTOUHO, UTOdb! (JblJIO BHnOJIHenO O^HO H3 CJie^yiOmMX 3KBHBaJieHTHHX 
Meiicay codoK ycjiOBMii: 

MJIH npM HeKOTOpOU €>1 

i [6uv( 14- M PCx) < 0<3 (12) 

HJiM npM HeKOTopbDC Ci> I , C > o ;yifl Bcex ;z;acTaT 0 UH 0 wajiHx 

BuBe^ieM Tenept HeKOTopbie AOCTaTOUHue ycjiOBMH ^jih Toro, qio- 
(5u noniM Bce sHdopo^Hue $yHKUHH ciauHOHapubix rayccoBCKHX npo- 
ueccoB dbiJiH HeorpaHMueHu na JiiodoM KOHeuHOM HHTepsajie. 

TEOPEMA 3 Ecjih y ciaunoHapHoro rayccoBCKoro npouecca ^(t) 
cymecTByeT ciieKTpaJiBHafl n;i 0 TH 0 CTB ^Qx) TaKan, uto ajih HeKOTO- 
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FOR OfrM iSE OftV 

PHX C>0, •X.>0 H Boex X'»X, 


fix) ? 


TO riomw Bce Bbidopoqkue |yHKmiH HeorpaHHqeHu na jik)(5om HHiep- 
Bajie KOHe^Hoa s^iwhu. 

;'^eTo^ aoKaaaTeJiBCTBa aiofl leopeMu coctomt b cjie;;yiomeM • IlycTB 
BaawMHO HeaaBHCwMue CTai;HOHapHue rayccoBCKwe npoueccu 
M • » TaKHe, qio y mx cymecTsyioT 

cneKipajiBHHe njiOTHOciH fn SJifl o -tf A ^ z** * 

rr O AJIH A ^ T»*- 

Co 

PaccMoipHM TenepB cjiyqaMHuK npouecc r)(jt) = ^ C». 

bO . t V\ S I ^ 

^ C,^ ^ flJIH Bcex Vv^;^lMo H HOKO- 

V\ s I H 

Toporo C ,>o . Momho npOBepwTB, wio ^jih aioro npouecca 

“tCvu. P { U)w > >fc] } ^ ^7 

Ha spKaaaHHoH b § I ajitTepHaiMBW BbiTeKaex, qxo homth Bce 
Bu6opowHue $yHKi;HH npouecca HeorpaHHneHu na jik)(5om Koneq- 

Hou HHTepBajie. /Ijih cneKipajiBHOii njioTHocTM fi^Cx) cjiyqaiiHoro 
npouecca yj(,t) flJifl HeKOTopux 0<i uweioT mccto He^eucTBa 


kt 


x{Ux? 


4 T ^ 


AC^x)^- 

TaKHM see CBOMCTBoii HeorpaiiMqeHHOCTH oGjia^aei h CTauHOHapHull 
rayccoBCKwH npouecc , y KOTopdro cneKipantnaH njioTHocTB 

^ ^ ^ ^ 3 w W » ftA>» A > v/ . SaMeqafl 

TenepB, qxo mcxoahuM npouecc ^Ct) mohho npe^exaBHTB b BM;ne 
cyMMu ;z^Byx BaaiiMHO neaaBMCHMHx CTauHonapHHX rayccoBCKwx npo- 
UeCCOB, OflHH H3 KOTOpbIX MMCeT CneKTpaJIBHyK) nJIOTHOCTB BHjHa 
o( >0 , W>0 f nojiyqaeu yiEepKAenwe leopeubi. 

Foo 
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» -iwii y^iL jUiiLf 


ilpwMepH HeorpaHimeHHHX rayccoBCKHX npoueccoB mojkho TaKise 
CTPOHTB, HCXOAH M3 CBOMCTB KOppeJIflUHOHHHX $yHKUHH. BSCLUa nOJiea 
Hoii OKasMBaaTCfl cjia^nyiomafl jieKUja, ^^oKasaHHan A.jI*BeHTU6JieM. 


JIEiMA 4. nycTB cjiyqaiiHHe rayccoBCKMe BeJiMqMHH 

M^;=0 , ‘ ’CC^<0 tC^j) l'.)*'.- 

Tor^a 


1St<n C = 1 Ol .^60 y 

Ecjim KoppejiHUMOHHa^ $yHKUHfl ciai^HOHapHoro cjiyyaiiHoro npo- 

uecca ^(V) , BHnyKJiafl sJifl 

F >0 , TO 


nojiBayflCL JieMMoK 4 mokho noKasaiB, hto ecjiM y ciauHOHapHoro 
rayccoBCKoro npouecca 

M 1 ^ Tfclii ' 

Bcex flocTaiomio uajiux 
a B(fc) BunyKJian $yHKUMH, to 

p \ LOa CA,s-:)>>rG' 1. 

TVO ^ 

ilpuueHHH flajiee ajiLTepnaTHBy § I nojiy^aew, qTO sepna 

TE0PE:/1A 4 Ecjim y cTauHOHapHoro rayccoBCKoro ^po^ecca ^(t) 
KoppejiflUMOHHafl $yHKUHfl B(?t) BHnyKJiafl flJifl “fieCO^yi S'x? m 
MMeeT MecTO (14), to ho^tm see BUdopoMHue $yHKiiMH npouecca 
^ ( V ) HeorpaHH^eHH na jiiodoM MHTepBajie KOHe^HOii ^jihhu. 
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§ 3. ycjioBWfl rejiB^epa 


B cjiy^iae HenpepHBHux c BepOHiHocTBio e;nMHHua CTauHOHapHtix 

rayccoBCKMx npoueccoB BCiaeT aaaaqa nay^eHHH Mo^iyJiH HenpepuB- 

HOCTM BbldopoqHHX 'P'.yHKPHM. I/13 OdlMMX pOSyJIBTaTOB MOHCHO OTMeTHTB 

cjieAyiomMK. Ecjim -^0 npn n-^0 « to BepOHT- 

HOCTB C06yTMH 1 rjuKM-jtoi. ilpaBHa jim( 5 o HyjiK), jih< 5 o 

•¥v-*o “f ^ 

eAHHMue. llpHMHKaeT k aiowy )se Kpyry BonpocoB h caeAyiomafl leo- 
peMa, HBJifliomaflCfl ododiueHHeM pesyjiBiaia BaKciepa fsj , aa cjiy- 
^aM CTauMOHapHbix rayccoBCKMx npoueccoB. 

TEOPEMA 5 nycTB t = 1,2 SBa ciauMOHapHue rayc- 

'i 2. 

coBCKwe npoaecca " (j^) TaKMe, 

o , a lorsa HaMei- 




cfl Tanafl nocjieAOBaiejiBHOCTB ^ihcoji 
BepOHTHOCTBK) GAKHMUa 




Vl 


cmo t 


qiO 




n^i 


, a. 


p. j.f 


14% ^ 


MSI 


AoKaaaTejiBCTBo aiofl leopeMbi mohho nojiy^HTB^wcnojiBayfl 
TOT $aKT, MTO ajih ciauHOHapHoro rayccoBCKoro npouecca 
He AM$$epeHHHpyeMoro b cpesneM KBaApaiM^HOM ana^eHMa 

CTaHOBHTCfl atCMMnTOTMMeCKM BSaMMHO HesaBHCHMUMH CJiyqa0HUMM 

BejiMqMHaMH, Kor^a , a VO . 

CKaacew, wto cjiyqaMHua npouecc ^ tt) e- H(o/,C)t Oce<<\ , 
C>Q , eCAM AJIfl JIIO(5orO C*>C. c BepOHTHOCTBIO eAMHHUa paBHO- 
.iiepHO no Bceii t wa aasAoro wHTepBajia A KoneMHoH AawHu, 


i iiifuirii 
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S-0H OffsMl i|£ 

cymecTByei laKoe c')t ^to scex S(A,C') 

1 < 

f 

I ' ' 

CjieAyramaH Teopewa cnpaBSAJiMsa ajih npoi^eccoB oGinero mna. 

TEOPEMA 6 Jljin Toro, qrodn CToxacTHqecKH HenpepuBHHii cjiy^aii- 
Huii npouecc t H/w,c) AOCiaTO^HO, qT0(5H 

oo l"’ « 

^ h PilK'r-)" 

h « I n » 0 

rae 5 57^ ■ HeKOTopoM (X > o 

'fWVO npM T 0 M 3 

Z Y(i) < txa 

V\2| 

C/ieAyei, qio ti) f W (o^, C) Ann nioCovo C >0 . 

^oKasaiejiLCTBo aioK leopeMbi Bnojine aHajiorHmio AOKaaaTejiLCT- 
By MSBeciHOM TeopeMu A.H.KoJiMoropoBa o HenpepuBHOCTM Budopo'i- 
Hbix ^yHKgi-iM fsj , CM laKJice pyccKHii nepesoA KHMru fly(5a £*7^ 

CTp. 576. 

TEOPEiA 7 Ecjih KoppejiHitHOHHafl $yHKUMfl 8( CTauwoHapHoro 
rayccoBCKoro npoitecca laKOBa, qro Ann Bcex AocTaiowHO wajiux is, 

( 16 ) 


M I ^(+4^ - ?tt)p s e, 


lAtlftll 


TO 


6 H( ^ . BCJIH se Ann ^ t 13 C'^) 

BunyKJiafl $yHKiiMH laKan, mto >!pifl Bcex AOCiaTOMHO Majiux (l m 

(3 < Ct A C, 

JISfi * M l!c««-^wl‘* c, (m 
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TO » HO ^Ct) e C') c BepoflT- 

HOCTLiO eCJIM C'<: V^. ■ 

/loKasaiejiBCTBO. Ecjim BHnojiHeHO (16), to 


Pi \ ^ i 


- C^- K <J-^Z 


2 C, 


IIoaTOMy pHA (15) cxo^ihtch, Kor;;a 


c>m 


flJIH ^tOKasaTOJILCTBa 


Toro, qio fl+) e c') , c' ^ 'fzcl , BocnojiBsyeMCfl 

jieMMoK 4. Ha aroii jieMMu h (17) nMeeu 

- K ^)1 ^ ^ 

+ , V. .OO, 


ecjiM 


^Vl - t [ 


c*\ru^ 


ir 


’ Y\~^oo, 3to dy^ei 

TaK, ecjiH < ^2^. TaKMM oCpaaoij Z*) W 

. TeopoMa AOKaaaHa. 

B cjieflyiomeM leopoMe ycjioBWH ^ocTaTO^Hue SJifl Toro, qTo(5u 
^ t't') H OijC) c$opMyjiHpoBaHH B TepMHHax eneKTpajiBHHX ^yHKUHii. 

TEOPEMA 8. Ecjih ciieHTpajiBHan ^.yhkuhh F(Ji)cTauMOHapHoro 
rayccBBCKoro npouecca ^( t ) laKaa, mo 

i ^ I ■!->.) 0< F C^) < oo , 

o (loy 

TO ^ Ot) t HC«<^c) ;njifl Jiiodoro C >0. 

AoKaaaTejiBCTBO. Mokho iioKaaaTB, ^to ecjiw BunojiHeno (18), 

TO AJifl JiK)(5oro C, H Bcex ^nocTaioquo uajiux 1^1 <"scc,-) 

’SE Oi-Y 
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iun y/rjwi U^t fifty 

Mrjeer wecTo (16), w yTBepi£;zieHHe leoperviH 8 HBJifleTCH cjieacTBMeii 
TeopeMH 7. 

kEajiOTmnmi nyiew ^OKasbiBaeiCH cjie^yiouiHii peayjiBiai, snep- 
Bue nojiyqeHHtiii ;i5pyrHM ciiocodoij XaHTOM [s] • 

TE0PE:AA 9 Ecjih cnoKTpajiLHaH $yHKUHfl FCx) y CTaitwoHapHoro 

rayccoBCKoro npoiiecca ^( V) TanoBa, wto 

to 

\ PCX) < oo , 

0 

TO nO^ITH BCe BUdopOWHbie ^yHKUHH y^OBJieTBOpHIOT OdodmeHHOMy ycjio— 
BMK) rejiB^iepa BM;na 

I - uol < e 

paBHOdepHo no bcom t m 3 jiiodoro HHTepsana KOHennoK ;ijimhu, 

AJifl Jiiodoro C>0 M Bcex aociaioqHO Majibix 

B cnynae ciamioHapHbix rayccoBCKHx nponeccoB, HenpepKBHafl 
;^H$$epeHnwpyeMocTB c BepoHiHocTBio e^MHnita aKBMBajieHTna ycjioBMio 
JlMnuiHua. McTBMTejiBHo, ecjiM AJiR AociaToqHo MajibK 'ft, paBHOiiep- 

HO no T H3 HeKoioporo HHiepsana KOHennoK sniiHu c BepoaiHOOTiio 
e4MHHi;a 

I 

C^>0 cjiyqaiiHafl BejinnwHa, to nonm Bce BudopoqHbie $yHK- 
miH adcojifoTHO HenpepuBHH. OpMweM npoMSBosnaH, Koiopan TaKae 
HBJineTCH CTannoHapHbiM rayccoBCicHu npoiteccoM orpaHMqena c Be- 
POHTHOCTBK) eAHHHUa. HeupepHBHOCTB np0H3B0flH0a flBJIfleTCfl CJie^- 
CTBMGM TeopeMH I (§ I), 

aaioiioqeHHe OTMeTWM, qTo y rayccoBCKWx ^po^eccoB, Koppe- 
JIHUHOHHbie $yHKUMH KOTOpHX aHaJIHTHqeCKWe , noqiH Bce BHdopoqHHe 

fm MV 
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rys\ urrsymi mt yg^ir 

aHajiHTHqecKHe, odJia^aiomMe paflOii cbo 2 ctb cm. fll 

M . 
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AjieKcaHflp HKOBJieBHq Xhh^b 


flanHT H rocnonal J 

CeroOTfl MU codpajiHCb 3BecB,^TO(5u othstb hojit nauHTH uaTe- ^ 
uaTmcay aacJiyrii KOToporo b ^pMHpoBaHHH ochobhux m IhSTOBO® | 

COBpeMeHHOii TeopWH BepOflTHOCTSii npHSHattrCfl BCSMH 

OjJHOvi H3 xapaKTSpHUX OCOdSHHOCXeM pa3BHTHH COBpaMeHHOS 

HayTOOii uucjiH ABjiaeTCfl ^ypHulS pocx ciaiHcxHqecKHx Koimeimiiil .| 

B pasJIM'lHliIX OdJiaCXHX eCX8CXB03HaHHfl, X8XHHKH H 3K0H0MHKH.C nOJI~ | 
HOM OnpSflSJISHHOCXBH) BUHCHH3IOCB nUEHIHira , ^10 npHB3I8q8HH8 UeXOflOB 
xeopHH BepoflXHOcxefi k M3yqeHH:-o npMHUHniiajiBHux iipo(5jieM $a3HKH. i 

<5HOJIOrilM,XilMMH,aCXpOHOMHH,a XaK®8 3K0H0MHKH HBJIfleXCfl H8 npH^ 
XOXBH) OXA8JIBHHX HCCJISflOBaxe JISB H H8 IipeXOflflUSW UOAOS^a H8H3— .1 

682tHOcxBio,BU3BaHHo2 cyu8CXB0M BSJia.S pa3yjiBxai8 xenepB odocHO- 
B^HO CBHxawXjHXO saKOHU npMpojiH HOCHX cxaxHcxH^8CKHlii xapaKi8p, 

OdyCBOBJISHHUiA JUICKpeXHHM CXpOeHHeM MaxepHH»®3B8CXHO,TOO 3Xa 

xoBKa speHHfl nocny^cMJia ochobow MHoroBHC3i8HHux ycn8X0B bo bc 8X ^ 
0<5jiacxHX HayKM.CaMo codoS pasyMeaxcfl.qxo yKaaaHHoa o6cxoHX8nB8¥-| 
cxbo flOjisHO (5uno cKaaaxBCfl Ha h3M8H8hhh cojiepsaHHH xow b8xbii j 
MaX8MaXHKH,K0X0paH HMe8X CB08M U8JIBK) H3y^8HI!e CJiy^aWHUX aB3I8»- I 
HHa.TeOpHH B8p0HXH0CX8ii HS UPrJia OCXaBaXBCfl B XOM COCXOBHHH, I 
B KaKou OHa HaxoflHnacB b nponuioM bsks h ;na®8 b nepBu8 jpa ae— J 
CflXHnexHH Hamaro BeKa«IIojiyHHxyHXMBHUM nojpcoA b momia onpsnenBHHHl 
ocHOBHux noHflxnii xeopnH B8poflXHOCX8ii,xapaKxepHuii jpiH 18 h 19 | 

CX0318XHM,He MOX yflOBJieXBOpHXb H8 XOJIBKO MaXSMaXHKOB ,HO H np8B” 1 
cxaBHX8Be2 ecxecxB03HaHHfl.?Ste MaojiHpoBaHHoa noHOX6HH8 cpeflH Ma- I 


x8uaxH^8CKMx HayK,KOxopo8 saHHMajia xBopua BspoaxHOcxaS 8H8 co- 


BC8U H84aBHO,HaXOflHJlOCB B pe3K0U npOXUBOpeBHH C XOM OXB8XCXB8H“| 

HSU rrogoiiC0HH9i * KaK9ED cxaaa anStttfiQCb oHa bo bcsu cBCxeuB nanuix | 


3 HaHi(il&*B peayjiBxaxB ojiHOiS 1^3 caMux nepBooBspe^piux ii h i h 4 4 M HayB«» 
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iTr t jii iy ^ 

- 2 - 





hbk 3a;i(3q,cnoKMBiiiHxcfl S(p BTopoM^ecHTHJieTUB Haniero BeKa,OKa- 
sajiacb aasRra npeo(5paaoBaHHa Teopnii BepoHTHOCTeii e cxpoRnyK) 
MaTeMaTHqecKyio Mucuannmy c noraqacKH OTxpqsHHHUH ochobhhum 
noHHTHBMHjC iiiHpoKO pasBHTBiMH inaniBiicann cnem!$HqecKHMM MeTOAauH 


HCCJISflOBaHHHjil qSTKO yCXaHOBJieHHHMH in i n p t tr B i t ;«u i m i i r CBHSHMH C ;Q)yrH- | 

i«in B 8 TBflMM MaT 8 iiaTMKii. TeopHfl BepoHTHocTs^ npespaxHBacB I 
B fl8ticxBHxenbHHM M 8 X 0 fl HayqHoro noanaHHa npHpoflu HeofixoflHUo | 
6 i)Uio xaicKe niHpoKO pasBHXB 8 e iipo 5 jieMaxHKy,r 3 iy^OKO npoaHajiHSH— 
posaB oco(58hhocxii nocxanoBOK MaxewaxHqecKHX aaflaq 8 cx8cxbo- I 
SHaHHH. 

Pojib A»H*XiiHqiiHa b pemeHiiH Bcero KOMiuieKca xojibKO qxo yKa*- 
BonpocoB HcfcjHoqHxsjibHo Be;iHKa*H HecMoxpa na pasHoo^pa'* 
awe rliiytiHHx WHxepecoB.OHH npoHSBoaax BneqaxnaHHS eflHHcxaa a 
HayqHoB U8JieycxpeMji8HHocxH,B oCiiyax qepxax hx moxho oxapaKxepa- 
aOBaXb KaK ia»lt&tuiaiMuflgigfflH]ailiuiffliuiliii iyjHBntajllllllBlill(nffl|i^iii»HKjM nM i i i «iii i w i i iiirBii i i wiuni mi> 

HHB CHCX8MaiHqeCK08 H3yq8HH8 MSCXa B 3HaH8HHa CXaXHCXHqeCKHX 
3aK0H0MepH0cx8it B pasjiaqHHx qacxflx MaxeMaxHKH,^ ecxecxsosaa- 
HHff a xexHHKHtH Ha^siocbtqxo JtajibHBiiniee noHXBapjpix CKasaHHoa* 

A;i8KcaH;5p HKOBJieBHq XHHqaH posaaca 19 arnna 1894 r. b c8- ' 

318 KoHjrpoBo M8;;tiHCKoro yesfla KajiyaccKoa ry6epHaB,a3B8cxHOM a 
b xe BpeweHa cBoe3 ^yiiasHoa $a6paKoK*Ero oxeii no cn8i:(aa3ibHOCxa 'i 
aHsenep-xexHOJior 6im rjiasHHM aHsenepoM na yKasaHHoii $a<5paKe a 
cpsfla cneitHajiHCTOB b o^jiacxa (SyuarojiejiaxejibHoro npoasBOACXBa 
nojibsoBajiQH MSBecxHocxbKi a aBxopHxexoM*^8xcxBO ,a saxau a ica** J 
HBKyjiapHUB Mscflitu B nepMOfl o(5yqeHBfl caaqajia b p8a3ibHou yqajia-*. ^ 
me /MocKBa/,a aaxBu b Mockobckom yHBBepcaxaxa A,H* npoBow** ' 1 

b KoHBpoBe.TaM oh opranaaoBaji jiiotfaxejibCKaa xeaxp.BHnnpfflwi 1 
yqaciHBKaMB Koxoporo cxa 3 ia ero cbbpcxhbkm as cpe;tH paCoqax, I 

. . ■■nsf «|||f _ ■ 
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3tii roRu paHHeii iohoctm 6wii 9 ORaospeueuHO ronaua ysneieni/in 
jiHTepaTypoii m cocScxBeHHux nooTHqecKHX npotf.PeaynbTaTOM axHx 
yane^CHHii hbujihcb HecKOJiBKO tomhkob CTMX0B,H3maHHiJX B nepHOH 
c 1912 no 1917 rofl,HecoMHeHHO,qTo ysne^enHs xeaxpoM a naxepa- 
xypod OKaaajio orpounoa snHHHHe na ^opMapoBanHe XuHqwHa khk 
O flHoro H3 caMux (5n8cxHinHx neKiopoBjUenaroroB h asxopoB uaxswa- | 
xH^ecKOM iiMxepaxypiii,^aK b ycxHOM,xaK a b nacbMeHHOM HanoasHHii 
OH yisen MacxepcKH coqexaxb ^psBOCxo;^^yH) naxapaxypHym $opuy c 
HayqHoii rjiy5HHoii,oxqex3iHBOcxBH) h hchocxbh) mhcjih* 

C 1911 no 1916 r* XwHqHH 6bm cxyneniOM $h3iiko- uaxeiiaxKqecm 1 
Koro $aKyjiBxexa MocKOBCKoro yHHBepcaxeia.TaM oh nprancHyn k 
xo8 rpynne cxyneHxoB.KOxopan (5i)ina yBJieqena MRemu xeopHH $yHK- 
aaiS fleiicxBHxejiBHoro napeMeHHoro a pa Roxana non pyKOBOjicxBOM 
npo$eccopoB Ji.^.Eroposa a H.H.JtyaaHa.IIepBBie ero caMacxoaxejiB- 
HHe HayqHwe mara jSmm oxhochxch khk paa k axoMy BpeueHa a CSh- 
jia BH3BaHu aaBecxHHMM pacSoxaiia A.JIaHSya o npaMaxaBHMX cgyHKiiaax. ' 
_3 aoKjiajte.npoqaxaHHOM 6 hoh6ph 1914 ro^a na cxynsHqecKOu Maxe- ' 


MaxaqecKOM Kpy3CKe,XMHqHH npewiOKaji ecx8cxBeHH08>| o6o(5meHae no- 

^ V ~tMe xpagg nKoiTT ~s. 

Hflxaa npoa3BOflHoa,\BHfl BC8ro gyxa ageaYxeopra ^yHKiwiwSxo hohh- 


xa8 npoqno Bomno b apcBHan coapBuenHOM nayna nojt HaaM8HOBaHa8M 
acaMnxoxaqacKO^ npoaaBQTpjoif. HnrtHHHimiiSbiHBtwH Hon sxaM HaaaeHOBa'- 


HasM OH npswiosMJi noHHMaxB cnejtyioineerecHH b xoqne cyniecx- 
By8X npenen 


a) 


X-ae, • 

Korna oc npa cXpeMjisHaa k x© npodaraex 3Haq8HaH,npHHajoi8saiime 
HSKOXOpoUy MH0K8CXBy E ,aM8K)m8Uy B lOqKS aCo IDIOXHOCXB l,XO 
3X0X npe^Bji Haatisaexcfl acaunxoxaqecKoii npoasBOflHott SyHKuaa 
■pCx) B xoqK8 Xo .B yKaaaHHOM flOKJiaflB oh noKaaaji^qxo xan onpe- 




>■ 

A 
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AsneHBoe noHHiiie HEBapuaHTHo OTHOcuTeBBHO Budopa UBOsecTaa S. 
Hhhuh CBOBaMH.ecjiH KEKHe m6o ABa MHOsacTea E- h E« UMeiOT b 
TOBK e 3Co iBiOTHOCTb l,nlp npsAeB (l) cymecTByex KaK ajW E^ 
xan H aah E 2 ,xo o(5a ohb paBHu wexAy co(5oiii»noHflXHe acHMnxoxHBec- 
koH npoMBBOAHoii h ee HcnojibBOBaHwe ajw Aejieii odo^menwa iiohhxhh 
HH xerpaBa JIe(5era Cbdio npeAMexoM nepBHx HayqHHX cxaxeiS XHHBHHa, 
IIoBAHee ocHOBHan ma8a axoro xiohathh fitoia mwpoKo nu HcnojibsoBaHa 
AJifl BcecTopoHHsro HayqsHHH noKaBbHOro noseAeHHfl HauepuuHX ^^yinc- 
AhS, 

rOBOpflX,qTO H8K0X0p08 CBOaCTBO 0CyiH8CIBJIfl8XCfl B ASHHOit XOB- 
K8 aCMMIITOTH^8CKM,8CJIH OHO HMSeX M8CTO IIOCJI8 yAa}I8HiIH MH02CeCI— 
Ba,HM8K)IH8rO B HBii HHOTHOCTb O.XWHqHH npSAJIOSHJl HaSblBaib $yHK— 

AHH) ft«-) acHMHTOTHqacKH HanpaBJieHHoii b xo^ks sc ,ecAH ona cxa- ' 
HOBMTCH acHMiiTOTHqacKH y 6 HBaK)neii,B 03 pacxaKiineiS ami hoctohhho®, 
$yHKAHfl fCsc) acMMHTOTHqecKH HanpaBji 8 Ha na AaHHOM WHOsecxse no- 
jioKHTSHbHoii M 8 pH,ecjiH oHa acHMiiTOXHqecKH HanpaBA 8 Ha noqxH bo gnmr 
BC 8 X 8 ro ToqKax.OcHOBHoii paayjibxaXiBMHCHHioiiyiiS cppoenaa acHunxo- ; 
XHqacKH HanpaBji 8 HHHx ^^kahw AaexcH caeAyioineiS xeopewoitzqxocJH - ■ 
^OTHKAwa f(sc,) (Jioia acHMnxoTHqecKH nanpaBJieHa na AannoM MHoaecx- - 
Be,Heo 6 xoAHMo h AOcxaxoqHO qxofiH ee anaqeHiiH b axoM MHOxecxse 
c xoqHocxbH) AO MHOKscxBa iip 0 H 3 B 0 JibH 0 uanoii MepH coBnaAajiH co 
SHaqeHHHMH HenpspuBHoii $yHKAHH,o( 5 jiaAaiOAeii Anuib KoneqHBiM qwcHoii 
MaKCHMyMOB H MHHHMyUOB. 

BaxHocxb noHHXHH acHMHXoxHqecKOii HanpaBHeEHOcxH noAqapKHBa- 
excH xeM,qxo $yHKAHH|OC 5 AaAaH)AHe sxhm cbowcxbom,hm8H)i noqiw bcw- 
Ay Ha paccMaxpuBasMOM MHoacecxBe acHMnxoiHqecKyio nponaBOAHya.yc- 
JIOBH 8 cymecxBOBaHHfl acMMnxoxHqecKoU npoH 3 BOAHo 2 noqxH BCK>Ay na 
oxpeSKe (5hho HaitASHo XHHqHHtw e^9 b aaMexKS 1917 rAia axoro 


* 


- 


■n 

■ ■ ■' 
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HsoCxoflHMO H J^0CTavQ)qH0,^T0(3M ;naHHaa ^yHKHHfl coBnaflajia c ne- 
npepHBHoi! $yHKi;Hsii orpaHHqeHow BapnauHH na bcsm OTpesKC aa bc- 
KmoaeHHeM dbiTt laoaceT MHoaacTBa CKoaB yro^Ho Majioii MepH.Ofinaa 
CXpyKTypa B3M8PMMHX BHHBJIHeTCfl Cnej^IUHU npSBaO«8HMeM 


XwH'IHHarBCHKaH HBMSpMMafl $yHKItH^a HCKJnoaaHHeM,(5urB mosst.mho- 
KscTsa wepH Hyjii>,jiH6o MMeex acHMnTOXHqecKyio npoH3BOjtHyio,JiHtfo 


flajibHeilraHe pa(5oTH caMoro XHHaHHa KaK b odijiacTH Teopaa queen, 
TBK a B Teopaa BepoaTHOcieii b aHaqaienbHOii CTenena npoBOfla- 
jiMCB nofl BaaHHaeu ero nepaoHaqajibHHx aHTepecoB. 

JbiH ^opMapoBanaa XaHaana kok yqenoro acKaioqaTejiBHO (Sojib- 
raoe aaaqeHae anana 1923- 1925 r.ri,Korfla oh naqaa paapafioxKy 
flsyx HanpaBJieHaii MaieMaiaqecKax acenenoBaHaii mapoKoro Maxewa- 
xaqecKoro aHaqenaa.O^a axa HanpaBnenaa MaxewaxaqecKoK mhcjih 
B aaqaioqHoii ^pMs miejiacB ysce y S.Bopsjih.Ooto as aax duno 
CBaaaHO c cacxeMaxaqecKHM aayqenaeM MexpaqscKax cbobcxb paa- 
JiaqHHX KJiaccoB appauaoHajiBHLDC qac8n,:iQ)yro0 - c caexeuaxaqec- 
KHM acnojiBSOBaHaeM cpeflcxB a noHaxaiS xeopaa lyHKiiaiS a xeopaa 
MHosceexB B xeopaa BepoaxHOcxelti 




oda eS BepxHax acaMnxoxaqecKax npoaaBosHHx qacjia paBHU + *© ,, 
a oda HasHax acaunxoxaqecKax npoasBojcHbix qacjia paBHu - oo , 
BcKope nocjie onydjiaKOBaHaa padoxH "HccJienoBaHaa o expoenaa aa- 
nepaivibK ^HKuaii" b Kypnajis MaxeMaxaqecKaa cdopHaK,B Koxopoii 
npoBona aca yKaaaHHtdi anaaaa.ee nojiHua nepaaon na ^pani^yacKaa 
asHK dHJi onydaaKOBaH penaKHaeS ^pnana ” Fondaisenta Hatheoatlca* 

Kiiafi 

He npoinno (5eccaeJ^iO aa jpia MaxeuaxBKa,Ha jum Bndopa nocne;iVH)- 
nuix HanpaBJiSHaa padoxu caMHM XHHqaHiiiM:npofloa«8Hae paaBHxaa 
ane^ XaHqaHa,ocod8HHO Ana cnyqaa f^yHKiialil MHorax nepeucHHBDC, ; 

ocynecxBJiaexca paAOM yqeHHx a b Hama AHH;HQilap 






■ 'Jk 
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^to<5h cocTasHTb .npe;ncTaBn8HH8 o xapaniepe TeopeTHKO-qnc;io- 
BBK pesyjIbTaTOB XHHqHHa,IipHBej5eM HeCKOJIbKO SopMyUHpOBOK flOKa— 
saHHbK HM xeopsM.B pa(50T8 r27j,OTHOcameiicH k 1926 r,,coflBp- 
KHTCH flOKa3aT8iibcTBO cjisflyioinero $aKTB:nycTb fit) nojio:5HTejiBHaa 
ferHK^Hfl c MOHOTOHHO yCHBaiOUHM npOH3Befl8HMeM HepaBSHCTBO 


1^- 1 \ « <pc>) 


WiH noOTH Bcet «>< HMeex decKOHeqnoe mhcjio pemenuK b uejiux 

jo K Torj^a h tojibko Torfla,Korfla pacxoflUTca HHTe- 
rpaji|’^t tf .Pfla saKOHqeHHtK HBflmHtK pssyjibTaTOB XwHqa- 
Ha OTHocHTCfl K M8TpH^3CKo3 T8opMH HenpspbiBHbix ;i:Q)o6eK.Mi,i orpa— 
HwqHMCH 3fl8 cb $opMynHpo3KOH^yx xaKMx xsopsu [75J U [7^ *nycxb 


I - H8nojiHHe qacxHHe paanoseHHa uppaiiwoHajibHoro qHc- 


jia ot ]| HenpepuBHyio jipo6b,a - BHaMeHaxejia nojpio— 

wnpx spo(5eii axoro paanoxaHWH.^orfla wia noqxii Bcex «< cy-^ 
mecxByiox npe^ejiH 




B 


•= 6»)vv 


' rfl8 c J, ^ a(5cojii0XHH8 nocxoflHHH8 /C':»2,6...;KaK nosflHee 
Hameji II.JIeBH,’^ = xo^kh apsHHH xeopwH BepoaxHocxeii 

3XH xeopeMK MOOTO xpaKxoBaxb kbk acHimixoxMqecKHe CBoScxBa iHJia 
cyioi qjisHOB nocji8flOBaxejibHocxeiS cjiado saBucuMtix BajiBquR.K axo— 
My K8 Kpyry Mseii oxhochxch h H3BecxHHW pesynbxax XHHqHHa nojt 
HasBaHweM aaKona noBxopHoro RorapM^a.HMeHHo b 1923 r.^ojeuy 
yflajiocb yxoqHHXb ojtHy o^8HKy qacxoxH pacnpefleneHHa'Hynell a 




Approved For Release 2009/07/09 : CIA-RDP80T00246A011 700340001 -4 




Approved For Release 2009/07/09 : CIA-RDP80T00246A011 700340001 -4 

nU - - H . 


-1 ~ 


ejlHHHEl B flBOHTOOM paBHOSSHHH flBWCTBHTejIbHbDC TOCejl^KOTOpSH • 
6i>Dia nonjni8Ha b 1914 r, Xapjm m JIiiTTjiBBy;i;oM.EcjiH qepes 
• oCoBHaqHTB yKJioHeHHe 'iHcna e«HHHit,HaxoflffmHxcH Ha nepBux 
Meciax paBJioscsHHH ot 4^2 ,TO,KaK ohh o6Hapyai!JiH,jpifl nowu 
Bcex qHcan ^(n)= 0 ({ni^rL, ) .B pa6oTe ]l0^ yflanocB flOKa- 
3aTB,qT0 3Ty oiisHKy mokho 3aM8HiiTB Ha (5ojiee TOTOywiwia no^- 
TH BC8X qHceji ^(k)= 0 ^ J .^epe3 ron noHBHJiacB cxa- 
TBH [is^ .B KOTopoiS XHHqHH TpaKTOBaH 3Ty 3aflaqy,KaK aaj^a^ 
TeopMli B8pOflTHOCT8ii.B TSpMHHaX XeopHH HHC8J1 MU UOSSU C$Op*^ 
uyjiHpoBaxB 3X01 OKOHqaxejiBHuii p83yjiBTaT xaK:flnfl noqxH Bcex. 
qHC83I oi HM88X M8CXO paseHOXBO 

— ^ . 
V2rve^LvVV. 

3x0 paBSHOXBO H COCXaBJIflST 3HaM8HHTHii 3aK0H HOBXOpHOrO JIO- 

rapHp.ia,KOxopouy nosflHae 6 buio nocBHmsHO fiojiBinoe hmcjio npe- 

Bocxojpiux HccJiesoBaHHi! mhoxhx yH8Hux*H xony counac nanou- 

hhxb nwniB o6 oflHOM p83yjiBTax8,yxoqHfliomeM aanoH noBXopHoro 

norapH^a b ;^8 nepsoU h 3 npHBessHHux mhoS xeopeu xeopHH 

HHC8JI.3XOX peayjiBxax (Ssdi no;^H8H ysca b Haqajia copoKOBux To- 

flOB 3p;n8nieM w §8jiH8poM Ha ochobs npeBmeoxBosaBnieil pafioxu 
n . 

H.r,^^expoBCKoro,nocBHm8HHo2 rpaHnqHUM aasaqaM ^ jpiH ypaBHe- 

HMfl X8nHOnpOBOHHOCTH. 

-i/ 

ErdBs F»,On the law of ‘Uie Iterated logaxdthB,liin.of 

Math. ,45,419-436,1942 

Feller W.,The general form of the so-called law of, the 

Itexnted logsrithn, Trans. ABer.Ma*ttt,Soo. 54,H 3,373-403>,1943 
xx/ 

Fetrowsky I.,Znw ersten Bandwertanfgahe der Whrmelei- 
tongsglelehung, Coapos.Math; 1 , 333 - 419 » 1935* 


-t'j 
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Bonpoc MOKHO nocTaBHTb TaK:HaiiTH Bce ts ^poci^iH tfCni ,Ana ro- 
TOpiDC HepaseHCTBO 



BilinojiHHeTCH jvm noqTH Bcex qHceji oC npa Bcex »v ,3a hckrb)- 
qsHHeu duTb M0R8T KOHeqHOFO MX TOcna.^a peaynbraxa XnaqiiHa 
BUTSKaeT MHinbjqTO ycaoBHa 

n 


4 


V2«6ajeojrv 

fl 0 CTaT 0 TO 0 ,a ycnoBiie 


>1 




<ptn) 


^ \ 


EmpnnnsEia Heo6xoflHMo.H8o6xoAHMoe h flocTaxoqHoe ycjioBH8,KOxo- 
powy flOJisHa yflOBjiexBopaxb ^ymci^HH cocxohx b cxojihmocxh 
HH xer{)ajia ^ _ y^u) 

J ± <pCt; z ^ At , 


Eem roBopuxb o 6 BccasAOBaHHHX XnHqHHa b o(5jiacxH H8U8xpii- 
qecKHX aaflaq xaopHH qHcen,xo b nepByio oqspejtb cnaj^yex yKasaxb 
Ha ero pa(5oxu no xeopnii aho^hxobhix npudjinKSHnit a Ha xBopeuy 
0 cjioaeHHH nocneflOBaxejibHocxeH rtanHX hhcsh (S3] ,l97],5oi . 
3Ta nocnesHHH Teopeua coctout s cnej^ioiaauiiiycTb f ^5 ~ aocneAo- 
BaxejibHocxt naxypajibHHX HHcen, (^U)- hhcjig qneHOB 3xo2 nocjie- 
flOBaT8JIbHOCXH,KOXOpMe HS np8B0CX0flHX .fiaSOBaU nJIOXHOCXbH) 

nocnsflOBaxejibHocxH ffl h oSosHaqHM qapes hhkhiok) rpanb qa- 

ceji .CyMMoid nocjieflOBax8jibHocx8a {f,],fy»l,*♦,,{f,^3Ha3IIHa8X- 
ca nocjieBOBaienbHocxb qacBJi (p^ +Y^^+.. ,rji8 Kasfl 08 ‘f;, ecxb 
3 im(5o Hy3ib,jiH(5o qHCJio nocneflOBaxenbHocxHlfi^ (l$- c sW) .XHHqHH 
flOKa3aji,qxo ecjiH 


t. .’ i :i 
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Wia cjiy^an nocnsaoBaTentHOCTefi c paBHUMH nnoTHOCTHMH.OnydnHKO- . 
BaHMe OToro peayntTaTa npHBJieKno sHmsaHHe mhofhx MaTewaTHKOB a 
BM3BajiQ ig Bmia i pa ni uiK i H B iininMiuy iitiaHKMiiirf pacnpocrpaHrail^ ero Ha nocJieso- 
BaT8JIbHOCTM B paSHHMH nJIOTHOCTHMH . flOHrOS BpeMfl,pnHaKO,Iipo6)ieMa I 
H8 now^asanacb ycHHHfliJ.H jihoib b 1942 r. Manny ,a qepes roj; ApTH-'| 

• i 

ny H niepKy ,yflajioci> naiiTii nonHoerpejaenne; | 


Cpean BOCTMKeHwii XHnqHna b TeopwH flnofanTOBHX npHCjinsennS 
ynaKSM na npHnawieaamnii euy BaraBiii npnniiHn nepenoca.KOTopidi 
CBHSUBaeT peinenne jinneilHux nepanencTB b qncjiax c jpo^an- 

TOBHfJH npncSjiHKaHHfliiH KO^$$H^HeHTOB annpoKCHMwpyioinMX nnneMHHx 
$opM.roBopH 0 pa^OTax XnnqHna b o^JiacTw Tsopnn qHceji,HejiB3a 
H8 ynoMflnyiB npeBOcxoflHHe nonyjinpnHe KHiirH,HanHcaHHH8 hm b 
paBJinqHHe roflH.Cp8;i5 H hhx h xot 8 ji ( 5 h oco 6 o otm 8 thtb neConBrnne 
KHBKKH [73jBr 1 ,n8p8B8A8Hnne na MHorne HSbncB Mnpa. 

Kan HH 3HaqHT8Ji8H BKJias XHnqHna b Teopnio ^ynKipiii a Teopntf 
qnceji.Bce X8 ocnoBnan ero ponB b nporpecce MaxeMaTHKH CBnaana 
c Teopneil BeponTHOcTewtOxTOJiKHyBiiiHCB nepBonaqaaBn'i^afla'i cba- 
saHHHX c xeopneJi qnceji /aaKon noBxopnoro norapn^Ma/ n xecpna 

$yHKUHii /CX0J5HU0CTB piJflOB H3 H83aBHCHMHX CJiyqSMHHX BejIHqHH/, 

/ 

OH nocienenno Bicmoqaji b opfinxy cbohx nniepecoB Bce (SonBrnnii n 
CojiBinHii Kpyr npo^jiSM xeopnw BepoflxnocxeiS.Bojiee xoro on npwBJieK 
K pa3pa(5oxKe ee npodnew Mnornx mojioj{bix mockobckhx MaxeMaxmcoB, 

■HBgBHBMi>igBgtniHK:r[:; ra gT^ HOHO^SHB XSM CaMUM HaqanO MOCKOBCKOli 

vQ TeOpHH BepOHTHOCXett/ 

pflpnpTiHnrwl^ 

BcJisfl 3a pa6oxaMH,nocBHmeHHHMH aanony noBiopnoro norapn^iaa 
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ll cy^MiipoBaHUR) psi^oB CO cjiyqaiAHbiuM q]ieHauH,nocnesoBajiH Hccne-* 

noBaHBfl XHHqHHa,nocBHiiieHHi>i8 KJiaccHqecKMM npo(5jieuaM c^MmipoBa» 
HHa HsaaBHCMMHX cJiyqaiiHBDC BejiHqwHiCpeflH nojiyqeHHHX peayjibTaTOB 
A xoTen tfu p cgHaaniH BUAejiHTb HCKJiioqiiTeAbHo npoBpaqnoe ycnoBHS 
npiiM8HHM0CTii saKOHd (5oji&miix qHceji b cAyqae Heaa^BHcuMux 
HaKOBo pacnpesejieHHux cJiaraeMHX,KOTopoe cbohhtch k cymecxBO-? 
BaHHH) koHeqHoro MaxeMaTHqecKoro .flajiee nyoHO ox- 

MSTHTb IDIOiHOTBOpHOe nOHflTH8 0TH0CHTe3II>H02 yCTOiSqHBOCTH CyMM 
[74^,KOTopoe OKasajiocB b caMoia oahbkoK cbash c $opuyjiiipoBKofi 
OKOHqaxejiBH&Dc ycjiOBHi! cxoahmoctu HopunpoBaHHux cyMU HsaaBucn- 
mhx CAaraeMHX k HopwajibHOMy pacnp8flejieHHH).fljifl cJiyqaa OflMHaKO- 
Bo pacnpsflsjisHHbcc cJiarasMHX XiiHqHHy yfla/iocB oflpoBpeiieHHO c 
n.JIeBH H B,$8Jijiepou m HaaaBucMMo ox hhx nauxM Heo^xoAHime b 
flOcxaxoqHHe ycjiOBHH cxobhmocxh k HopMajiBKOisy aanoHy 
Oco^o HyXHO OIMeXHXb pa^OXH '[4'^ H J4:^,K0X0PH8 MOSHO CqHXaXB 
HaqanoM coBpeu8HHoii npofinenaxiiKH "(5oaBinHx oxKJioHeHH2”.K axoiiy 
S8 Kpyry H^ait mh hojkchh oxhccxm nocxpoeHHS XHHqHHHU ofineM xeo- 
pHH npe^eABHHX pacnpe^ejisHHa bah cytaw HeaaBHCHUHx cjiyqaiiHHX 
BSAiiqiiH [ 91 ^ .OcHOBHoe npeBAOK8Hiie paaBHXoii mm xeopMM Mosex . 
<5 hxb c$opMyjiMpoBaHO xaKiKJiacc npeBBABHux pacnpeBeAeHHii nna 
cyuM HeaaBHCMMEix,(5ecKOHeqHO MaAHx cjiyqaMHBK BeAHqHH cosnaBaex 
c KAaccoM (5earpaHMqHO bb^ukdc pacnpeBeneHMS.floKaaaxenBcxBO 
axoro $aKxa,a xaKse BpyxHx npeBAO-aceHM^ xeopHH cyMMMposaHHH 
noxpe6oBano paaBHXHH h npHB8BeHMH b nopHBOi^eopHH (SaarpaHHq-. 
HO bb^mmx pacnpeBeaeHMiiyHeaaBOjiro nepeB xbm BBeBSHBux b pac- 
cMoxpaHHa BpyHO bq ^HHexxH m A.H.Kobmobopobhu* 

TeopHfl CyMMHpOBaHHH XpHKBH BBOXHOBBHBa XnHqHHa Ha HaHHca- 
HHe MOHorpa^Mil^nepBaH uoHorpa$HH na axy xeuy Cnjia mm naBana 
B 1927 r.||3^,nocB8 xoro kbk oh npoqen b Mockobckom yHMBepcH- 




r 


i'-’ 

«l 
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H/ 


TeTe cneijHajibHtm Kypc Ha aiy Teuy.BTopaa MOHorpa^aa jesj cbh- | 
saaa KJiaccaaecKHe npo(5aeMu cytmapoBaHaa c reopaea uapKOBCKax 

f' 

npouBccoB a accaenoBaHaaMa nesanoaro ;d;o Toro saKaHaeHHBOia ^ 

A.H.KoaMoropoBBOi a K.r.HeTpoBCKaM.Tpexba Moaorpa^aa CbbI na- | 

1 

Baaa cxpoaHoe asaoKSHae o(5max nmniptaa npsAsaBHUx Teopau Aaa npa^ 

cyMM HesaBacaMux caaaaetajx a ax npaMeneHae k KaaccaaecKoii sa*' \ 

] 

flaae o cxoflauocTa HopMapoBaHHHX cyMM k HopMaatHOMy aaKony. j 
CoaflaHMK 3Toa KHara laKsce npejpnecTBOsaao HTenae cneaaaabHoro ; 
Kypca B Mockobckom yHaBepcacT8Te,3TOT Kypc npaaaeK Tor^a k 
T eopaa cyMMapoBaHan aHxepecu A,l*Eo(5poBa,A*A,Pai;lKOBa,a xaicse 1 

Moai \ 

i 

B H8nocp8HcxB8HHOii cBHsa c xeopH8a cyMMapoBaHaH HaxojvrrcH 1 
pa6oxii XaHqana no apa^MexMKe saKOHOB pacnpe;z^asHaH,B Koxopicc 1 
. accaeTO/ioxcH BonpocH pmnmsHSHH npe^tcxasaBHafl pacnpe;neaeHaii b 4 

Bane KOMnoaanaa /npoasBBnsHHH/ pacnpaneaeHaa.Cpana noaynsHHHX 1 

■ ■ "I 

XaHHHHiiiu pBsyabxaxoB oxMexau ca8nyioipe:KaKno8 pacnpens^ieRae | 
paaaaraBxcH b npoassBaenaB ^BarpananHO naaaMoro a cxonsineroca | 
npoa3B8n8HHa KonenHOii aaa ch8xhoK nocaBnoBaxeaBHOcxa nepaano- ;| 
KaMHX pacnpenen8HaH;n8a8HH8 ^yHKuaa pacnpanaasHafl booths ro- 1 
Bopa HeonHOSHanHO / b caay onnoro npaM8pa B*B,rH8neHKoAK no- I 

caenneMy npenaoKBHaio npauuKaiox pa(5oxH M.r.'KpeSHa no npbnoaxeHa*] 

1 

Ham 3pMaxoBO-onp8fl8a8HHi)ix ^yHKuaoHaaoB.HccaBnoBaHaa XaHnana 

no apa$M8XHKe aaKOHOB pacnpensaenaa BusBaaa k xasHa pan pa<SoT i 

I 

J^,A»Pa^oBa,Jliore a b noca8nH88 BpeMH K),B«^HHHaKa. >| 


Hhxbpbc k $aaoco$CKaM a MoxonoaoranecKHM BOiipocau,Koxopuit ! 
XaHHaH npoOTana pme b nepaon inKoaBHoro o(5yH8Haa,npHBen ero k 
pnny pnny nySaaKanaS no $aaoco$CKau BonpocaM uateMaxana Tsoi , I 
[38],l43],[5d].Ol‘iO.C npyroli CTopoHu paauumaeHaa o poaa ua* j 

xEfi fl? " V ^ • 
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TeMaTUKH B jifijLQ nosHaHMH aaKOHOMepHocTeli npupo^iu BBejm ero b - 
npodjianaTHKy $H3HqecK0il cxaTHCTHKH N .BonpocH cTaxMCTiiqecKoii 

$H 3 HKH C 3 T 0 r 0 BpeMeHM 3 aHflJIH 60 jn>ni 08 Me CTO B TBOpqeCTBa XHH- 

quHa.lI,co 6 cTB 8 HHO,Bce,qeM oh hh BanuMajiCH nosAHee b xeopHH Be» 
poHTHOCTeft xaK vinvi MHane naxoAHHO oxkjihk b ero Hccjie;il0BaHHflX 
no cxaxHcxHnecKoS $H 3 HKe. 3 xo oxhochtch h k ero eaHHXUHU mBnnit ^ 
npeASJiBHuMH pacnpeAensHHHMH nna cyMM HesaBHCHMaoc cn^.naiiHBOC Be- '| 
HHHHH.H CJtyHaWHBEiH HpOUeCCaMH MapKOBCKOFO XMna,H K paSBHXOtt 

HM xeopHH cxaitHOHapHux cnyHawHfcix npoiieccoBiB othhux Cecenax . 

OH nocTOHHHO noAHepKnsan, HTO uMenno paaMunuieHHH Has Bonpocaun 
cxaxHcxHHecKOM $H 3 HKH HaxojiKHyjiH ero Ha Hseio paccMoxpeHHfl 
xoro Knacca cjiynaSHBix npoueccpB,KOXopHe xenepb nonyHHHH Han- 
MenoBaHHe cxasHOHapHux. 

HecoMH 8 HHO,qTO B pasBHXHH xcopHH BepoaxHocxeiS 3 a nocnes- 
HHS HHmmnpnHniHHHa naxtsecax nex mhcjib oC5 H 3 yq 8 HHH cjiynaijHBix 




nposeccoB HBJiHexcH osHOii H3 caMux nnosoxBopHHx H OKasaBniHZ 
Haafiojibniee BJiHHHHe Ha tojibko hb cxpynxypy BceS sxoii b 8 Xbh mb- 
xeMaxHKHjHO H Ha yBxaHOBJieHHe MHoroHHCJieHHux rj^y<5oKHx CBHaeli 


C CaMUMH pa3HOO(5pa3HMMH eCXeCXBeHHO-HayHHMMH H XeXHHqeCKHMH 
Hgen J 

SHCHHnjiMHaMH.tPaccMOTpeHHa cxasHOHapHux npoueccoB b sxom npo«> 
VjeopHM BapOHTHOClsEj 


OKaaajiacB HCKnrawHxejiBHo BaHHoid,a pona Xhh- 


rpecc 

B 

HHHa o$opMH 8 HHH Haqaji xeopHM cxaitHOHapHHX cjiynaiSHBix nposeccoB 
HCKHioqHxejibHO ^ojibinow. 


HeKOxopolJ mnHimgHg Mspe HeoSxosHMocxB 
paccMOxpsHHa xaKoro KJiacca nponeccoB Havana yxe niMpoKO omymaxb- 
ca B HayKe.IIpM paccMoxpsHHH aasan raoSwainai xaKHs yH8HH8 Kan i 
TeKnop h Kennep npH6itH3HiiHCb k hohothh) cxauHonapHoro nposecca."’’ • 
E.E.CjiysKHft Ha nonse anajiMaa iiitmnn;nt!| cxaxucxHqecKHX pasoB npH- ' 

f. 

men k mbicjih o xoM,qxo onpBseneHHoro xnna npoueccu /aBnaioiqHeca 
qacTHUM cjiyaaeM cxasHOHapHHx/ cnoco^Hu b h 3 B 8 cthom cmhcsb hu- 


y- 


uHTHpoBatb noB 8 seHH 8 HBpMOSHHecKMx H noHTHnapHOSHHecKHx npo*> 




.luliTir -tefl 


‘f 
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y 


i; 8 ccob,B pa^oxe CssliS nossnee b ^p] n mim S d i XHHqHHtw ( 5 hji ycxa- 
HOBTOH psvi TsopsM THna saKOHa (5oabinHx qwceji wia CTauHonapHux 
nocjiesoBaT8nBHOCTet!.B 1933 r» hu 6h!Jiu ashu m aw t wa yiQ)oi!i8HBiiie 
flOKa 3 aT 8 JIBCTBa leopeM CTaTHCTH^eCKOli flWHaMHKH ^TaK «8 THna 
aanoHa doatmHx qwc8ji/,paHee inoKasaHHHX KymianoM h Jx,$oh Heii- 


MaHOM,0cH0BHH8 8ro ycn8XH B T8opHH cTauMOHapHux nponsccoB CBa- 

fio 

3aHH,o«HaKO,c KByiiSi flpyrMMH ero cTaibHJiM.B nepBotl dBUio naHO 

t 4M j 

niHpOKOB 0(50(5D;eHHS H3B8CTHOi5 TeopSMU BHpKX0$a,n0Ka3aHH0iS(C 
HcnoataoBaHHeM MHoroHUcasHHux cnennajiBHux nonymsHHiS^jiHinb wia 
nHHai«IHq8CKHX CHCT8M C ^aaOBHM npOCTpaHCTBOM B BHfl8 KOHe^OllH 
MepHoro MHoroo(5pa3Hfl.HM8HHO B [583 flana $opMynHpoBKa h 

npHB8fl8Ha nojmoe noKaaaTeabCTBo TeopsMti,KOTopaH Tenept aacay- 
XBHHO noayaHaa HaasaHHe TeopetiH BMpKxo$a-XHH^Ha.B cnywae 
BHCKpeTHoro BpeM8HH OHa 33y^T TaKiscyiH nocaaaoBatsaBHOCTb 
cnywaHHux sann'iHH 

I \ ? 

‘>|> 

CTaUMOHapHa H MaTeuaTira8CKOe OXHflaHH8 K0HS'1H0,T0 C B8p0#» 

HTHOCTBK) SflHHHIta CyH8CTBy8T KOBB^KHM Upe^BJI 

3 cTaTB8 |673 ^bdih aanossHu ochobh coBpsMaHHoii cneKxpanBHoii 
xaopHM cxaiiMOHapHbix nponeccoa.SflecB xe (StuiH naHu onpsflSJisHHH 
cxaiXMOHapHtix b mHpoKOM M y3K0M cMHcnax cjiyqaHHHX nponeccoB. 
2^Ka3aHHH8 p83yjiBxaxH XHHqwHa npoaonxaiox HrpaxB b xeopHH cxaiiHO 
HapHHX nponaccoB itBHxpaaBHyio poaB.HecuoxpH Ha xo,qxo co shh 
H x nojiy'ieHHa npomjio (5oae8 nBajwaxM naxH aax. 

HaqHHaa c 1929 r* Xhhtoh HeojmoKpaxHO BoaspamajicH k pac- : 
CMOXpeHMH) npO(5jI8M CXaXHCXHnaCKOii $M3HKH,M!B TonBKO TOO w mm nijitiif uff 

roBopHnocB o xoM,KaK 3XM 8ro HHxepscM noBaHfljiH Ha aaHflxMH I 




^3 
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Teopweii cTauMOHapHBK cjiy'iatiHbix npou8CCOB*C flpyrott cxopoHH 
aro Hccjieji;oBaHHfl b oCjiacTM npeflejitHbix laopeM jijisi cyuM npu— 
B8JIH K pa3pa(50TK8 M8TOfla n03iy^3HMfl OCHOBHUX T80p8M CXaTH- 
CTH^ecKoii $H3HKM,BaniiSaaB HaquHan c 1941 r.,OH cHCT8MaTH^8CKH f 
pasBHBaii xy HseiOj’iio ochobhhs MaxcMaxw^iecKiie safla^H cxaxHCXWi 
qecKOii $H3HKH Mopyx 6trrb CBejteHu k xopomo paapa^oxaHHOny 
annapaxy npsflejibHux xeopaM jsjisi iHaaaBUCHHHX cjiyqanHHX b8Jih- \ 
HHH.Ocodyio pojib npn 3 xom Mrpawx JiOKajibHHS npeflejiBHuB xeop8- | 
mh.B 3 HaqMxejii>Ho2 cxenaHM nofl BjiHHHneia axoro Xmh— * 

qHHa B nocJiajiHHB 15 Jiex xaK oshbhjich MHxepec k JiOKajibHMM | 
npe^ajibHuivi xaopeMmi.Sxw HfleH mnpoKO wsBacxHH no npeKpacHHM | 
MOHorpa^HHii UltJ ,napBHa «b8 h 3 Koxopux nepsBB- 

naHbi H HBjiaHU b pane cxpaH,B xou qacaa b rapMaHHH a CfflA'* 

nocneaHagt nepaon XBOpqecKaX .flafliajibHocxa Xannana naASiex 
Ha roflH 1953-1956. flaa xana sa^aq saHauana aro b sxo Bpeua, 

C OflHO^ cxopoHu 3 X 0 cStiJio yBHaqaHaa hoboiI otfjiacxbio — xaopaaiii 
aH$opMaitaa,B03HHKinaii b ipysax b napByio oqapoflb K.^ennoHa. 
Sflacb 8ro yaneKna Bonpocu noraqacKoro yHopaBoqeHaa flOKaaa— 
xajibcxB.flaHHbDC ■XBopi;aMa xoapaa an^opMaitaa (Jaa jtocxaxoqno 
cxporax odocHOBanaa.Sxa pafioxu XaHqaHa |lA3^ J* ll5^3 <SJiaro— 
;;apa HeMaitKony a anmaacKOMy nep8Bonau,cflenanacb nerKO wo- ' 
cxynHima jwh osHaKoujiaHaai 

Bxopoa HanpaBjiaHaa accJieAOBaHaii cBHaaHO c npo^nauaxaKoit ’ 
xaopaa oqapanait ana.KaK npenno^san 8ro HaauBaxb XaHqHH,c X 80 - 
paaii uaccoBoro o^cjiywaBaHaa.HHxapec k cxoamaw saacb npofijiana 
MaM B03HaK y Haro enia b aaqana xpamaxux roAOB,KorAa ob b I 
pesynbxaxe o^DiacxBaHHoa AeaxanbHocxa OKaaajicH xacHO CBBsaa 
c padoxHaKBMa mockobcko!:! xana^oHHoii caxa.llueHBO B axouy 
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BpeMeHH OTHOCHTCH erO HCCJISAOBaHHH {573 H fAOCTSTO^O 

xopomo H3B8CTHH8 cn8UHanHCTaM. B nocjia’ii^HHx patfoTax ero yBJie- 
KajiM He OTflejibHHe qacTHus aaflaqa odcJiyaMBaHHHia nay^SHHa 
Bxosamero noTOKa xpa^oBaHHli.rjiaBHHM oiSpaaoM mm8hho axoti aa- 
flaqe nocBHmeHa.ero nocjiaflHflfl MOHorpa^HH 54<1 H nocHa^Hiie 
ero MaxeMaxMqecKHe pa(5oxiJ 

OtfjiHK XHHqHHa KaK yqsHoro flonacsH (Shxb sonojiHeH ame oflHoii 
qepxoHinocxoHHHHM HHxepecoM k BonpocaM npenoflaBaHHa ksik b 
cpaflHeii niKOHe.xaK h b bhciuhx yqefimjx aaBeneHMax.On carpan 
3HaqifiX8JiBHyK) pojit b yjiyqinaHHH yqe(5HHKOB no aneMeHxapHoii Ma&. 
xeuaxHKa ,BMCxynH3i c pn^oM cxaxeS Ha uexo^niqecKHe xaiLiiiyHanH*^ 
can pHfl yBji8KaxejibH6ix Cpomiop naiH yqHxeneK h npeBocxoj^HHX 


■a. 


yqe^HHKOB jpiH cxynenxoB, . 

B SMaHH XHHqHH (5i>ai HCKJnoqHxenbHO xpe(5oBaxejieH k ce(58* 


Oh UHoro 


BHHMaHMH yn8JiHn HayqHowy BocnHxaHHio cbohx 


yqeHMKOBjHaBOflH Ha xsmh caMocxoHxenbHHx HccnesoBaHnS a noo- 


mpHfl BCHKoa npoHBJieHHe HayqnoH caMocxoHxenbHOcxH m HHHUHaxMBH, 

fl cqacxjiHB , qxo mhb npumnocb dtixb BmunnyiuBTarwiiitnM oj[hhm na cautix •I'l 
tfnwaKHx 8ro yqsHHKOB h Hadjnonaxb ero b pacSoxe h ®h3Hh«0h h 8 ; J 
npH3HaBan HenojtenaHHux nan h Hiocorna ne noaBonnn ce<5e nape- j 
KnanuBaxb na nneqn npyrwx pafioxy.aa Koxopyio oh Hec oxBexcx- | 

B8HHOcxb,0H He cxpeMHncfl K BH 8111 HHM noqecxaw H,(5ynyqH yqeHUM | 

; * 

C MHpOBHM IIMeH 8 M,qnSH 0 M-K 0 ppecn 0 HneHT 0 U AKanSMHH HayK OCCP J 


H aKanewHKOM AnaneMHM nenarorwqecKHx HayK PC$CP,00 npononacan 
„ ^ (jHoneS aa hxj 

BecxH CKpoMHHM oopaa BHaHH I yB agag Hii^iiiktii ^sTBniuHnf ' paHy i n BHyxpen— 


HH8 KaqecxBa,a na aa bo saHmiaeMoe hmh nonoxeHHe. 


19 HOH(5pn 1959 r* nocne XHoenoJt h npononsHxenbHott tfonea— r 
HH XiinqHHa He cxano.Haoa HayKai nonecna KpynHyB yxpaxy.Ha cxa- ’ 


no q8noBeKa,npHHnBni8ro na cbom nne^ aHaqHxenbHyio nomo ^onb- 


^ ^ _ ^ ^ ^ 
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moro H HjoKHoro ipy^a no cxponTenbCTBy HOBoit Teopnn sepoRT- 
HOCTeii.Ha nyxH cjiyssHHH nayKH oh npM0(5pen yBaxeKne KOJinar 

H HayHHOa U0JI0fl8«H BO BC8M MHpS.B XOSS Bp8Mfl OH HCKp8HHe 

paflOBancfl Ka^woMy KpynHowy ycnexy nayKH, noABJiaHHio KaxAoro 

HOBOrO MOJlOnorO flapOBaHWH.fl HOMHIO KOK oh XOPAHHCH X8M,qX0 
B Hainoil HayK8 noHBUJicH xaKoil <5n8CXHmH0l npBflcxaBHxenb ksk 
B,J5§cJjihh h b xowe BpeMH khk oh nepoacuBaji npeKneBpsMeHHyio 
8X0 XH^SHB ox pyK llHgltaHMBu]ii}lHgtH!lllHIIlBailtiniBB?M I I [ lf lM i i li i l Mj i W ia M i aw illin tf j pilf» 
B Bi niHHai i iiH t aiiu ii iu u ip a uipnggriinin MPiniuHiHBJuiHai g i ii Ha t Mip xHxnepoBCKHx iia3ia>* 
H8ii»XHHHHH PapMOHHHOCKH COHexan JtapOBaHHH uaxeuaxHKa luiac-: 
CHH8CKoro cKJiafla h npoflcxaBuxejia xeopaxuKO-MHoaacxBaHHoii 
KyJIbXypH,0nH0Bp8MeHH0 OH BHflejl B MaX8MaXHK8 MOmH8{!in88 Bpafl- 
CXBO H3yH8HHa 


aaKOHOMepHocxeU OKpyKaiomafi 

BH 


Hac npHpogH« MMMBiiHiitimnHaMiUMHminiiiiiiiuM|i^minin«iBiqB i u B pni m wmp in H iini nH i B nrepit 

IftBpiljH nwmwruHiiTiiT 


B, 3aKJii0H8HH8 H xoHy notfnaxoflapHxb co6paBinHxca sa BHHua* 
HH8 M yBaK8HH8 K naMHXH 1108X0 yHHX8Jia* 


.1 


'.'4 


■ 'i 




J- 
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Chhcok neqaTHiiQC pa(SoT A.H^XHHquHa 


1916 


jU Sar one eztention d« l*lat6£prale de M^Denjoy; C.B.load.SOi 
162,287-290 
1917 


^ Sur la dferlvs^tion a8ynptotlqaa,C.R,Ac.Sc.Pari8,164,U2-145 
1918 


3> 0 npouecce HHTerpHpoBaHHH l)enjoy,MaTeMaT.c(5op, ,30,1-15 
1921 


Siur la thSorle da L* in‘t6gra&&s da M«Deiijo^368CXHH IlBaHOBO— 
BoaneceHCKoro nojiHTeajHHqecKoro HHCTHTyxa 3,49-61 
1922 . ' 


5«0g ORHoacnj CBoiScTBe nenpepuBHux ;i^po(5efi h erp apH^MexHqecKHX 
ripHJioKeHHflx;Tau xe .5,27-41 

6» K Bonpocy o npeRCTaBnsHHH qacjia b Buns cyioiu flsyx npocrax 
'Dice3i;TaM xe 5,42-48 

HoBoe flOKasaTejiBCTBo ocHOBHoii Teopeuu MSTpHqecKoii Teopaa 
MH0X8CTB;TaM X8 6,39-41 
1923 ' 


8* Sur las suites das fonotlons azudytiquas 1 ) 0 X 11888 dans lenr 
easefflble , Pand,Hath,4, 72-75 

Bas Stati^eltsaxloa das Llnearkontlnixas als Induktlons- 
prinsip l>etraohtet,?and.Marth,4, 164-166 
10» Uaber dyadlseha BrQoha,Math«ZeitBolir«18,109-116 
^1* Bln Sats ttbar KattaabrUolia nit arltmetischen Anwendnngea, 
Itotli, Zeltsohr* 1 8 , 289-506 
1924 


0 noc3i8AOBaT8;ibHocTiK aHajiaxaqecKax $yHKiO!iS;MaT8Mictfop,3l, | 


ri 47--151 
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13, MccJieflOBaHHfl o ctposhhh HsuepHutoc $yHKmi!a;MaT8u*c(5.31, 
265-285 

14 , Sur une th6ordme g&n6ral reftatif aux prol>ablllt40 d4- 
aombrable , C .R. Ac , So , Parle , 178 , 61 7-61 9 

15* Uober einen Sate der Wabrsoheinliohkeitsrechnane.Pimd. i 

— T « , . ri^r6,9-2or^ ^ 

16, Elnl ge Sgbse ttber EettenbrUche alt Aawendungoa aof 

-• ■ ' # 

der diofantisohen Approxlfflatlonen,Ha'Ui,Ajm.92, 11 9-125 ~ 

1925 

17* 06 oflHOM Bonpoce leopHu fluo^aHTOBux iipH6nMKeHaii;il3B# 
ilBaHOBO-B03H8CeHCKOrO HffJIMTeX.HHCT ♦8,32-37 
18 » Zwel Bemertamgen au elner Arbeit des Herm Perron, Math. 
Zelteohr* 22,274-284 

19 » MccneflOBaHHH o cTpoenHH usMepHUux $yHKUHa,rji.2,MaTeM; 
c(5op. 32, 377-433 

20, Ueber die angenhherte Anfldsung llnearer Glelchuagen In 
ganzen Zahl^ ;TaM m 32,203-219 

21, Zur Theorle der diophsmtlschen Approzlmatlonea^Taif X8 
32,277-288 

^rliclio j 

22. Beaerkungen zur netrldohen fheorle der KettenVTTSir^xe , 
32,326-329 

23. Bemerkungea za melner Abhandlung "Bin Satz fiber Ketten- 
brttche Bit 1 arlthaetlschea Anwendnagea'',Math.Zelt8chr.22,316 ~ 

_2^0 neiepCSyprcKoa Hrp8,MaTeM.c6op,32, 330-341 
—25 1 fieber SonTergenz Ton Relhen,deren Glleder dnrch den 2n— 
lall beetl^ werdea {TaM X8 32,668-677 /cobmsctho c A,H,Ko]iMoropoBb 0 y(/ 
26. TJeber die Anwendbariceitagroizen dee Taohebyeheffeohen 
Satzee In der Waohrsohelnlletakeltareohzrang, Taw S8 32,678-^ 
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1926 

27« •=? ^ Zur ffletrisehen Theorle der dlophantlsohen 

Approkzimationen , Hath ,Z vl tsohr • 24 ) 706-7 1 4 
* • 

28 ♦ Ueher das Oesets der grossen Zahlen,Math«Azm.96, 152-1 58 

29« Ueher eine Klasse linearer dlophantlscher Approximatloneiiy 

Bend • Giro • Mat • Palermo , 50 y 1 70-1 9 5 

30* Ha8u HHTyHi;M0Hii3Ma m 6opB6a aa np8:r(Lt8T a coBp8M8HHo!i Maxe- 
uaTHKH;EacTHHK KoMMyHMCTHqecKoJi AKafleMMH 16,184-192 

1927 ' - ' 

X 

^1* Beoherohes snr la straotare des fonotions mesnrahleSyPond* 
math.9, 21 2-279 

32. Ueher dlophaatiaehe Approxlmatlonen HUheren OradeSyHa .0 • 

34,109-112 i 

"I 

33. JlHo^aHTOBu npM6jiHaceHHfl;TpynH BcepoccHKcKoro MaTeM,c"e3jia, | 

— ■ 131-137 

34. BeuMKaa xeopsMa $epMa;rocH3flaT,l-52;2-oe H3fl*rTTM,1932 

35. OcHOBHue aaKOHH xeopHM BepoflTHOCT8K;BTopo8 H3fl.rTTH1932 

1938 * " 

Sur la loi forte des grands noahres,C.R Ao. Sc .Paris, 186, 
285-287 " 

37 . Ohjeotion d*nne note de H.H.Barzin et Brrera,Acad.Boyale 
de Belgique, Bull. class de Sc., 5 s^r. 14, 223-224 

38. ycHjisHHBiii saKOH 6oOT)niHX qnc8n H 8ro 'sHausHne sra uaxeMaxH- . 
qecKOw cxaiMCTHKH ;B8 cthhk cxaxHCTMKH, 29, 123-128 

39. BegrOndung der Bormalkorrelation naoh der Lindehergsohen 
MethodeK3B8CTHH aCCOItHaUHH HaytIH0-HCCIt8A.HH-T0B ury, 1,37-45 

40. Ueher die Stahilitftt sweidimensionaler Terteilungsgesetee . 
MaxeMaxH^. ctfopHHK 35,19-23 

Ueher die a n ge n fiherte AuflSeung linearer Gleiohungen in gan-' 

sen Zau^3T6M,c(5opHHK^ 35,31-33 


. * . ... ..ieS. iji'CJ , 
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42, TeopMfl Tinc8Ji;o^epK paasuTHH aa 1917-1927 r.r. ;MaTeu,c5opHHK 35, 
flonojiHHTejiBHHii Bi)inycK,l-4: “ ' ' , 


1929 


43. TPonh « xapaKTep b MaTeiyiaTHKe;B8CTHHK KoMMyHiiCT«A{ca;;, 
1,5-7. “ 
a Sar la loi des grande noiBbre8,C«R*Ac«So.Farla, 188,477-479 


45* Snr une gfenSraliaatlon dee gnelquee fornralee cla88lque8,C.B« 


Ao.Sc.Paris 188,532-534 

46. Ueber eln problem der Wahr8cheinllchkei.t8reeluning,lIatb.Zelt. 
29,746-752 

AT* Ueber die positiven und negatlven Abwelchungen dea arlthne- 
tischen Mlttela, Math, Ana. 101, 381-385 


48. Ueber elnen nenen Grenewerteats der Wahrachelnllchkeltsreeh- 


nting,Math.Ann. 101 ,745-752 


49. Ueber Anwendbarkeit8kzd.te3:len fUr daa Gesetz der groaeen Zab- 


len, feeu.C(5op, 36,78-80 I 

50. y^ieHMe MHseca o BepoHTHOCTiDC h ^pHH^H^M ^HanqecKoii CTaTHCTHKH; .| 
ycnexH $ii3HqecKHX Hayn 9,141-166 ... | 


1938 


51. Die Maxwell - Boltzmaiinsche Eaerglevertelltmig ala Grenzwert- 


aatz der Wahraoheinllchkeltarechnung, ‘‘‘pyAU C8MMHapa no TeopHU Be- 
pOflTHOCXeS H UaT8M,CTaTHCTMKe npH Mry, 1,1-11 — 


1932 


52. Snlle auccaaaloni atazlonarle dl eventi,Gloxn.l8t.Ital.Attaazl! 
Aimo 3,3,267-272 

53. Znr addltieven Zahlentheorie, ®^aT8M,c<SopHMK 39,27-34 

54. Ueber eine Ungleichung, ^axeu.c^op. 39, 35-39 

55* Sor lee olaaa ea d'^r^nenenta ^qalvaleata, ^axeM.c(5op. 39, 40-43 


56. Reoarquea anr lea auitea 8*4yfe||?o5ftt%obbfciB8antB 4 la loi 


i 
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dea grands nombre8,MaT8M,c(5op*39, 115-119 
57« MaTenaTHMecKafl Teopwa CTaiiHOHapiioii oqep8flH;MaT,cC5op 


vPl 

.397^ 


Zn Birkhoffa Ldaung dea Ergodenproblens .Math^Ann^ 107 ,j48S-t 

19J5 


0 cp8;itH8M Bp8MeHH iipocTOH cxaHKOB ,MaT8M, c(Sop*40, 119-123 


^0* Ueber etezionare Relhen attfailiger Tariablen,MaT.“c(5oD.40.9 

nzPfHr^ 


Ueber eln metrischea Peoblem der additiven Zahlentheoria, 
MaT8M. c(5op. 40, 180-189 

Zxxr. Qatbefitatiaohen BagrUndtmg der etatiatlachen Meohaxiik, 
Zetabr.fUr angew.Math. tmd Meoh* 13, 101-103 

fl8T8pMHHaHTbi TpaMMa wifl cxauHOHapHHX pflj;oB,yqeHi)!S sanHCKH 
Iviry 1,3-5 /coBMscTHp c A.O.Tejib^OHjj/ 

method of spectral redaction in classical dynamics, 
Proc.Hat.Acad.Sc.USA 19,567-573 

Aaymptotiache Gesetse der Wahracheinlichkeitarecbnnng, 
Springer 1933 ;0H!ai ,1936 
1934 


^ Zttf mathematiachen BegrOndnng der Mazwell-Boltzmannachen 
Energieverteilung,yqeHHe saniicKH Miy 2,35-38 
67» korrelationatheorie der atationhren atochaatiachen Pro- 
aeaae, Math. Ann* 109, 604-61 5, ycnexH MaxBM.nayK Bi>in.5,42-Sl,1938 
68. Bine Teracherfung dea Poincar^schen Wiederkehraatz/Comp.Ua 
Math. 1,177-179 


v i4^i6 

^Ottrterkoeffizienten ISitga Bahnen ia Pha8enratta,Hax7coop4^ 

70. Cjiy'iaM h nan Hayna c hhm cnpaBjifl8xcfl,0HTH,l- 


CoH)38; $poHX HayKH H X8XHHKH 7,36-46 ' ■ . 

arithmetiache Eigenaohaft atuamierbaren Ponotionen, 
Max8M,c6dpHHK 41,11-13 i. 

Teopufl B8pOHXHOCXea B flOpSBOWHOHHOti POCCHH M B COB8XCKOM ■■ 


J 





-,I ’iTi ■. •: ■L*’!: - .... .. . , , i„^ . , 
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73, UenHHa flpo6H,OHTH,2--e Msa.rTTM 194r9^paM 1952 

74« Su ana legge del gzand nomeri generalizzata,Glomale let. 

Ital.Attuari 6,371-393 

75 « Metrleche Kettenbrachpro'bleB,Coapo0.l!ath. 1,361-382 

76. Heuer Beaele and TerallgeBeinemng eines Rarvltzachen Satzee, 
Math. Ann, 1 1 1 ,631-637 

1936 

77. 2ur metrischen KettenbrUche,Compo8.Ma'^. 3, 276-285 

. 78. Bin Satz ahe^dlophantlsehe Approxliaatlonen , fJath ^ Ann . 113, 

415 ( [linear^ 

79. Sul dominio di attrazione della legge dl Gauss, Giornale Ist. 
Ital.Attuari 7,3-18 

80. MeTpuqecKHs sasaqa TeopHH MppaitwoHajibHux qHcen.ycnexH iffaxeM, 
HayK BHn. 1,7-32 

t937. 

81. Hobhw BHBbfl o«hom $opMyjiu n.JIeBH,BH)JuiaTeHH !>!nr,BMn. 1,1-5 

82. 06 apH^MSTHKe bskohob pacnpenejEEHHfl,BH)iiji8TeHH iyiry,BHn. 1,6-17 

1-3 

83. 06 ojmoM npM3HaK8 win xapaKxepHCTHqecKMX |!yHKUHa,BK)JUi.Mryi5, 

84. llHsapHaHTHHe KJiaccH saKOHOB pacnpejteiieHHfl;Bi03in.i£ry,5,4-5 

85. OpHiviepbi cnyqawHbDc BenHqHH,non^HHHK)mHxcfl ycTOMqHBtai aaKOHau 

pacnpe nsjiBHHH, Bwjiji . Mry , Bun , 5 , 6-9 

QB. D, Sur les lois stables, C.B. Ac Sc. Paris 202,374— 376 
374-376 /coBM.c n.JIeBH/ 

t^er die angenhherte AuflSsung linearer Gleichungen in ganzen 
Zahlen,Aeta Arithii.2, 161-172 

Ueber singulhre Zahlensystene, Coup .Math, 4, 424-431 
—88* Absohhtzungen. bela kroneokersehen ApproziQatioaon8ats,Ball« 
Ist.tJath.Toosk 1,263-265 


^ • 1 ■!' : 
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1938 


9E. np8fl0nbHH8 pacnp 8 H 8 3I8HHfl flJW CyMM H83aBHCHMUX CJiyHaiiHtDC 

B enH qMH , rOHIH , 1-116 

93. JB 8 T80p8MU 6 'CT 0 XaCTHq 8 CKHX npOUeCCaX C OWiOTHnHHIOl 
npHpam8HHaMH,MaT8M,c5op» 3 45 i 577-584 

Jiieaj 

94:. Zur Hethode der willkOrllchen se|3 45 . 585-j 

95. 0(5 yHHMOflajIbHtDC pacnp8fl8JI3HHflX,H3B8CTHH ToMCKoro uareu* 
HHCTMiyra E,l-7 

96. TeopHH aaiyxaiomHx cnoHTaHHbDc 3 $$ 0 ktob;H 3 b,AH CCCP,cepHa 
uaT 8 U» 3,313-33E 

97. 338B8HH8 HppauHonajibHHX qHC8Ji;MaTepna3iH k coB 8 main!» yqa- 
T 8 Ji 8 ii,HapKOMnpoc PC§CP,9-12 /nepBneq.MaTeMaxraca b niKOjia,® 3* 
3E-34 3 a 1939/. 

98. KoJmji8KCHH8 qHCJia /cobm.c n.fl,flop$/;TaM « 8 , 39*47 

1939 

99. 0 cJioseHHH noc3iaj[OBaTejiBHOCTeiii HaTypajitHUX queen, Maxeui 
c 6 op .6 /48/, 161-166 

100. 0 noKajiBHOM pocxe onHopoflHHX cxoxacxHqecKHX npoiieccoB 
683 nocn 8 fleiicxBHH;M 3 Becxi!H AH C0CP,4,c8pHa waxen. 487-508 

101. OcHOBHwe noHflXHa waxewaxMKH b cpejpeK iiiKOJie;MaxeMaTHKa 
B mKOJiBjK? 4,4-2E;>® 5,3-10 

102. BcecxopoHHee peajiBHoe o 6 pa 30 BaHHe coBexcKoH uononeacn; 
Maxewaxwica b mKone,!'!? 6,1-7 

1940 

103. 0 npenonaBaHHM waxewaxHKH ;Mojionafl rBapnaa,® 9,142-150 

104. OcHOBHwe waxewaxHqecKHe nonaxMa « onpenejieHMa b cpenHeii 
mKo JI8 ;yqnenrH3 ,1- 

105* 0 cnoxeHHU nocnenoBaT 8 JiBHocT 8 ii HaxypanBBwx qHC 8 n;ycnexH 
uaTeM,HayK»yil, 57-61 
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1941 

l06» 0 MaTauaTHqecKHx onpesenaHKfjx b cpajuiaii iiiK 0 Jie;MaT 8 MaTHKa 
i fflKOJia,Ii1 1,1-10 . / 

107 ♦ 0 noHATHH OTHomaHHa jpyx '9Hcaji;IiiaTeMaTHKa b niKoaa N? 2, J 

si 

13-16 i 

108. '05 aHajiMTMqecKHx Mexoj^ax cxaxiicTHqecKoa MexaHHKH;flAH 
C0CP,33, 438-441 

109. Cp8;itHH3 BHaqeHHH cyMMaxopHux $yHKitHM b cxaxwcxMqacKoIi 
uaxaHMKB.flAH CCCP, 33,442-145 

110. 0 uasMOJiaKyjiHpHOii KoppenaiiMH.JUH CCCP, 33,487-490 * 

111. 3aKOHH pacnpsaejieHHH cyiaiaxopHbix ^yHKUwii b cxaxwcxH^ac- 

Koii uexaHHKa,flAH CCCP, 34, 61-63 ' I 

1943 I 

112. ottc caa ae correlation a posterl<)ttfe/feM,c5op,12 /54/, 

185-496 . . - 

113 . MaxBMaxM^acKMe ocHoaaHiiH cxaxHcxHqacKOii M8xaHMKH;rTTM,l-l; 
1^6, USA ,1950 

114. 05 BprdflH^acKoiJ npo53iaM8 KBaHxosoii M8xaHHKH,Il3B,AH CCCP, ' 
7,167-484 

115. KOHSeKCHHa $yHKUHH H BBOJUOUHOHHHa XeopeMH CXaXHCXH^aCKOU ; 
MexaHHKH ;H3 b. AH CCCP, cepHfl Maxeu, ,7,111-122 

116. Boceub ^8K^Hii no MaxewaxH'gacKOMy 'aHajiM3y;rTTII,3-e 
l948;5[KpaHHCK08 n3flaHM8 1948, 

1946 . 

I' 

117. 0 3a;i;aq8 H85uin8Ba;H3B,AH OCCP.cepHH Max8M, 10, 281-294 I 

118. SjiBMeHxapHoa BBe;^aHHa b xeopHH) BepoaxHocxaft /cobm.c B.B, | 
rHBflBHKo/;!- 128;4-08 H3fl.l957;BapraaBa 1952, 1954 ;ByxapBci 1953: 
Ilpara 1954;Byflan8iiiT 1954;B8_praH 1955, IlaicMH 1958, Hapw* i960 (' 

119. 0 $opuajiH3Ma Bltl|Snp5dSali»H- iliai^eMki'i&iilHaBacxHfl AicaneMHH [ 

nenarornqecKHX najic PC4CP,1^ 4 ., 7-20 i 
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1947 > - 

120. TpH KeM^iysHHU TeopHH 'iHceJi;!!!!! 1-64,2-8 H3fl*1948;yKpaiiH- •; 

CKoe H3fl.l949,B8pjiHH 1950 ,Tokmo 1956 ^ 

"i 

121. JIb 8 T8dpeMHjCBH3aHHH8 c mniiLpaEMS 3aHaq8it ^8to8Ba;H3B* 

AH'CCCP,C8pHH MaT8M, 11,105-110 I 

122. 06 OflHOM npeflBJiBHOM cjiyqa8 annpoKCHMauHOHHoil TBopauu I 

KpoHeK8pa;flAH OCCP, 56, 563-565 | 

123. 06 OflHOa 0(5m8a TBOpaMe TeopHH nHHaaHbDC flHO$aHTOBHX npw- I 
(5nMweHHa;flAH CCCP, 56, 679-681 

1948. ■ 

124. Taopeua nepenoca jyia cHHryjiHpHbix chct8U jiHHaftHHX ypaane- | 

hhw-.JIAH CCJCP, 59, 217-218 | 

125. K TeopHH JIHHeHHHX flHO$aHTOBUX IipH<5jlHK8HHH;flAH CCCP 59, I 

865-867 1 

126. IIpHHUHn flnpHXJie b leopHH flHO$aHTOBHX npH(5jiHseHHa;ycnexH | 

MaTeuaTHqecKHx nayK I,BHn.3,l-28 I 

127. KojiHqecTB8HHaH KOHi^enuHa airapoKCHuasiHBHHSa TeopHH Kpone- jl 

K8pa;M3B.AH CCCP,cepHfl Maieu. 12,113-122 ;i| 

'.i 

128. 0 HeKOTopbK npHnoaeHHHX floCaBoqnoa nepeueHHoa;ycn8XH iia- 

TSM.HayK ffl,KS 6,188-200 :| 

129. PeryjiHpHHe cHCTeMH jiHHeaHHX ypaBESHHa h ofinaa 3a;^aqa rl 

H8(5i)nnaBa;H3B. AH CCCP, cepHH MaTeu. 12, 249-258 .:,v 

ICa 1949 - . . , g 

V:\ 

130. 0 apot^Hux qacTflx nnHSHHOH $opMu;Il3B.AH 0CCP,cepHH uaTeu; n 

. 13,3-8. c 

131. IIpocTeamHH nHHeaHHx KOHTHRyyu;ycnexH MaT8U.Ha^,iy,B£in;2, - 

180*497 . ' I 
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1950 


132. 0c5 ananHTHqecKOM annapate SHSHqscKoii CTaTHCTHKH,Tpyjqa Ma- 
TSMaTH^ecKoro HH-xa AH C(X!P,BHn. 33,1-56 

133. CxaTMCTHMacKaa MexannKa nan aaiaqa xaopHH BepoAXHOCxett; 
ycnexH Max8M.HayK,y,BHn.3,3Ht6 

134. 0 cyimax nojio’-XMxejibHux cJiy'^awHux B8roi’iMH;flAH 0CCP,71,1037- 

1039 

135. IIpaaajibHbia xsopawH sna cpm nojioswxsjiBHbix cJiy^awHax B8iui- 

qHH;yKpaHHCK.MaxeM,a^pHaii 2,14,3-17 

1951. iilBmianiiamB 

i36i^ Max8uaxHq8CKH8 ocHOBaHwa KsaHxoBoiS cx ax HcxHKH,rTTII, 1-256 
137, 0 aaKonax pacnpenansHHH qwcaa aanoBHeHHH b KBanxoBoii cxa- 
XHCXHK8;flAH CCCP, 78, 461-463 

138'. 0 H8KOXPPHX 0(5mHX'X80p8MaX CXaXHCXHq8CK0W §M3MKH ;TpyflH 
Max8MaxHq.HH-xa AH CCCP Bun, 38, 345-365 

139, SaBMSHXH xeopwH qHC83i;x,l SHi^HKJidneflHM auBMeaxapHoH Maxe- 

uaxHKH,rTTH, 255-353 . ' . 

1952. 

140, 0 Kaaccax aKBHBaaenxHHX co6hxhh;J1AH CCCP, 85, 713-714 

141, Uexofl npoH3Boai>HHx h 6oph6a npoxwB H^pajiHaiia b 

ieopHH B8pOHXHOCX8ii;CdopHMK "$HJ 10 C 0 §CKHe BOnpOCH COBp8M8HHOft 
$H3Hkh'’,H3j;.AH CCCP,522-538;$paH^.^8p8BOfl:QueBtion8 scienti- 
fiques Y, Paris, Editions de la nouvelle critique ▼.1,7-24,1954 

142, CoBexcKaa niKona xeopMH BepoaxHOcxefl;KHxaiicKHii uaxBuaxHq; 
:^Haa,l-7 

1953. 

143, IIOHflXMe 3 HXponHH B XeopHM B8pOHXHOCX8a;ycn8XH UaX8M.HayK 

yill,BHn.3,3-20;Byxapecx 1955;B8paHH 1956, CIA, 1957 . 

144^ KpaxKHH Kypc MaxeuaxMqecKo’ro aHanH3a;rTTI!il-628;3-8 H3fl. 
1957;Byxap0CT 1955,II8 khh 1957 
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AHflpeK HHKOJiaeBHi KojBioBopoB /k naTHflecflTHjieTHH) co jtrr ff 
p6afleHHa/;ycn8XM JiaTeM.nayK yill,BHn. 3, 177-200 /coBMaciHp c 
II.C,Aji 8 KcaH;HP 0 BtniA _ . 

1955 , * 

MaT8MaTHq8CKHe m 3 to«h TeopHH uaccoBoro o(5cJiyxiraaHHH;TpyflH| 

MaxeM.HH-ra AH CCCP,BMn*49,l-123;n8Ki!H 1958 I 

1^. CMMMexpuqecKHe ^^yHKUHM Ha MHoroiiep^ noBepxHocxflx;C^op4 | 
nawHXH A.A.AHjqp0H0Ba;54:l-574. | 

1956 - I 

noxoKM cjiyqaMHux co^uxui! tfsa nocaejielicxBMfljTeopiiH BepoHx-l 

HOCxeiS H ee npHMeHeHHH.l, sun. 1,3-18 I 

'^•^9* 0 nyaccoHOBCKHX noxoKax- cjiyqaMHHx co6uxna;TeopHH sepoai- I 
HOCXBH M 8§ IipHM8H8HHa,l,BHn*3, 320-327. • ^ 

^50, 06 OCHOBHWX Xeop8MM XeopHH E fflj l illlW l l l HHi irroTBTa HH^opMaiyaHj I 

ycHBXH Maxew.nayK, XI, BHnil, 17-75 ' i 

1959 • I 

OepBOe BHBKOMCXBO C XBOpneS BepOflXHOCXafi /cobmscxho c ^ 
A.M.Hrji 0 M/;Jl 8 TCKaH ^H^HKJIO^ew!fl x.3,211-220;H3fl.AH ne^arorHq. I 
HayK PC$CP J 


Rill 

' y|l 
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MATEMTroCKWE BOTIPOCH lUEHHO HOBCKOR TEOPKH ' 

onTWrMJIbHOrO KOJWPOBAHHfl TOOPMMgfH • ■ ” 

. . , " • ■ .P ■ i * 

• * ‘ ■ * * *‘ P* 

0.1. CTaBmHft aa'iiocJieAHee jieofiTHJieTHe moahhm TepwiH p 

“TeOpHH IIH$OpMaUHH" HO HMOeT flO CHX OOP OAHOSHa^HOPO TOJIKO- ^ 
BaHHfl. B TexHHtiecKofl H Ka<^PHeTHqecK 0 tt jiHTepaType noA teo- ; 
pHeft HH(i»opMauHJ! noApaayMeBaiDT o 6 iwho bob coBOKynHOCTb npH- ^ 
aoseHHfl MaT 0 MaTHtiecKMx MeTOAOB K npo 6 jieMaM aaABHHH, nepepa- ^ 
6 otkh, xpaHeHHfl h nepeAa^H HK^opwaAHH. C toukh apeHHH MaTe- j 

liaTHKH B aTHX npHAOSeHMflX Mano eAHHCTBa, TaK KBK OHH OOHOBH-| 
BaoTOH Ha MGTOAax, npHHBAJiesaniHX o^eHb pa8Hoo6pa3HHM paaAe- j 
nan laaTeMaTHKH. fipH nOAObHOM TOJlKOBaHHH K TeopHH Hl^JOPMamiH I 
aysHO oTHecTH bob MaTeMBTJwecKyB cTaTWCTHKy, MHoroe - hs | 
TeopHH cxy^aBHHx npoueccoB, paaBUBaBipeca b nocJieAHHe poah ' | 
HCOJieAOBaHHa moiuhooth g -ceTeft b $yHK 4 H 0 HaabHHx npocTpaHCT- | 
Bax (OM. [ 6 ^, TpaKTyeMoli KaK oueHKa KouHTiecTBa HH$opMaAHH | 
saABBaeMOPO aaeMeHTOM btopo npocTpaHCTsa), oueHM^aoxHO- | 
oth" aapopuTMOB waTeMaTH^ecKOPO aHaaaaa (cM.[3]hr^n./ 

HO BHyTpa TeopHH HHJjwpMaAHH B mHpOKOM CMHOae BTOPO Tep- ^ 
MHHa BaxHOe mgcto aaHHMaer KoaoAaa BOTBb HayKH, KOTopya nac- , 
TO (0C060HHO B MaTeMaTHTiecKofl xHTepaType) TaKse BsaBBaBT- 
TeopHBfl HH$opMaUHH. Mh 6yAeM, Aaa onpeAeaeHHOCTH, HaanBaTb 
ee meHHOHOBCKoft Teopaeft onTHMaabHOPO KOAHpoBaHHa HH$opMaUHH, 
Tax KBK Bce, HTO BAocb AeaaeToa, npeACTa^aaeT co6ofl HenocpeA- 
CTBeHHoe paaBHTHe. HAefl, coAepsanHxoa b saMenaTeabHoft h ocho- 
BonoaosHoft paboTe KaoAa IlleHHOHa fttOl, h Tax xax meHHOHOBCxaa 
TeopHH HH(|)opMauHH HOoaeAy«» MeTOAH nepeAaHH hh^opbmuhh, oc- 
HOBaHHua Ha onTHMaabHOii sabopa hgtoaob xoAHpoBaHHa h agboah- 
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1 un 'W' “ — 

pOBaHM« l!H$0pMa4HH» npH^BM BCB On04H$IIKy BTOft obMCTH 008- 
Aa6T HlieHHO BOSMOSHOOTb DlHpOKO BapblSpOBaTb lieTOA KOAHPOBB 
HHfl HH$opMaunH. B Tox SO ojiy'iaax, KOPAa MQTOA KOAKPOBSHH* 
xeCTBO 3a(J)HK0Kp0BaH (laK 06OTOHT, HSnpHMep, ABAO B bOAbBUIH 
CTBe oTaTHCTHueoKHx npofiaew. pa© ho bo BaaoTH oTaTHOTHKi Me- j 
HflTb onoco6. KOTopai saaoseHa b Bubopay MHtepecyiomaa ero mb- I 
$opMauHfl H Bonpoo CTOHT AHmb 0 BHbope onTHMaabHoro AeKOAHpo- 
BaHHB CpemaDniePO npaBMaa-), aAOKBaTHHMB aaAa^e oKasHBaBtoa 
He iieTOAH meHHOHOBCKoB TeopHH HH^opwaABH, a boaee npHBHBHBe 
weTOAH coBpemeHHoli MaTeMaTH^eoKott OTaTHCTHKH, I 

0.2. 3a nocaeAHHe poah BuacHHaocb, bto meHHOHOBCKaa Teo-| 
paa HH(j[)opMa4HH MoaeT npnaaesb BHHMaHHe uafeMaTHKOB He ToabKO ^ 
aa-aa BasHocTH btoB Teopaa aah npaaoxeHafl, ho h npooio noTO- 
lay, UTO B Hefl BoanaKaeT mhopo opaPHHaabHHX MaTeuaTHHOOKax 
npobaew, aHTepecHux a. Brie CBaaa c TexHatiecaaMa npaiierieriaaMH 
Teopaa. PaoKpHaacb HeoaaAariHHe conpaaocHOBeHaa Teopaa hh$©P- 
uauaa 0 Apyrawa iiaTeMaTaHecKHMa HayKaMH. Ian, npa neo^poeHaa 
koaob noaeaHHMa oKasaaacb motoah Teopaa ppynn (cm. paaA.4). 
BBacHHaacb cBaab obniax npobaea Teopaa HH^opManaa a BoapocoB 
CTaTHCTaKH cTOxacTHtiecKax npoueccoB (paboTH M.uaHCKopa). Pa- 
bOTH fflKOAH A.H.KoaMOPOpOBa noKaaaaa, hto aAea meriHOHC-OKoi 
Teopaa ari^opMauaa oaeab iioaeaHB a b Kaacca^eoKax obaaotax 
MaTeMaTaaecKOPO ariaaaaa (Teopaa AriHaMaMecKax caOTeM 0M.r54T, 
[55], Teopaa ^yrixuaa cm. f56l). Kan 8T0 aacTO bBsaeT b moao- 
ABx obaacTax MaTeMaTMKa. HeKoTopse aa npobaeM meHMOBOBCKOl 
Teopaa ari^opManaa cobcom eaoMeHTapHB no ^opayaapoBKe, ho 
pemeHae ax aBxaeToa HeTpaBaaabHoa (a HHOPAa a Bcppbea TpyA- 
Hoft) aaAa'iea. 0 APyroft OTopoHB nonBTKa nposecTH CTporoe no- 
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0m 


..HHOHO.-. 1 

,ooTaTO«HO oo^e^ , „opM .opoatHOCT.*, | 

rpOMOSAKWM nOOTpOeHHflM* Ka •eoDH* 1 

-Kon-naMHUX WeTOflaX TeOpHH MHOKCOTB H TCOPH* J 

aTHx nocTpoeHHtt npHBexa Aaxe HeKOTopHX I 

Z~L . . — " Tl ri 

Kaaataoa ot -aTauaTHaauaa Taopaa a^^opaa^aa. Haa a^^aToa. | 

^ Hfleft ffleHHOHOBCKOft 

,TO aaoexoflBaoOTb OTpororo oOocHuaaHaa A ^ 

Taopaa BHtiopaaaaa aa aaaaa Haaafiaaaa, aaa, aanpa p. 

TaQoaa cTOxaoiaaacaax npoiteoooa a 1 
raaaaa aeoSxojuiaoOTa a Taopaa CTOxa 

aTO aaaa oa-a. oO^aa KOHOTpywaa Taopaa 

fiP^nflKTHee veu, cKaxeu, KOHCTpyKHHH coBpeueHHO 
Haa a aa .OcTpaxTHaa. . fZSl). UOAOS- 

taopaa aapKoaoaax npouaccoB (e . ^ 

BHa ooaaaHaa o 6 "aoHa«.Toa. noaaAaaoay T«.. a»o 
H .aoaaaaa Taopaa aana. aapKoa. T/ 

„,a« Taopaa -apaoaoKax npaaaoooa npoax. 

„aHHOHoaoxa« Taopaa a«Jopaa«aa npoaaaaaa aa aora«a» _ 

Hoaro aa«b aa 10 xaT. Ho oto SaoTpoa paaaaTaa - | 

' rirrr. r.u . - - 

r.T.r r.=:rr.u™. 

yjfflpaHaa OyaOT « HOBOTopaa. 

aaTOpa. a Toa aaoaa a aafla ^ BaaaaBBe 

Ha aanaa oaapaAHax wwnax pamaHaa a aaoa. 

6 ,aaT yaaaaao nonyaapaaauaa oaap A ^ ^ „„,hohh, , 0 - 

Ha paaHax ao Tpy«HOOTa a no KoaKpaTBOOTB ayoo 

^to6b bba«J1****» ** 

npoooB naHHOHOBOBoa Taopaa antop au • 

FO.i? 'i£ 0I1Y „,i.i- 
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■ FOR mm m onlif 

HS T.K0T8. He sarpoHOHiaH H8*0«aHHH, HH p«. _ 

npHBOWiHaa a kohub oiaibH (SB6aHorpa$H« aBaaeicH noB»JW- 
uony aoBOiBHO noBHoil b oTHomaHHH otaia*. onyfiaHKOBaHHHX b 

BBTeHaTHHeoKHX wpnaxax. Ha <Soxb»oB t.xhh«oxo» XHtapatypH 
OTOPpaHO XHlBk to. Hto HpflMO oonpHKaoaoTOB c ooaepxaHHBH ao- 

K«aA«* 

1, OcHOBHaa npo6ji^ Ma ineHHOHa>. 

1.0. mb Ha-iHei 0 Toro. hto o$opMy«HpyeM nooiaHOBxy oo- 
hobhoB npoPxeBB. pa»eHH0B K.DleHHOHOM. bbbb aa ocHOay BxaH 
HaxoxaHHB. npaaxoxeHaHB A.H.KoXBoropoBBB C53 ]h paaBHiaB a 
paPoiax asTopa ( ful . npeaBapHTexbHHe nyPxHKanHH 117J. I4 
ABTBpy Kaxatoa, «to KOHUenUH* KoxBoropofla hbmotob b oixHHHal 
ot HpeflMyBlHX paPo* (SaBHaToBH fSlI . Xhhhhb CU], PoaaH- 
Pxaii C77l I HeflOBa C64] , Bo«b$OBHil [93l , [941 > 96l , BjieK<«_ . 
BpaBMaH. BonaoxH [8]) AOOTatoHHO oPaaB. hioPb oxBatHtb bob 
B paKTOxecKH MHTepeoHBe oxyaaB, h b »o se BpeHX om npona « 

^hbhxockh .ox.OTB.HHea. H8B. oKaxeB. K 0 H 4 eH 4 Hx.npexxox.HHax 

nepesoM CS?]* b ♦/ V « 

1,1. yoTpoaoTBOiL ((3»V) ***** . 

aaTb coBOKynHocTb Asyx hsmgphmhx npocTpancTB 

f a a ^ r* • HBJiflDmaRcfl HSMappmoft ot* 

H $yHKUHH 

HOOHT«.bHOo» -axraPpB Sc, npH ««B 0 HP 0 Ba»H 0 H Sff - 

aepoxTHOoxHoB -apoB Ha ( y. SJT) npx ^HKOHpoaaHHO- jea. 

1 / HHorxa (B T.xHOxa . “aS^oi.’SaaSfaSr’ 

fa*Ha5ol“iB"rp“woHxrHSSx2»o4 

SeoKoabKo HHoro o6"eKTa (cii.inisa). 
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H BOaXHOMOIBa V B apoctpaBOTBB Boex BepoaiHOCt- 

HBX wep B DpOBBBe*.HBH (a S?) • UpOOipBHOtBB 

^ mb 6 yA®“ HasBBaTb npocTpaHCTBaitH chths^ 

B BUxoB.__n epeBa»mBro ycTpoacTB.. « aoa«HO- 
xaoTBO V - ■'rnai.BBeroieM nacnpeaeieHMB cnrHaBO g. 

««T bbbbbbhb i b ^ 6 W®“ HaaBBatB CBBaaBB— 

VUTPOBOTB_a. (0, V) . eOBB OBB npHBBBaPT BB.B.. 
HBBB (a,Sa) .(a,Sa) . cooTBeTotaaBHO. «« B««Sope 
A « S g c BepoBTBOoibo 1 yoBoBHaa B»pcatBoo*» 

« p»oapefl.BeBBe napB ( ) opaBaaBaMi .'V . 

c HarBa«H 0 B tobbb spaHBa il -afo ooBOKyaBooTb napaxa- 

.aaBBi nepawTaBKOB. a 5 - ooBoxyriBooTb npBBBBae^x npaaB- 

hbeob cBraaBOB (b npHBoaeHHax npooipaBOiBB ^ 
oOBBaftaioT). Ecbh aaaBBO oBy>ia»HOB aHaaeBBe \ OHraaBa Ba 
BxoAe 10 ( 1 ) noBBOBaei aaBiH yoBOBBoa paonpeaeBaHHO oaraa- 
bb Ba’aHxoBa I • Tbkbb oOpaaoB ) * »-» PaonpaWBa- 

hbo cHraaBa aa bbxobo, eoB» oo axoBa napoBaa oaraaB ^ . 
HaKOBou. BaoBaBBa orpaBaaoBaa V cBaaaBO c laa. bto bo 
MH orax npBBoaeHaax aaBbaa oaaiaTb paonpaflaBOBaa BXOBaoro a 
BBXOflaoro oaraaBoa npoaaBOBbBaa (xanaaBa. aanpaaap. caiya- 
aaa. aoPBa npaBnoBaraOToa. bto opaBBoa aaaaaaaa BBaBPaxa 
(BonaoOTb) BxoflBoro oaraaBa ao npaaocxoBBT aaBaBBO* Koa- 
OTaBTB). Ecaa. aaa oto BOBOBOOb a SoBbaaBCtaa npoBBBjnBB* 
pafioi, aa xoTeib bbobbib laaoa orpaaaaBBaa, to a aamoa 
onpoBeBaaaa aaBO Baatb aa V^- ooBOBynaootb aoax aapoat- 

aootaax MOP aa 

OrpaBBaaaaa V aa SyBoa aaBOBatb a BaBbaeBnoa aa 

'FOS IMSL iat diir ■ . ■ 


” 5 ^ 
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MasoJU-HO, a npeanoaosHi*. wo aueeica ^ MMgmux. 

jr • (»,») » ‘ ir‘ y 

AOBOII BpooipaHOTBO, npHBeM pacnpeaeaaHBB npaHafljeWt | 

V , amib ec*ii Bewop hb Maieuaiii'ieoKHt o»hmhb» 

npeanoaoaeHiie o tom. mto orpaHHueHMO V aaAaoToa B bm-| 
ae (2) aooTatoMHo aaa boox npaaiinieoKii aHiepeoHmc aaoTHBX j 
OByaaeB. aa aoKaBMaaaeM. nozaay«. npBMepo« oaaay»naro tmob. 

IlyOTb ( y.^y) * npOCTPaHOTBO leaOTBBTOabHBX $yHKUB» 

U), ta, [«,0 0 o6bbho« s> -aareOpoS BBMepBMBX mhomotb. 
Torw BeaBBBHa I oo BBaoeBBaMB B npoctpaHCTBe oarHaaoB hb 
B xoaa BBaaeTca cayaaBHaM npouaooou 

a«M, BTO yoaoBBO V cboabtob a ipeSoBaHBB^ 61 C > P, 
raa P, - aaaaBHaa KOHCTaHia, jwa Boex . noaotSBoa^ 

orpaHtiBOBBO oooTBeTOTByeT aoHiBHUyny $yHKUB» JCC-.O B 

aro Haabaa aaaaTb b bbab (2). OctaoToa otkpbtbb Bonpoo 0 
flOKaaaTaaboTBa aaa aioro b aay aaaaorBOHBx oayBaaB. $opBy- 

jiMpyeMBX B paSAejie 2 Te&p«M IfleHHOHa. 

nepe^wcJWM Tenepb HesoTopBe BaxHue ^aoTHae wiaocH ne- 

peflBDOlHX yCTpOftOTB. 

1.2. nepeflaBHee yoTpoSoTBO HaaaBaaToa oTpeaxoa oflHopofc 
. ...... rt.a naaaTB aaBHB . . acaB BBeoToa BBMapBMBa 

opooTpaHOTBa (y., S a.\ (U., S 9.) " "epaxoaaaa ^tyHxaBa 

/ *\ LI Aai Caw TaKHe, ^TO npocTpaHCTBai^x 

iiaoa ' ll Bxoaa « B^oaa napaaaB«,.ro yoTpoBoTBB aBaBBTo. 

n -Haa OTanaHB Cyr.S5^\(5;,S5}npooTpaHCiBa (a.Ai.X 

/O' , T.e, npOHdBeAeHMH n aKaewiiw- 

\ \ L4 

pOB 8TMX npOOTpaHOTBjH npH JUO 60 II ^ 


»0 


i!, Ur<M 
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i m. UIU1 


nepQxojDtfiaH (JiyHKUH* 

Q(»,- ) = Qo(9^,0 ' 

T.e. MMOToa jeKapioBBB npon3»«fleHHeii oooTB»TOTByBHHX nap. 
HaKOHBU. WBBHO 6WB BaflaHO MHOseciBO paonpeflea£Bii« . 
laKoe, BTO pacnpafteiaHHe BeiOTHH v « 

npunajuieBBT ^ ®®*" nafU U 

paonpaAeJioHHfl, BpHHajWBBaniie V. , np« aeax t « 

HarBBAHO bto onpeABBeHBe oaHBAaaT. «to x -aa Ko»noH.HTa o«- 

rHaaa HB bbxoab i eaBBOBT b««b ot i .a 
'h. oHrHaaa Ha BXOAe h hto orpaHnaaBHe oboahtob b orpaHHHa- 
HHBH, HaaoseHHHH Ha Ba»«fB Ha nap KOHnoHeHT. Eobm npooipaB- 
OTBa y. . y. OOCIOBT H8 KOHeBBOPo (.HSH CBeiHoro) BHOJia aaa- 
HeHioB, TO napexoAHjio $yHKUH» Q,(.,0 -obho aasaBaTb np« 
nOBOAH BaTpHHB nepoHOABBX BapOHTHOCTe. (aBaBOPBBH. TOJ«, ..K 

8T0 Ae*aeTOH b leopnH uapKOBCBHX npoueoooB). yoaoBHO o u- 
BHO Toraa oToyroTByeT. B btob ojiyBae KaHaa baa naiwiH HoaB- 
SaOTOa HOHaBHBM (oOOTBaTCTBeHHO, CBaTHBB ). 

cy HaaSoaaa paapaeoTaHHHB h BaxHBH aaa npHao«OHH« 
BacTHBB oayBaaB xaBaaa 6aa na»aTH aaaaaToa aama 
O aanHTHBHBBjnyBOM. B aioM oayBaa ( y<,, S3,) C.y..2>H8l 

. Aa»CTBHTaabHBa npaBBa, a Q,(S,-) ' ® paonpeAa- 

aaHHaB bobhbhbb 3 + y . r»a 3 ««®®» ®®®®«““* P®®”P®®®”- 

HHa, npHBBB ev -= p ^ HaaBBaaTca Mo^iHoeTbP B ®tob 

oayBaa oShbho b KaBBOTBa Vo Sepy* yeaoBBB %i - s > 

raa P HaaBBaoT aasHocXiS-SSSaHSi TokoB aaBaa BaaBBaai- 
oa raBocoBOKHB. .oaH 3 rayoDOBOKOB paonpaAaaaBH.. 

1 , 3 . SHaBBTaabHO 6oaaa oS^iB Kaaoo napaAaiomKa yoxpoB- 
OT. ABBT BBB BOBaTHO oaBODOABOPO KBH aa a 0 BBOHpatHBB BpaB S:: 


•Tr 7 


pro niErv 


■V".. -...tv!,' Jv‘- 
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rm ummi ' - ■ 


HjM. A«a saaamu laKoro laHaaa Haao jKaaaib HSiiapHiaie npo- 
oTpaHOiaa i « (5.. Sg;) 1 - onrHaaoB Ha axo- 

Ae H BBxoAe B JDoboa MOMeHT BpeweHH, a TSKse HSiiepHMoa npo- 
CTpaHCTBO (P,JSf ), HflflHBaeMOe nPOCTPaHCTBOM COOTOflHH tt .Ka- 

- % # A il ^ M 




Hajia H nepexoAHVtp cbyHKUHP K anaJia ^ 

* HaMepHMy© oTHOCHTeabHO <Jiik- 

CHpoBaHHOM A H flBAfl»ii;yiocfl iiepoft ha npw ^k- . 

cHpoBaHHHX ^ HarnflAHoli TO'IKM 8 peHHfl MosHO npeACTaB- 

AHTb cabap wo HweDTca nooAeAOBaTeabHOCTH boahwh 
^ \ • npHHHMaioinHX aHaneHHfl b npocTpancT- 

Bax (be Sy ) (5 SJ ^ cooTBaTCTBeHHO H nooxaAOBaTeAb- 

HOOTb aexHHHH 00 8 Ha<ieHH*lffl B (F, Sf), npHHBM 

npH aaiBHHBx m ycaoBHoe pacnpeaejaHHe juw 

napa aaflaeroB KaK Q.L'i.t,-) « hb saBHOHt oi 

aaxbHeaiMX OBexeHH« o » npeaHAy!"* « 0 HeH»B 

BpaMaHB^ 

Cra^M odpaaoM, cocTOHHHa Kanaxa onwcHBaioT nawflub KaHaaa 
0 npomaoM^To^Hee, KasAowy HaqaxbHOMy pacnpaAeAaHWP BapoH^ . 
HOC TO ft Pe(.)^Ha Huoxony conooTaBflaeTOH 

nepeAsminee ycTpoftoxBo, HaaHBaeiioa pTpeaKDM.flx^H, n OflHO^ 

DOAHoro Ka naxa o AHCgpeTHH M_ BpaM a H aMa^,iV.^- 

^Aecb npocTpaHCTBaMH cwrHaaoB Ha BxoAa h Buxo/w^nepa- 

Aatomaro yoTpoftOTsa aBsaiOTCfl oTeneHH ( j S ^ (^o !f^). 

^ Hto 6 h He aarpoMOSAaTb HaaoxaHwa mh nocTpoHM nepaxoAHyn 

$yHKUHK) cooTBeTCTByiDi]\ero nepeAanihoro yctpoftcTBa Q(a/A) , 
AeSg- aamb b tom naoTHOM caywe, kopai oyifta- 

CTByiOT MBpHy 4 g(X) Ha (bo, $ 3 *) “ *** 

TaKHO, wo nepaxoAHaa $yHKAMa 

A 


( 3 ) 
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FOR OFFfSLt m OMiy ®- 

saaaeTOH naoTHOo«K> • foW «b none- 

SUM 

Q (a/) « S (oij) , 3 « y.". 5 * y •/ 

J2( 

^ HarnaflHoB Tonra aoera* onpaaeaeHBa ( 4 ) mo*ho paa'ac- 

HHTb, oKaaaa.aTO noflBHTarpaaaHaa $yHKUMa a ( 4 ) npaACTaaaa- 
,T oo 6 o» naoTBooTb ooBaacTHore pacnpasaaaHaa BapoMHOoTaS 

^ „00aaA0BTaBBK0CT« cooToaHBS KSHBaa a nocaaaOBaTaabHoo™ 

oarHaaoB na Baxo». .»Haaa npa aaaaHHoS noaaanoBataabHOoT. 
carHaaoB Ha bxom KaHaaa a aa oopaflHaaa aiy naoiHOOib no 

BoaBoaaoaHHH nooaenoBaTanbHOOTaa oooToaHaa Kanana. HaTpyA- 
Ho AaTb tawa fioaaa ofi^aa onpaAanaHaa Q(.,. ) A«a onyiaa, 
Korna &>(■ , ) “® aanaaioa niOTHOOTbo. Ranaa, no aHa- 

noraa c Taa. Kaa bto AanaaToa a Taopaa aapKoaoaa* nponao- 
ooa, aaipyAHO paonpocTpaHHib onpananaBaa OTpaaaa laHana aa 
oayaaB HaoAHopoAHBX no BpaaaHa aaBanoa a aaHaaoa a aanpa 
pBBHBa apaaeBaa (Cp-aHaAoranHua nooTpoaBaa a [211 § 1.8 ). 

noAH npooTpBBCTao F oocroABaa aaaaAa KOBaaHO. to £ 
6yAaa roBopaTb o ..M.Aa e KOHOaBBa aacAoa cootonaa L. 
KoHaA 608 naanta (oa. 1 . 2 ) aowo aHTpanpaiapOBaTb aok aaHaA, 
a aoTopoa npooTpaHCTBO oocToaBa» oooToat aa oAHoro onaaoBTO 
OnacaHHoa onpenaAOHaa HaaaAHO aAonaa ooapaaaBHoB 
paa aBTOaaTOB (oa. f 67 ])!i aro o 6 aiH 00 Tb AOCTaTOnaa, aT 06 a 




n- .1 ■ ■ - '-I • f?’ fi'nf/1 
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oicBaiHTb 60JIM1JO aaoib ijHaHaeoKw BHtepecHHic Mjaaoi. ;i»« 
saHaioB c KOHewoH naMaibii) ■ EOHBtjHBUH npooTpaBOiaaBH oarHa 
ebb eaHBKoa onpewaemia BayueHO a paSot. BEeKBoaaa. Bp.«Ma- 
Ha H TOBacHHa (on. C8l) • AH8*orii>iHoo onpefteaeHHe bbokbsii- 
Baaoob lawa A .H.KojmeropoBBi. B 1957 rosy Ha pyKOBOWHOH 

HH oauBHape b mookobcboh yHHBepoHieia. 

OTMeTHM, HTO Hama onpewBeHHe He B»iirpa«o 6 b b o6hho- 
OTH. ecjiH 6 b ub flonoBHHieJibHO npe«Jio*HJH. hto onrHaa Ha bb- 
xoae aaBHOHi laKae ot onrHaaoB Ha axoa. h BBxoaa a npeABW- 
HHa uoHeBTB BpeMeHH. Aeao a toh, bto ot btoA 88Bhohuocth 

UOHHO Boeraa H36aBHTbCfl. pacmapaB npooTpaHOTBO oooTOaHHA aa. 
Haaa, a hmobho - BaaBaa ooOTOHHMeu BaHaaa ooBOKyoHocib npaa 
Hero oocTOamia H SHaMBHA cBrHaaOB Ha Bioae H BBXoae bo bob 
npeflBayUHo HOMeHTB BpeMBHH {noapo6Hoe OH. faj), rae noao6- 
hbm MBToaoH noKasBaaeTOB. bto naHaaB c KOHenHoA naHBTb» 

B OHBoae XHHHHHa-SaAHHTeAHa (oh. [Ul. TSSI) npaaoTaaaaBt 
oo6oa HacTHHA cayoBA aaHaaoB o KOHeHHBM HHoaoH oootohhhA). 
a,0T npHeu nosBoaaeT TaKae npaepaTHTb a aaHaa .hpobhA aaaco 
nopeaaonHX yoTpoAcia. aeAoTBynmHx bo BpeHeHH h oeaaaaoniHX 
cboAotboh otcvtctbhh np eaBOOXHueHHH . (cooTBaroiByBUee onpe- 
aeaeHHe aaeToa no aHaaorHH c onpeaeaeimaHH b Ci 43. C331 )• 
OaHBKO, npH aTOH hohot HapyHHTboa oboAotbo oaiBPoaHoaTH no 
BpeHeHH, HTO BnpoHOM He npoHBoAaeT, eoan asoaHTb aHaaorHO- 
BBO HOHaTHB He aaa KOHeHHBx oTpeaKOB KaHaae, a aaa BaHaaoa. 
fl,eftCTByiDn;HX becKOHe^Hoe Bpeua. 

l.Vo WHorfla B npHJioaeHHHX oKasHBaeTCH ecTeoTBeHHHM 

npeADoaoEHTb, ^to Ka^a^ BaBHOHT ot ueAaeHHO uaHflBinHXC* na- 
paueTpoB. B npejaaaa mosho npeAnoaoaHTb, ^to b Ta^eHna Bpe- 
MBHH nepe^aw napaMeTps He MeHflioTCfl, ho hx t^o^hob SHaneHHt 
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H 6 H 8 Be 0 TH 0 H HBJIfleTOfl Cliy'iaflHHM 0 88 A 8 HHHII pSCIipeA®®® HJ! Wl 
BepoflTHooTeft. Tor^a mb npuxoflHT k noHATHK) KanaJia co cu y TOft- 
HHM napaM9TP0M> 06 D:ieo onpejiaBeHMe 8 Toro BaHana coctoht b 
oji©AyDiH0M; npQAnoJiaraaTCfl (i oboaHayemiHx 1.3), ^to aaAano 
HSMepHuoe npocTpaHCTBo -S HaqeHHft napaMSTpa, h hs- i 

wepHMafl $yHK 4 H* f >( J ) ^ 8 HatieHHflMM b ( 8 ,Sb) tb- 

Kaa, tiTO uepexoAHaa naoTHOoTb = 0 v 

BcerAa, Koraa 

^(AHaAorntiHoe onpeAeJieHHe serKO Aarb h ecuH nJioTHOCTb 
He cymecTByeT). iorAa npn saAaHHOM Ha^AbHOw pacnpeAeAeHHH 

Po(. ) ecTecTBSHHO HasHBaTb CAV^aRHHM napaMeTPOM KaHana . 
CAyuaJiHyio BeaH^HHy jS('f) , tab Y - MMeex pacnpeAe^i®- 
HH6 p#(. ) • c HarAflAHOR TO'IKH apeHHA - aTO He 

MeHflronHfiCfl BO BpeweHH CAy^aRnufi napaweTp. BCTecTBeHHHW o6pa- 

i 

80M BBUAHTCA TOrAS liOHATHe .VCAOBiOrO KaHaAa nPH 8aAaHH0M_ . 

S • iiipocTpaHCTB OM coctohhhR 8Toro BanaAa ABAAeTca 
npoodpas to'qkh € npn OToOpaaceHHM ^ ® ”®'' 

pexoAHaa nAOTHOCTbo coBnaAaeT c ^ j ta* 

1.5. iiepeAaioiiiee ycTpoflCTBO HasHBaeTca rayccoBCKMM , ec- 
AH npOCTpaHOTBO CHTHaAOB Ha BXOAe H Ha BHXOAe ABAflOTOA npo- 

OTpaHCTsaMH $yHKUHR c AeRcTBHTeAbHUMH SHaqeHHHUH, nepexOA- 

Haa (j[)yHK4Ha • ) saAaeT npH Aio6oM $HKCHpoBaHHOii ^ - 

yoAOBHoe rayccoBOKoe pacnpeAeAeHH« (mm HastisaeM OeoKOHe^Hya 
ooBOKynHocTb cAywaRHMx BeAiWHH, HueioineR ycAOBHoe rayocoBO- 
Koe paCfipeAeAeHHe, ecAH Aiobaa KOHe^Haa noAOOBOKynHocTb hmo- 
ST npH ADdoM ycAOBHH KOH 0 ^HOMepHoe rayccoBOKoe pacnpeAeAe- 
HH« 00 BTopMUH MouoHTauH, HG 8 aBiioan\HiiH OT yoAOBHH, H 0 nep- 

BUMH UOMeHTaMH, AHHeRHO aaBHCa^HMH OT 8T0r0 yOAOBHa) K, Ha- 

t: , I. i' :,;*■!? V ' 
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R0Hei;» orpaHM^eHne V HaJioaeHO nHinb Ha nepaue h btopb® mo- 

lieHTUt OBflSaHHHX nepeABiOi^HM yCTpOfiOTBOM CJiyuafiHbX BeJIH^HH. 
TaKoe nepeAa6n;ee ycTpoHCTio ctbeht b cooTBeTCTBHe rayocoBO- 
Koft BejiH^HHe % Ha BxoAe» raycooBCKya se BenH^MHy % h® 
BUX0A6* 


'i 


• 


B npHAOaeHHflx oco6o BaanyK) pOAb HrpaioT npHeiiHO- 
nepeASDiAHe ycTpoftCTBa c KOHe^Hofi nonocofi nponycKaHHa. lipH 
nonuTKo c^opMyAnpoBaTb waTeMatHsecKH touho cooTBeTCTByDnee 
noHHTHe H AOKasaTb MSBeCTHyK) $opMyAy ineHHOHa C35l , pacowa- 
TpHsafl KaHaA, AeftCTByioiiiHfi becKOHe^Hoe BpeMfl, BOBHHKaDT cepb* 
esHue TpyAHOCTH, oBasaHHue c tom, wo, ksk HSBecTHo, ot®- 
AHOHapHH® npoABCCB c orpaHH'iaHHBM cnaKTpou cMHryAHpHH (a® 

TepMHHMpOBaHH) M HOBTOMy He HBCyT MH$OpMaUHH. O^OftTH BTB 
TpyAHOCTH MOSHO, BBeAfl CABAyiomyfO MOABAb nepeABionero ycTpoB^ 
OTsa c KOHe^HQg noAOcpa nponyoKaHMA w ba^hthB"! 

H HM my MOM AJifl nepeAaw sa Bpeafl f KOTopaa, Oarb 
HeCKOAbRO KyCTapH®, C TOTIKH SpeHMH o6H0fl TeopHH CTOXaCTH- 
qeCKHx npoueccoB, ho AOCTaTOWO xopomo oTpaaaeT peaAbHyD 

(|)M3hil60ityD OHTyaUHlD ( c^. ). ^ 

SAOOb npooTpaHOTBa ® “ npocTpaH- 

CTBa $yHK4Hft COiT'l C 06 iWHHM 0(5pa801I BBO- j 

AHMoII < 5 ^ -aAredpoft HSMepHMHX MHoaecTB. AaAee sbabh CAy^aft- j 
HHft npoueoc (myu.) o„epaTop A conocTSBAaeT 

$yHKUHH (|)yHK4HI> 







2X 


Jfg S>»» 




. y 


Av/i) * 

rA9 It - Koa^H^HeHTH $ypbe (JyyHKUHH vC^) • Wa§ 

Mepa 0 opaAOTasAaeT oo($ofl paonpaw^BH*** 


F 


tic- 


1 
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^BllHoro npoueooa AC!|W"3«)) . Vobobh. V -ooctoh* . 

orpaHMWHHOCTH opoaBe* B^^OOTB CHrHBJia Ha Bxoae, I. a. oh0 

OOOTOBt B TOM. «06 b ^ 

AaHHaa KOHOiaBta, HaSBBBliiaH opafiBeH i^oBHOoTOB^OHrHaa a. 
Cpejmei HomHOCTbio myna BaaoBOH — £■{ 

Mb 6yaoii roBopBTb, Bto mya hbibbioh Pbahm rayocoBOKHM, eo«H 


'•I 

;J 




4 


n- 


I 


zco- 

raa Ci h - HeaaBHOBMBe EayocoBOKBO BeaiwBHU o Hy«a- 

BBIOI CpeflHHMH H paBHHMH JiMCnepCHHMPI. 

1.6. CoofimeBBaB (py) BB^fiyaan naaBBOTB oOBOBynHOOt^ 

AByx HSMepHMHX npOOTpaHCTB (X.Sx) B ’ ■ 

pacnpefleJieHHH BepoaTHOCTett PC-) » npocTpaHCTse ( ^ xJ 
H nojWHOsecTBa ^ ^ MH0S6 ✓ \ 

npoHSBeAeHHH • ^^POCTpaHOTBa " 

(X Sv) ““ by^BM HpawBaTb nPOCTpaH C TBaMH aHa^eHHft coo , 6~ 

laeHHH Ha BxoAe h BHxoAe, pacnpeAeaeHHe PC- ^ - bxoj^hb m, 

pacnpejieJieHifeM ooo^meHHg h noAMHOxecTBa ^ -vcjiobh^ 


unn^u pncnpoHaBejieHHa. JlBe cJiy^aaHua J « f 

6yAeu HasBBaTb o6pa8yioinHMH coo6neHHe ( ° 

HHMaBDT 3HaueHHe B npOCTpaHCTBBX (x,Sx) . • 

cooTBeTCTBeHHO, pacnpeASJieHHe aeJiHqHHB f cosnaAaeT • 

PC. ) n coBMecTHoe pacnpeAeneiffle napn npHHaaAe*HT • 
TaKHM odpasoM. mb, KaK bto o6i«HO AejasToa b teopHH 
BBlopMaaBB.oBB.aa- ^.aaaaaaaa napaaaa. oooOaaBBa oayBaPBB- 

0 aaaaHHBM paonpeAeaeH^eM PC*) • “P** ““ ouHfaeM, 

tiio ooo6in0HHe, noayTOeMoe nooae nepeAB'**# A®®***® oosna- 

^laTb TO^HO 0 BXOAHHM 0006naHHeM (B OOOTBeTOTBHH 0 H8fflHM 


n hkhs. . 
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0l]pdA6J16HH6My BOO^IQO rOBOPSf A8S6 H8 AOASHt) OOBHaAS^^ IipO* 
CTpSHOTBa BHa'iaHHil C 006 lH 6 HIlfl Ha BX0A8 H BUX0A8f XOTfl B 60 Ab» 
muHCTBa npHAozeHMft ohh bo® se coBnajiaiOT). Oahsko yBaasHii 
HeKOTopae rpaHHAH, b KOTopax MoseT MaueHATboa noayxieHHoe po» 
o6iqeHH6 B aaBHOHMocTH OT nepeASHHoro coobi^eHHfl* 3 to h acTb 

yCAOBHfi TO^HOOTH V/ , I 

Mh 6yA8U npeAnoAaraTb, ^to yoJioBna aaA aHO npn lioMO- 

mH M $yHKUHft MHOseoTBa W aHaaorif^ 

HO Towy, KBK (2) aaAaeT orpaHH^eHHe V . Ho noBOAy ero o6- 
menooTH MozHO oAeaaTb re ze BawexiaHHa, ^to h no noBOAy o5- 

DiHOCTH yCZOBHfl (2). B xiaCTHOCTH OCTaeTCH OTKPBTHM BOnpOO, 

aHaxorHnHHil I. 

1.7. BazHeiiinHM yacTHBM czynaeM coodmeHMfl ABaaeToa ooo6j^l 
meHHe c vczoBneM noJiHoro BOcnpoHSBeAeHHg. KaK mh SyAeu Haaa- 
BBTb ooo6n;eHHe, b kotopom coBnaAaioT npocTpancTBa CX,Sx) « 
(X , a V - TaKOBoro, nio napa o6pa- 

ayeT coobnaHHa » ®cai! h toabko 6Cjdi ^ o 

BepOATHOCTbB 1* 

BMeHHO K aToay CAynaw cboahtca npu Harnett TpaKTOBKe xeo- 
peua nieHHOHa HCOASAOBaHHa, npoBOAHBmeeca b doAbmoft cepHH pa- 
6oT, HanaTott ^afiHOiTeflHOM £3ll h XHHnHHHii fU]. *»OAee o6inaa 
ToaKTOBEa coo6ineHiifl, BBeAennaa eii^e IQeHHOHOM [ 80 ], MaxeMaTii- 
veoKH yxo'nHeHa Koamopopobhm £53^ h paaBHxa b paboxax aBXopa. 
B HeAaBHett pa6oTe lIIeHHOHa C^] HeaaBHCPiMO HCCAeAOBaH nacT- 
Huft KAacc coo6meHiitt, HaaHBaewBX b Harnett TepMHHOAomH coo6- 
meHHHMI! C nOKOMHOHeHTHHM yCAOBHeM TOnHOCTH BOcnpoH8BeA0HHa. 

1,8. apeAnoAozHM, ^to aaAaHH MaMepHMHe npoexpaHOwa 


I yi!.» -tJ.i •> 
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» (icr^SXo^ • cay^afiHHe sejiHUHHH T h ? , npHHHwaio- 

mne 3Ha^0HHe b X h X mosho t^ktobstb Rax Habopa f * 

- ). f npHim«a»t 

8Ha<ieHH* H8 Xo .a li aa X. • Benaqinffl uu eyaaa 

HaasBaTb Torjia KOMnoHeHTaMW ooobmeHHfl Ha Bxojia t a - kom- 
noHeHTaMw ooobiBeHHfl Ha Buxofle* Mh byflew roBopHTb, ^to yc- 
jioBne ToxiHOCTH BocnpoHaBejieHHa W HBxaeTOH noKOMnoHeHTHM.,. 
ecJiH BunoJiHeHHe hjih weB" . btopo ycxoBiia arh napa 

T. ? saBHCHT RHBib oT nonapHBx pacnp0A6AaHHft nap 
(5-10 ^ • HO H0 OT COBMOOTHBX paCnp0A0AOHHtt BTHX j 

nap. ECT0CTB0HHHM obpaaOM BBOAHTCH nOHHTHO O^HOPOAHOrO no_ 
BPeMeHH OQObmaHHfl. IIOKOMnOHOHTHOa yCJIOBM0 TOUHOCTH Bocnpo- 
HBBOAOHHH 6yA0M HaSHBatb OAHOPOAHBM yCJIOBH 0M (^paHHq0HHOCTH_ 
CPeAHBKBaAPaTHtiHOfl OfflMbKH , BCRH ( Xoy S 
CTBHTOJIbHH0 npAMBO H yCROBHe COCTOHT B TOM, qrobB 

^ ” saABHHaa KOHOTaHTa, HaasBaeMaa 

cp0AH©KBaAPaTH^Hoft oombKoil. Mb 6yA0M roBOpuTb, mto yojiOBHS ^ - 

TOUHOCTH BOCnPOHaB0AeHHfl W gBJgaTCR aAAHTHBHBM,, eCRH Ka*-_ 
Aaaw MB $yHK4Hft hm00T bha : 

Mb byA 0 M r 0 B 0 *pHTb, ^to coo6d;0hho na bxoab hm00t HaaaBMOHMae, 

KOMnOH6HTB» 0CAH AAB BBJimiHHB ^ 0 paCnp0A0A0HM0M P^. } 

KOUnOHeHTB HBJIfllOTCa HeaaBHOMHHMH BOAHtlHHaMH. 

1.9. ^pyrHM bbhhbm xiacTHBH cay'iaoM abjihotch rayocoBCRoej 
ooobn0HHe. 3A0Cb npoAnoRaraoToa, mto npocTpaHOTSa aHaw0HHl j 
OOO6m0HHft Ha BXOAB H HB BBXOAe BBAaOTOa npocTpaHCTBaMH (JyHK- 
UHfi 0 AeftOTBHTOJIbHBMH 8Ha^0HHBMH, TBK HTO BBAHnHHB ? H f 
MOSHO TpaKTOBOTb KBR HabopH A0ftOTBHT0JIbHBX B0aH»lHH. 
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CoodiAeHMe HasHBaeToa ravoooBCKWM,, eojiB pacnpeAeaeiwa - 
p(.) aa^aeT nabop HweroniHx coBwecTHHe raycooBCKne 

pacnpefleJieHHfl, a ycJiOBHe V naJioaeHO aHmb na nepaae h bto- 
pU6 MOM0HTH paCOMaTpUBaaMBX CJiy^aftHtiX B0JIHTOH. 


1.10. flycTb Tenepb oAHOBpeMeHHO sa^aHH nepeflamniHe yc- 
TpoftoTBa (Q,V) h ooo6ineHHe . Mu 6yAeM HaauaaTb ko^S z 

DOBaHHea ^ yaKUHio IPfx, . HBAHK^myioea npa ^hbch- 

posaHHOM SHa^eHKH X coo6D;eHKa na BxoAb BepoaTHocTHott ne- 
poft Ha npocTpaHCTBe CHrHaaoB hb bkoag/ a npH $hkchpo- 
BaHHOM A HBMepHWyiO OTMOMTMbHO MB CyABM HaSBBaTb 

^eKOAHPOBaHHeM j) yHKUHlD * HBAfliOniy 

Cfl npH $HKCHpoBaHHOM oKPHaAe Ha BHxoAe Mepoft Ha npMT- 
pancTBe X coo6n\eHHft Ha BHXoAe, a npa ^nKCHpoBaHHOU A 
HSMepHMott oTHOCHTeubHO SJ.MB 6yAeM roBopHTb, ^TO coobge- 
HHe (py) MoxeT gtffb nep ft,n°“^ -VCTpoft^ 

CTBO /^nV) nPH nOMOmW KO AHPOBaHHg 9C’J- ) 2 . 

BaHHH ecjiH MoryT dHTb nooTpoeHB cay^aftHBe Be- 

A, ^ wnk iaapKOB. tbkh.,^ 

OTO napa ? ? ofipaayaT coofinaHae C • napa 

OBHsaHa nap^*a».lH« yoTpoSCTao- (0,V) h c aapoaiaocia. 1 


j = 9C1^A). 


( 5 ) 


Mb 6yAeM roBopHTb b btom oay'iae, ^to BexH^HHa 
\ I aaAaioT GnQco6 nep ft^^H ooo6meHHfl_ (P/V*'^ qepea nep . e ^ 
VGl.POftOTBO (Q,V) • S«*M SaweTHlI. ^ITO 3aA8HH6 

KoAHPOBaHHH 9 H AeKOAHPoBaHHa 9 OAHOBHauHo onpeAeAHtT 

ooBwecTHoe pacnpeAeaeKHe BeaHXBiH 

upoKOMMeHTHpyeis BTO onpeAeaeHHe. HonoAbBOBaiiHe koab- 
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TotiKH .apeHH«, ^to 


poBaraa 9(.r) WtoHoIi totan 

ecJiH coo6ineHHe npnHHJio aHaueHHe x , to mb nepeAaeii csurHaa 
Ha Bxojia, BKSpaHHHfl c pacnpefleJieHHeii )• ® 6oabmHH- 

OTBO npaAHAyniM* pa6oT HciiOBbaoBaJiocb BHmb HepaHAOMwanpoBaH ^ 
Hoe KojtHDOBaHHe . saftaBaenoe ^^hruhSm X€ X co BHa- 

B H TaKott, ^TO uepB OOOpOAOTOtieHa B TO«t ^ 

awaJiorH^HO, onpjafleBHeMoe HepaHflOMHaHpoBaHHoa 
jLHPOBaHHe . HOHetiHO, Ha npaKTHKe do^th Bcerfla HcnoBbayioT He- 
paHAOMH3HP0BaHHUe KOBHPOBaHHe H AeKOAHpOBaHHe, HO BBeASHHe 
paHAOMHaauHH aaBOAOMO bxoaht b npHHUHnnaJibHHe bo3moshooth 
cpBABTeJia cHCTeMH oBflSH. U MaTeuaTH«iecKoft TOWH apeHMfl oho j 
ynpomaoT ^opwyjiHpoBKi! Toopeis. HeTpyflHO flOKasaib, »iTo ecjiH | 
orpaHH^eHHe V oTcyxcTayeT, b onpeAeJierae ycJioBiwW bxo- 
BHT BHfflb OflHa $yHKlW!H W * , TO H8 

B03M0ZIH0CTH KOK jih6o nepoBaTb c oo^meHHe gepea nape ^ 

naion^ ee vcTPoaoTBO (Q,V) BHTeKaeT BoatgQSHOCTb T aKp8.,.neBe- . 
Eativt npH noMomw HepaHHOMHaHPOBaHHHx K OflHpoBaHHfl vi fleKoagpoBa :: 
hub, HeTpyflHo npHBecTH npuMepa, noKasBBaioiUHe, 'ito ecJiH 
« 2, 8 T 0 yTBepKjieHHe mosot 6HffB He aepno* O^HaKO Boe xe 
mosho OHHMTb, tiTO opH otjcHb mwpoKHX ycBOnrax (iBTb MOXeT B 
neKOTopoM acHMnTOTH^ecKOM cMHCxe (cp.paaA. 2.li))BepHa hokoto- 
paa Teopewa o bo8moshocth aaMena paHAOMnaHpoBaHHBx KoanpoBa- 

HHfl H fleKOflHpOBaHHfl Ha HepaHflOMH3HpOBaHHHe* 

iipeanoaoxeHHe o tom, wo ofipaayoT ueiib 

iiapKOBa flBaaeTca ooBoeM ecTecTBeHHBM. OhO oaHa^aeT naraaxHO, 
UTO npH nepe^aMe cnrHaa Ha Bxofle aaBHCHT aHmb ot curHaaa ho 
Bxoflo, a He OT Toro, Kanoe ana^eHae coo6n\eHHfl hm aaKOfljipoBa- 
Ho, H wo npa AeKOAHpoBaHHH HcnoBbayeTca aamb cwrHaa Ha bh- 
xoAO» a He HeAocTynHBe oarnaa h ooo6meHHe Ha bxoao. 

• ' J;, ■ 
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1*11« Mu uozeM C(|)opuyjiHpoBaTb Tenepb ooHOBHym nDo6jeMy 


lileHHOHa* Jjg KBKHX oap ooodmeHHe h nepeAapqee yoT^ 

POfiCTBO (q v) bosmozho h jum kbkhx HeBOBMOg HO noAogpaTb_ 
KOJItIDOBaHHe H JieKOflH pOBaHHe TBK. uto6h (P,W) MOgHO 6 h- 
JO nepajiaTb gepea nepejiatomee ycTPOflcTBO_ (Q,vX Pemeim* 

8T0ft npodjewH npa pasHUx npeAnoJOKSHHax mu by^jeu uaauBaTb 

TeopeuaMH mauHOHa* 

EcTecTBeHHO BOSHHKaeT TaKze BTopaa npotSueua o tom, kok 
B cjy^ae, Kor^a nepe^aua BOSMOZHa, nocTpowTb no bosmozhocth 
npOCTUM H 3 (JjJeKTHBHUM 06pa80M KOJWpOBaHHe M WKOflHpOBaHHa, 
8Ty nepe^a'iy ocymecTBjiHiomiie. MccjeAOBaHMe bthx flByx npodnoM, 
a TaKza hx HenocpejacTBeHHUx o6o6ii;eHHft, cocTaBjaeT b hbctoz- 
n«ee speMfl npeflueT iileHHOHOBCKoa leopHH onTHMaabuoro Kowipo- 
BaHMS HHlJ)OpManHH* 


2, teopeMu iiiauHOHa « 

2,1. M ocHOBonoJiaraioneft padoTe leHuoua 6 ujh bboabhu 
BeJimiHHH, nOSBOJIflOmiie 0$0piiyiIHp0B8»b OTBBI HB nOOTBBJteHHJfB 

MU npo6ieuy. ImbhoB mb hmx BBraeToa BeJiH>iHHa, HaaBBaeuBa 
HHfopMaUHatt* 

liycTb aa^aHH abo caywafiHue bojih^hhu 3 h 3 , npHua- 

MadniHe aua'ieHMa b HSMepHMux npocTpaucTBax C?,Sz) . 

, COOTBeTCTBaUHO. OyCTb Sg, 

r « r ^ Sj coBMecTHoe w OAHOMepHue 

p^CCj.c^Spp^iCjj^ t 

pacnpeaeaeHHa. BoaH uepa P^jf. ) «« aBaaeioa aficoaBiHO hb 

npepBBHo* oTHOOM*eabHO npoM8BeaeHMa uap J i 

TO MU nOJOZHM HHdbOPMaUHK) _ 

J(5,5)=bw. 

KOAH ze P35^•) aboOAlOTHO UenpepUlHO OTHOCHTBAbHO 
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,E UtY 


y , TO MU 06oaHa*lHM MOpeS nflOTHOCTfc 

no PanoHy-HHKOAMMy wepu PjjC- ) OTHOCHTeabHO ^ • 

H HaSOBOM WHl^OPMaUIfOHHOa nJlDTHOCTbi O tyHK4HB 

HHtopMaunet^ m u fiyAew HasuBaTb 

EoJiu (^,$ 2 ) ® - neficTEHTenbHue npaMue, a pac- 

npeAejieHBH ), P^C- P^C ) aaaawTCfl nJiotHOCTHBOi 

^ onpeAeJiGHMe (8) npUHnuaeT 

6oJiee KJiaccTfMecKyo (popuy 


T ffl 4 .J 5 

3(5,5)^ \ }h 


aHTPOHHefl c ayMaBHoa BeaH^iHHB 3 HaauBaOTCfl ee HH^opuanna 

OTHOCIfTGlIbHO OBMOa 00(^11 


3/5,5)= H (3)- 


(10) 


nacTO 1 KanecTBG ocHOsnoro onp^AejeHna HHiJopMannii 6e" 
pyT BMGCTO ?8) BupaaGHwa srut-opMauMH kbk npGaeaa (hjdi sepx- 
hgB rpami) HBKoTopoa nocaGAOBaTGabHOCTH nHTerpaabHux eyuu* 
OooTHOnieHaG MGany paaaW'iHUMH bosmoshumh onpeAGaeHMaim hh* 
rJopMauHH noapofiHO nccneAOBaHO b cgphw pa()0T nGpeaa |j56l* 
PeabAl;8HAa, fioxworopoBa, ' rxoMa • UBaH-Uae-nGaLlOO^ 

[zq . 

iT'HeoKoabEO sanosaaBnaii pafioia * X?3aI5i5u«*« 

OTpaaGHHGM HGAOOTaTOMHOOTil KOHTSKTa MG^ OOBGTOKWMJI « 

aMGpnsaHCKMMH KCCflaflOBaTGaaMH b otoh ooxactB* 

pf]i, , ■ . 
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.. OFHSl eSE ONLY- 

2.2. OOHOBHUU AOBaSaTeSbCTBOM HayilHOS BazHOOTH nOHflTRft 
MH^opuaiiHM H SHTporiHM KssaTOfl HaM TO, uTO npM HX nouoiipi fla- 
eTca pemeHHG npodaewB liieHHOHa. iiMeioTCfl OTflexbHHe h noxa rto 
paaposHeHMue yKasaHH* hs to, 'ito noHATHfl BHTponHii h iiH$op- 

MaUHH MOryT OXasaTbCH lleHHHWH M BHe oOCTaHOBRH, onuoaHHOt 

/ 

B pasfleae 1 (cm, pasAea v), oahsko b uexoM hoao oKaaaTb, 

^TO MHOrOUHOJieHHHe nOHHTKH HCnOJIbaOBaTb MaTeMBTH^eCKHe nOHB- 
Ttia aHTponHIl M HH$opMaUHI! BCK)Ay, TAB npHMGHHMO CAOBO HH$Op- 
MaUHH B oCSmexeKCH^ecKofi TpaKTOBKe aToro cxoBa^ AHmb Kownpo- 
MeTMpyeT bth noHATHa. (i aTofi to^km apeHHa owoHb nonyaapHoa 
BKOHOMaTiraocKoe onpeABAOHae aHTponan, BBeAeHHoe eu;e IIIeHHO- 
HOM fSO} H aaTew ynponieHHoe APyraMH aBTopaMH (Xkhuhh [l3l, 
$aAAe0B £30],) carpaAO Aaae oTpHUareAbHyio poAb, JJeAO b tom, 

qTO He BCe aKCHOMH, BXOAAULH0 B onpeABAOHUe aHTpOnHH, OAHHa- 
KOBO ecTecTBeHHH (HanpHMep, $opMyAa ycAOBHOft aHTponHii), a 
TaKze B TOM, ^TO KaK oTMeuaA A.H.KoAMoropoB, anpHopR He ac- 
HO, cymecTByeT ah eARHaa oAHOMepHaa RHCAGHHaa xapaKTepHCTH- 
Ka, aAOKBaTHO oTpazaioinaa cBoftcTBa Taxoro caozhopo aBAGHiia, 
KaKHM aBAaeToa HH^opMauna b MHoroo6paaHOft, peaAbHpft o^ctbho* 
BKe. TeM He Menee KazeToa HHTepecHHM abtb TaKze aKCHOMa^TM- 
qecKoe onpeAeAGHHO Hi^opwauMH. IIoBMARMOMy ochobhumh bkcho- 

MaMH AOAZHH 6HTb OAGCb CBOftCTBa HeOTpHUaTeAbHOCTH HH$OPMa- 
UHH (11), $OpMyAa yCAOBHOfi HH$OpMaAHH (12) H, 6HTb MOZOT, 

JopMyAa, CBaaHBaionaa hhcJ^o pMauH© h aHTponHD (10). 


2.3,h Otmothm HeKOTopne BazHHO CBOSOTBa HwJopMaUHH. 

Hn^opMauH* 

, npHseM 

TOPAB H TOAbKO TOPAB, KOPAS 3 H T HeSaBHOMMH. ISO SaSH- 


Hi kvj! 




W\ 
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OHMocTb OT paciipeAeJioHitii ) He ABJineTca HenpepuBHoft, 

a AHfflb nonyHenpepHBHOB CHHsy (Fenb^aHA h Hpaou j^^ol )• 
05*'AOHae'rcfl apo Teu (cu. [23l), ^to ot pacnpeAeaetnifl 

(c MeTpHEOB CXOAHMOCTM 00 BapHaUHH) HeopopUBHO SaBHCHT HH- 
$OpMai(HOHHaH OAOTHOOTb (b CUUCJie CXOAHUOCTH 00 BepOflTHOCTH) , 
a H8 CXOAHMOOTH 00 BepOflTHOOTH 00CA6A0BaTeAbH0CTH OOAHHfOr- 
panbHux |)yHK4Hll He cxeAyeT cxoahmoctb oocaeAOBaTejibHOCTH mx 
HHT erpaApB, ecjm axH HHTerpaAU He OBJiAioTCfl paBHOuepHO cxo- 
AfliAHMHCfl. Ecah cyiqecTByeT ycAOBHoe pacopeAOAeHHe BepoaTHo* 
OTeft aah oapH “S h Z opa yoaosHH, uto aaAaHa TpeTba BeaH- i 
UHHa , TO eCTeCTBeHHUM o6pa30M, IIOSHO OOpeABAHTb yCAOBHyB^ 

HH^opMauHB * 3 ( 1 ^ 1 /^) $ asaaiomyioca, KOHe^HO, cayoaftHofl 

BeaM'iiiHoft. ToPAa sepHa caeAyB^aH Bagna a (topMyaa yoaoBHofl 
HH(|)OpMaHHH 

< Ha (11) H (12) aePKO caeAyeT* ^to ecan - hokoto- 

paa HduepHMaa (|)yHRi;Ha, to 

Jlaaee h 8 (12) caeAyet, ^to ecaH BeaHtmHH obpaay- 

(>T oeob MapKOBa, to 




(14) 


2.4. Mh Mogeu npHM6HHTb Teoepb ooaytieHHBie peayabTaTH b 

*v 

opodaewe IfleHHOHa^, IlycTb BeaH^HHii aaAawT 


1/ Mobho AQTb oopeAeaoHHe yoaoBHOtt HH^opwauHH h (jea opeA* 
ooaoseHHa 0 cyuieoTBOsaHiiM yoaoBHux paoopeAaaeHBtt (on* 
Ctn, Csvj ) , 


‘ f J 
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cnoco6 nepeAa^H* Torjia, npnueHna noojieAOBaTejibHO (13) h 
( 14), HaXOAHMj^ ^TO 


u(il) ^ ^ ^(xX), 


(IS) 


T.e* HH(topMauHfl Meamy coo6igeKHflMH Ha sxoAe h BHxoAe aa 
MoaeT 6HTb 6ojibme HHdbopMaUHH uesAy onrHaJiaMH Ha bxoa« h 


BUXOAt. 


HaaoBeM Tenepb nponycKHoft cnocogHocTbp n e penammero 
ycTpoficTBa (0, Vj tihojuo 

TAB BepxHflfl rpaHb 6epeTCfl no bcbm napaM BejnniHH % , 

CBflsaHHHM nepeABioniHM ycTpoficTBOM (Q,y) . }, HaaoBeif 

W - aHTponHeg cootfigeHnfl n HCJO 

H(eW) = £h/3a?), 

FAe HHsHflH rpaHb depeTCH no Bcea napau i , odpasys- 
niHu coo6iqeHHe (p,'^) • (HaaeaHjae aHiponnH onpaBAt^BaoTOfl tbm, 
^TO A^H coo6ii;eHHfl c ycjioBneM noJiHoro BOcnpoHaBOAenioi 
H(p^W) = ). Topab h 8 (15) BBTOKaeT cjieAyoiiiaH Teo- 

peMa nieHHOHa: gcxH cooggeHHe ^ p,w) MoseT 6HTb nepeAaHO 
^epea nepeAammee ycTpoflOTBO (Q^V) , 5^ 

H(p,W) ^ C(0,V). (18) 

MH dyABM HaaHBaTb ee ogpaTHoft TeopeMOfl IPeHHOHa* 

3to o5ii;ee h npocToe AOKaaaieJibQTBo yTBopxAeHHa o6paT- 
Hofl TeopeHu leHHOHa, ocHOBanHoe Jinmb na "axredpaimecKiix* 
OBOfiCTsax HH(|;opiia4HH, dujio noBHAHuouy BnepBUO yKaaaHO Koa> 
uoropoBUM [^3], KaxoTOfl, uto oho 6146 HeAOOTaTOMHo nonyd^- 
HO B JiHTepaType no TaopHH HH^opMauMH, nooKOAbBy'AO orx nop 




v 


Approved For Release 2009/07/09 : CIA-RDP80T00246A011 700340001 -4 


Approved For Release 2009/07/09 : CIA-RDP80T00246A011 700340001 -4 


1 p 


B HeKOTopux pa6oTax i|)aKTBy aBJUnon^Hecji ^acTHati oJiy^aaM dToro 
pesyubTaia, AOKasEiBatoTCH tionea rpoMOSAKHUH, npaHUMii ueTO* 
AaiM. 

2 . 5 . C yTBepsAeHHeM Teopeuu meHHOHa o aoctbto^hux yoAO- 
BHBx aah BoauoaHocTii nepeAami abac, ode tout OAOsHce. HeTpyA* 
HO npnBeoTH npHuepH. noKaausaioiiiHe, qto ycAOBHe ( 18 ) (Aaxe 
eCAH SaMOHItTb B HOU CHUBOA ^ Ha ^ ) HeAOCTBTOQHO AAA 

BOSMOZHOCTM nepBAQ^H. yCAOBHB ( 18 ) ABAHBTCfl AOCTaTO^HUU AAA 
B08U0SH0CTH nepBAa^H AHmb B HBKOTOPOH aCHUIITOTMqBCKOM CUHO- 
AS H npH aTOM rAaBHBM ABAABTOH npBAHOAOKBHHB 0 TOM, ATO 

H(ftW) , TaK ^TO yCAOBAB ( 18 ) ABAABTCA HBOfixO- 

AHHHU H AOOTaTOAHHM AHlOb ApHMBHHTBAbHO K SaABHO 0 nopBAB^B 
AOCTaXOAHO dOAbmoro KOAHABCTSa HH(|)OpHaUHH. OOTBAbHUB MHOPO- 
^HOABHHHB npBAHO AOSBHHA HOCAT XapaKTBP "npBAnOAOSBHHft PBPy- 
AAPHOOTH" H HX UOSHO CHBAO C^HTBTb BUnOAHBHHBMH B npAKABA" 
HUX HCOABAOBaHHAX. 

^HdOABB yABBAMHM C TO^H BpBHHA npBBT H<lBCKOfl HpHAOXH- 
UOCTH ABAABTCA B TBOpBMB iUBHHOHa TO, HTO UBTOAB KOAApOBaHHA 
H AeKOAUpOBaHHA, cy^BCTBOBaHHB BOTOpHX PBpaHTHpy BTCA BUnOA- 
HBHMBU yCAOBHA ( 18 ), AOBHAHMOMy HBHSdBXHO CBASaHH C KOAUPO* 
BaHHBH dOAbmOPO KOAH^BOTBa MHl|;opUa4HH, KBK BAHHOPO 4BA0P0, 

H nOOTOMy HBHSdBXHO CAOKHU (upHABM OAOZHOCTb HX BOSpaOTBOT 
npH ). B 0BA8M 0 8THM O^lBHb SaMaHAHSOft, XOTA 

noxa HTO H OTAaABHHOft KaSBTOA napenBETHBa nOAyHBHHA ROAH- 
^BCTBBHHBX 046H0K HHHHUaAbHOfi CAOSHOCTR BAPOpHTMOB ODTHMaAb- 
HOPO KOAHPOBBHHA H AeKOAHpOBBHHA (cp. jadOTg f 3l ), PA® ne- 
AOdHHB OABHB?! nCAyABSTOA AAA BAPOpHTHOB BHAHOARTOAbHOPO 

aHaARSa). U btoS toarr spbhha oabhb rhtb pbohh padoTB (v8l, 


■ ' 


s 
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H r^e AGJiaDTCH oueHRH CBepxy ajih cpeAHero tmcjia jaeftci-l 

Buff B aJiropHTMax AeKojmpoBaHHa jiJia npocTefimHx CHTyauMff. I 

2«6. HauHHaH bboahtb noHSTHfl, Honojib^eM»e b iiaTeiiaTH;^ 
^ecKoff (JiopwyjiHpoBKe npfluoro yTsepsAGHHa TeopeyH lUeHHOHa, mu| 
HasoBeM nocjieAOBaTGJibHocTb nap cjiynaffHux BGjmqiiH ), 

HH(|)OPMaUHOHHO~yCTOflqHBOff. GCAI!^< ^ J 






( 19 ) 


B CMHCJIG OXOAHMOCTH HO BGPQgTHOOTH*^ 1 

Bq MHOrilX npHBOXGHMHX "X H 3 GCTGCTBGHHO CnHTGTb 
noCRGAOBBTGJIbHOC TflMH OTpeSKOB HGKOTOpUX npOI(GO> 

COB {®^si H OPOTBGTOTBGHHO (T.G* 

Egah npouGcca 0(5 h hmgiot abckpgthog spaufl h naps 

C*'Sy*'c assaes^s^e- HeSaBHCHMHpTO yTBGpSACHHG 

00 HH^OpMaAHOHHOff yCTOffmiBOCTH OTpOGKOB 3,3 CBOAHTOfl 
K yTBGpSKAeHBK) oO SaKOHG OoJIblUHX ^HOGJI ARH nOOAGAOBaTGAbHO- 
CTH OyMM HGGaBMCHMUX OAy^aflHHX BGAHtfflH, H OOGTOUy HGOOxOAH- 
MHG M A&OTa.TO^HUG yCBOBHil ABA HH$OpMaUHOHHOfi yCTOffQHBOOTH 
HGTpyAHO noay^HTb hg tgophh npeACAbHux tgopgm aah oyioi Hoaa- 
BHcnMHx BGAHTiMH. AHaAOPH^Ho, GCAH napa < - oOpasy- 

K)T UGOb MapROBa, TO yTBGpSACHHG oO HH^PHBAHOHHOff yCTOflnil- 
booth CBOAHTCfl R y TBGpSACHHK) 0 SaROHG 0OAbin|fX nHOGA AAA 

' ‘ t 

(|)yHRARff OT BGAHTIIIH, CBASaHHUX B AGHb^ MapROBB. 3 tH SaMOnaHHH 

x/ Mh hg paCCMaTpUBaGH SAGOb CAywaff OaCROHOWHOff IlH(|)0pua4HR, 
A^ ROTOpOrO TOSG BOSMOSHB OOAepsaTGAbHafl TGOpna iOM* 

Ctu )• 




OKI! . 
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6 bjih oAenaHH Bnepsue PoaeHdAaT-PoTou f7bl . Ecah » 

0(5 -odpasyuT ooBMeoTHO cTauHOHapHUfi h aproAPnieoKnit npoueoo 

C AHOKpeTHUMH BpeMeHeU H npOCTpaHCTBOU COCTOHHHS, to yTBOp* 
SAdHUe 06 MH({)OpMa 4 HOHHOft yOTOfiWBOOTM Ae TKO nOXyUHTb KB H 8 - 
BGOTHofl TeopeMH MBK-MHAABHa C^Oj, a oaMa dTa Teopeua oana- 
^aeT H»(|)opMaAHOHHyK) ycTO&WBocTB noo AeAOBaTeAbHOCTH nap 

?• Aaa cxauHOHapHux npoueccoB c npoHaBOAbHHii | 
UHoseCTBou cocTOflHHlI R npoueccoB c HenpepuBHUM' BpeMeHou 
nepBue peayAbTaTu 06 ycAOBHHx HH|)opuaAHOHHOfl ycTOltRMBooTH 
6 uar noAyqeHu Hepeaou ([67l , [6^$ a b AOCTaTo^iHO lURpOKHx 
yoAOBRAx OHH yoTaHOBAOHH IlRHCKepoM. SABCb o^epeAHotl aaAa- 
tiefl KaseTCH o6o5ii;eHR6 axHx peayAbxaxoB Ha cAy^afi "cxeuu 
oepRft" (cp. f4l3 ), x.e. Ha cAy^afl, KorAa 
3*= s tCo^-£] i , HeAaBHo flKo6c ®BeJi RHTepecHH# 

KA8C0 no^TR-nepHOAH^eoKRx nponecoos h AOKasaA aaa hhx xeope- 
Uy MaK-MRAAaHa, ^XO nOSBOAHeX yCXBHOBRXb r rx HH(|)OpUaAROH- 
Hyn ycxoS^RBooxb* Kasexcn aKxyaAbHUM nepeHeoxH peayAbxaxii 
HKo5oa Ha noQTR-nepROAHnecERe npouecoH c nenpepuBHUMH Bpe- 
UeHOM R npOCXpaHCTBOM COOTOHHHfi, nOCKOAbKy MMeHHO XaKOBa 
oxax^^Kaa npnpoAa uhophx na npoAeccoB, BoaHHKamniHx b aaAa- 
nax paAHOTexHHRR b cBaaR c MOAyAHUHflMH cxauHOHapHHx npo- 
UecooB* 

HHxepecHuu r OROHRaxeAbHHH HBAflexcA peayAbxax nRHCKepa, 
noRaaaBmero, rxo eoAR 'S * 3 npdACTaBAflK>T 0060 S Ha 6 opii 
BBARqHH, RMenniRx coBuecxHHe rayccoBCKRO pacnpoAeAenRH, xo 

I HCoSxOfl e«Mft 

AAR RH^OpMaUROHHOfl yCXOftTOHScfBVUffwaxORHO, tlTOfia 
«K> , 

Hs cBaaaHHoro hoho, qxo cboAotbo HH(|)opMaUHOHHoil yoxolt* 
11H BOOTH Bap HO B OHeHb BIHpOKOft ObOXaHOBKO* IlOCBOei} BCeodlllHO- 

i'Jji b; : 
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TaKBA, UTO 


(20) 


\/Hi" 


OTH HH^OpMaUIfOHHy© yCTOftOBBOCTb UOSHO CpaBHHTb 0 POACTB0H- ! 
HUH eS SaKOHOM doBblOHX ^HOeJI* I 

. . . I 

2.7* PaocuoTpuu AaJiee nocJieAOBaTejibHooTb nepeABDuiHX 

ycTpoRcTB jV ) c. C((X jV ^ jjjj HaaoBeM ee HHjiopMa* . 
AHOHHO-ycToaqHBoft . eoJiH oymecTByei HH$opMauHOHHo-yoToasH- 
BaH nocAeAOBaxeAbHocTb nap CBasaHHux nepe- 

AaroniHM ycTpoHOTBOM ]. tbubh , mo 

. i (20) 

EcTb MHoro ocHOBaHHfi HaAeBTbca, mo cboJIotbo nocjieAO** 
BaxeJibHocTH nepeAaioniHx ycrpoftcTB (Shtb npa 
HH$OpMaUHOHHO-yCTOflmBOa ABJIHeTCa CTOAb se OdUlHM, EaK ■ 
CBOfiCTBO HH$OpMaUHOHHOa yCTOa^HBOCTH HOCJieAOBaTeabHOCTel 

cjiymSHux BeairaHH, oAHaEO yae noaymHHue uaTeHaTHqecRHt 
pesyjibTaTU HBaaioTCfl SAecb uHoro HOHee mHpoKHUH* ABxopou 
[2iJ AOKasana HH|)opMauHOHHafl ycxofimBOCTb nocaoAOBaTeabHo- 
CTH BoapacTao^Hx no ajikho otpobkob oahopoahopo BaHaaa 6e8 
naMHTH* Mcnoubsya TeopHio cyMU HesaBHCHHux BejiMtoiH, noBHAHUo- 
wy HexpyAHO 6 hjio 6h noJiy^HTb odmae (6uTb mosgt HeodxoAHMue 
H AOCTaToqHue) ycaoBHa b i$opMa4noHHo0 ycToft^BOCTH abb sa- 
HaaoB 6e3 nauATM b hgoahopoahom cAyme, a TaK*e aaa "cxeMH 
oepHa*. 

“HoromcJieHHHe HccjieAOBaHHa [y9j, , 0^1, [l2j, 

nooBADieHHue pemeHMD, nocTaBAOHHoa XMHmHuu saAam o ooBoa- 
AeHHH aproAHxiecKoa h o6iWHoa nponyoKHoa-onocodHooxea, moxho 

HHTpenpeTHpOBaXb KOK AOBaaaTOlIbCTBO HH^OpUaUMOHHOa yCTOaHH- 
BOOTM nOOAOAOBaTeAbHOCTH OTpeSKOB XaHaJia 0 KOHOHHOa naMATbiO 

B oHuoAo ibeaHOTeaHa-^HHAHa. Mb peayAbTaxoB pa6oTii fSl nos* 


rno ■ I ■ 

I w'iil - 


f'ifi' i y 

W.jSL i 
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27. 


, (cJU. 2. to), 

HO, HonoJibsya npHsoAHMy® HHlSvyeopeMy Xy-Po-flHHa, bubooth 
KOOBSHHUU o6pa30U HH^OpMaUHOHHyK) yCTOfiHHBOOTb OTpeSKOB OA” 
HopoAHHK saHaaoB 0 KOHe^HOft naMHTbH) H AHCKpeTHHMH npocTpaH- 
OTBaMM cocTOfiHHil npH HeKOTopux oppa HKQdHHHX Ha iiepaxoAHys 
(i)yHKUHB • KaseTca HHTepecHHM ASTb AJifl OTOPO cJiy^aa npa- 

uoe AOKasaTeabOTBO HH({;opua4HOHHOfi ycTOfi^HBOCTH h yoTaHO** 

BHTb (b OTHae apPOAH^eCKOfl TeOpHH OAHOPOAHHX KOHe^HUZ ue- 
neft MapKoBa) ycaosHe, HeobxoAHMoe h AocxaTO^Hoe aah hh!J)op- 
UaUiHOHHOfi yCTOfi^HBOOTH fipH aK)60M Ha^aabHOU COCTOaHHH. 

^aa HGAHCKpeTHOPO oay^aa eAHHOTBeHHHJi o6ihhm pesyabia- 
TOM HBaaeTca peayabTaT HiiHCKepa, AOKasasmePo: Aaa topo, 
qT06H oocaGAOBaTeabHOCTb payccoBCKHX nepeaaBoiUHX ycTpoflCTi 
6Haa HH(J)OpMa4HOHHO-yCTOfiWBOfl, H©o6xOAHMO H AOOTaTOAHO, 

^ qTo6H . Saecb oqeHb aKTyaabHHM KaaeToa bo- 

npoo 0 noayqeHHH bihpokhx AocTaToqHUx ycaoBHfi iiKj)opMa4HOHHoft 
ycToftqHBOOTH oTpeBKOB RanaaoB o o6o6neHHflMH Ha oayqaft He- 
npepHBHOPO BpeUGHH H HeOAHOpOAHHfi no BpeMeHH (6HTb MOXOT, 
noqTH-nepHOAK^eoKHfl) • 

2.8. flocaeaoBaTeabHocTb cootfo;eHHft ) ). o 

H(p^W*) 4 oo HasoBew HH(}-'OPMauHOHHO-.vcToBqHBOfl, ecaa 

eymecTByeT HH^opMauHOHHO-ycToftqwBaa nocaeACBaTeabHOCTb nap 

), obpaaymiUHX coo6in©HHe ^ Taaaa, 

qTO 


f. Wlilll-± 


( 21 ) 


< — 06 yoaoBHax HH(]^opMai(HOHHOft ycToflqHBOOTH nooaeAOBaTeab- 
HOOTM ooodneHHfl H3BeoTOO MeHbffle, qoM AJia nepeAaionaPO yoT- 
pofloTBa. 


Kj'--..:; iSi'SlF ■ 
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B cjiy^ae coo6ii«eHHfl c ycaoBHeu noJiHoro BonpoHSBeAauHfl 
Bonpoc oBOAHTca K HH$opMaitHOHHoft y CTOft^HBooTH oap BeJUniHH 
(f^f ) , W HMeeT pacnpeAejieHHe h MoaeT 6uTb 

o6b^ho peiaeH Ha ocHoae UMTHpoaaHHHX paHee peayabTaTOB. B 
Hamefl paboie [213 flOKassHa MH$opMauHOHHaa ycTOft^MBooTb no- 
caeAOBaxeabHocTH oAHopoAHHX no speMeHH coodmeHiifi c noKowno- 
HeHTHUtI yCaOBHaM TOWHOCTH BOCnpOHSBOAdHHfl H HasaBHCHUBlIH 
BounoHeHTaMH npji iiHcae KOMnoHeHT , 3Aeob aKxy- 

axbHa npotfaeMa, aHaaorH^Haa nDo6jeMa V\^l ^aa nepeaaDUHX 
ycTpoftcTB, llHHCKepoM AOKasaHO, xiTO aaa HH!j;opuauHOHHofl yc- 
ToftiiHBOCTH nocaeAOBaTeabHocTH rayccoBCKHx coo6neHHfl Heo6xo- 
AHMO H AOCTaTo^HO, nxoSbi b AanaoMHoS pa6oTe 

CTyA* PepuaH (MPY) AOKasaHa HwlopMaitHOHHaa ycTofiWBOcxb no- 
CaeAOBaTOabHOCTH COOtSmeHUfl C nOKOMnOHeHTHHMH ycaoBHHMH xo^- 
HocTH BocnpoHSBeAeHHa, KOPAa npouecc Ha bxoa 0 aBaaexca cxa- 
AHOHapHHM, aproAH^eoKHM npoAeccoM, npnHHMaioiQnii Kone^Hoa ^ho- 
ao SHa^aHiifi* Sjf^ecb aKxyaabHH o^odn^SHHa Ha cAy^a^ HenpepnB» 
Horo uHoxecxBa SHa^OHUfi cooboieHHa h HenpepuBHoro BpeifOHH* 


2.9. BeeAew caeAyomee onpeAeaeHHe. Uycxb ^ 

PA® ^ 0CTb **uepH06 OBKaHAOBo npocxpaHCXBo c xoQKaini 

. HaM 6yAex yAO^HO npaHaxb sa paocxoaHae. 

MeacAy xo^KanH x* « 5c"- C»^,">..vO ancao 

• OdosHa^HM qepea , pao 

£ ^0 ooBOKynHooxb xowax X.® xbkhx, ^to Aaa Ha» 

ROXOPHX pacoxoaHH® . ^epea 

(Q.Vt) .< ifB 6yA0ii odosHa^axb nepaAasoiae ycxpofiexBo* 

B KOXOPOM B OnpeAOa0HH0 (2) MHO50OXBO V aai(0H0HO Ha[v^ 
a ^0p08 ^P> ^5yA0M odosHa^axb ooodiA0HH0 |^ b aoxopoM 

MHOSOOTBO W 88HeH0HO Ha twl£ , 


£ 


ROXOPHX 


' ttui 


s •Oui ■JjSj,,. . . . • ••vr-i fltSP 

Approved For Release 2009/07/09 : CIA-RDP80Tb0246A011 700340001 -4 


Approved For Release 2009/07/09 : CIA-RDP80T00246A011 700340001 -4 


FOa El ONLY 


2.10. Mu uoseu Tenepb c(|!opuyjiHpoBaTb oneAyoniyK) Teopeuj 
PIoHHOHa i' livcTb saAaHH HH$opMauHOHHo»yoToflmiBue nocjieAOBa- 
TejibHocTH ^epaA0K)^HX ycTpoftoTBa ( (3^ > h coo6neHHft _ 

) TaKHe* STO $yHKUHW_ ) H 


^ p /W J ) TaKHe* ST( 
c li ^ H qTO nPH JI1060M 
M HHxHnfl npeAea 


orpaHHueHu pasHOMepHO no 


Q >0 

nyoTb 


h(p^^w*) oo 


eca^^i.. (22) 

t-oo hCp^w*.) 

Torja flJifl Jio 6 oro c > o cvmecTByeT CTOnb dojibmoe , ^to J 
non Bcex -t coodmeHne ) woseT buTb nepeflano i 

gapes nepejatoigee yoTpoftOTBO Q c 3 • I 

iftH 6yA6M HasHBaTb 8T.V TeopeMy npatiofi TeopeMofi IlleHHOHa» i 
OdcyAHM 8 T 0 T peayjubTaT. IIpexAe Bcero aaMeTWM, gro He 
BCBrAB MosHO saMeHHTb B (JjopMyAHpoBKe Tsopauu Ha ^ 

H Ha . 3 to flCHO bhaho, HanpHMep, A^ia coo6iiieHiift 0 

ycJioBMeu noJiHoro BOcnpoHSBGASHHa, TaK KaK BosHHKaioiiiaa xoth 
6u c MaAoft BepoaTHocTbK) oniadKa npH napsAsge no aiodouy xaHa- 
jiy c myMaMH npaBeAST SAOCb k HenoanoMy oOBnaASHHK) coo6nieHiia 
Ha BKOA© H BHxoAe. )5aia Saio obpaTHaa TeopeMa IDeHHOHa 
B03M0SH00TH nepeAS'iH noKaauBaeT, gxo ooobmeHHe ^ 

MoseT duTb nepeASHO gepea nepeAawmee ycTpofiOTBo ( C2 j^e.) 
aamb eojra C ^ ^ ^Yaa ksk o6HgHO aTO OTHomeHHt 

HenpepuBHO aaBHOHT ot £ , to aa o6paTHOfl TeopeMU lIIeHHOHt 
caeAyoT, gro b mapoKOu Eaacce caygaeB ycaoBae (22) (00 OHa- 
kom > ^saBieHaHHUM Ha ^ } TaKxa h Heo6xoAHuo Aaa BunoxHe- 
HHa yTBepsAeHHH o(J)opMyaHpoBaHHOft Teopeuu* HuaHHO 1 tbkoI 
$opue odpaTHaa Teopaua IlleHHOHa ab®70a b fioabniHHOTBe npoAM- 
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jByHHx pa.60T. B fi'*! yKa 3 HBa©Tca ycjioBHa,npH kotophx 
B CttOpMyflHpOBBHHOa teOpeUB MOxHO BOB a9 8BM8HHTb Wg Ba 
W*" a Vf Ha ^ 

OrpaHH^eBBe Ba B®aa $yHBBMa h J^C-^Obb- 

aaeTca flocTaTOUHO caadHM, a BHnoaHaeTca b^«^ HHiepac- 
ffiix BacTHHx cayqaax. HaodopoT, TpedOBaHae orpaHiweHHOCTH 
$yHKBHa 0 » asaaeTca KpaaHe secTKHM. B 

no;K)OdHO BccaexyOTca AonoxHHreabHHe ycaOBHa, kotophb 

HyxHH Mfi Toro,BTOdH BaueHHTB TpedOBaHHa.orpaHSHeHHOCTH, 
OHH TeCHO CBBsaHH c TpedOBaHHauH HH(popMaBHOHHoa.ycToaq®o- 
CTH H HanoiiifflajOT ycaOBHa JBanyHOBa w fl^HTpaabHoa i^e- 
^xbHoa TeopeiiH. KaxeTca HHiepecHHii HCcaeAOBaxb ax BHnoa- 
BeHBB B KOBKpeSHbQC CEpyaiiBax / cu* 2,7»2#8 /• B [zi] 
boi 5 )OC pacciiOTpeB ^acTMBO ^a wBaeB.KaBaaa dea nauara 
H coodnpBHa C noKOMBOBeHTBHu ycaoBHeii to^hocth h BeaaBH- 
KounoaeHTaMB# 

OOHOSHUMH aBiarao* ycaoeaa BBtopafnaOHHoa-yoiottaaao- 
cia nocjBAOBaTeabHOciai! nep8»oaax yoipoaoia a ooo6b 9- 
B«it. feAasBO uro JBBOM 6 bio flOKBsaBO, BIO ipeOOBBBHe, 
OBOBb 6aB3K0e K yiBOPMeBBP 06 BB*op«anaoBBoa yoioSuBBO- 

oiH nooaeflOBaiejibHOOTH nepeflannHX ycTPo2oTB ffioexoamio 


fifiZ Toro,BTOdH npH AOCxaTO'^BO doabfflHX 


qepea lEpe- 


;iajnee ycipoiSoiBO uorao 6nib lEpeanBO axfioe HB4iop«aBBOB- 

BO-yoToilBBBoe oooenpBae o yoiOBaeu noxBoro BOonpoHaBajB- 

HBa, Ana KOTOporo bopbo f 28)* peayabxaT Xy Fo JJHHa JH»a- 
bhbboi.bio BBOfleBBO yoxOBaa BB^opBaaBOSBOg yoiogiBBOOia 
(BpaaBBuiBX yeipogoiB aBaaoioa BeBa6e*BHM. Kaaeioa BBiepeo- 
BBU noBBiBiboa noayoBib aBaxorBBBHU peayabiat b mb ipe- 
eoBaBBa BBtopuauBOBBOg yoiogqaBOOia nooxeaoBaieabaooiB 


ooo6iiBBBgj;yj| b, . yit 
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UpHBeflsHHaa feopena leHHOHa BKawaei a ce6a kbk ^lacTHidl 
ojsy^ait / ecaa » yMBTHBatb ueHee cymecTBeHime BapHauHH b 
( topuyjiHpoBKax/ see panee onyCJiEKOBaHBue TeopeuH laKoro iiraa 
/ /, OAHaKO B nepeqHCJieHHHX pafioiax, 

KpoMe caMoii TeopeuH leHHOia, HCCxeAyeica Bonpoc o6 ycxOBHax 
BBl^puaullOHHOS yCTO&^HBOCTH paCCMaTpHBaSMilX B HHX ISPBAaX^ 
QHX yCTpofiCTB H C006fli3HH3, BHABXHBMHft npH BBlne U lUaHe HB* 

xosBHHa B OTAejn.aBy® npoOxeuy. 

cjiy^ae,KorAa nocxeAOBaTCJibHOCTi nspeAajoAHX ycrpoiicTB 

- 9TO nocjneAOBatexbHOCTB OTP 63 KOB OAHopoAHoro KaHaxa, a 

nocxeAOsaTejibHOCTb cooCmeHHa - nocxeAOBaTexbHOcri OAHopoA- 

HHX cooeneHHfi c pacTyumi hhcuiom KOi 4 noHeHT,i?)eAaoqHTa»T uacTO 
HecKoxbKO HHyB ^opwyxHpoBKy ocHOBHux Teopea ffieHHOHa. 

BBOAeM B CBflSH C BTHU CjeAyfiAl® nOHflTHa. nyCTb (Qp^y ) 

- DspeAasniee ycTpo2cTBO,3aAaBaeiioe oCpesKOU ajihhh oa- 

HopoAHoro KaHajia c na^ajibHuu pacnpeAexeHHeM , Hasoaea 

cpexHeft nponycKHoM cnocoCHOCTbP Kanaja 

c- 

ecxH 3 T 0 T npeAex cymecTBye'T Aia x»6oro HaqajibHoro paenpeAB- 


XeHHfl 


Po H IB Basse HI OT sTOFO pacnp©Aexe HHfl .By CTb Aaxee 


- oAHopoAHoe no speaeHH coodiiBHHe c ^ Koano- 
HeHiaaH, Mu fiyAea HaauBaTb ^KQp gcTbP coBJiaHHa cooi S ^lg B.Sg» 

R-- €;»« i 

3IH onpeABxaHHE jserKO o6o6AajDTca Ha cjiyaafi Hei®6puBHoro 
BpeaeHH.IlB c^opayanposaHHUX Buoe leopea DieHHOHa HeaeAneHHO 
caeAyeif'iTO ecxH H>C 


.TO npH AOciaio^HO OoxbmHX 
ncPCAAMo He- 

cooemsHHe aosei 6utb 


; , ■ 

t J 


m 

)V 
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pea nepewKHnee ycxpoficTBO (Q /• EcJiH,Hao6opoT, 

C>H H BHnOJIHeHH Tpe 60 BaHHa HH({)OpHaUHOHHOft yOTOfl^H- 
BooTR, TO npR AOCTaTo^HO doJibiiiHX c oodnieHRe 
MoaeT 6HTb nepeASHO ^lepea nepeASionee ycTpofiCTBO (Ope^V**). )» 
iiHorAa npeAnowfTaDT HecKoabKO HHOfl BapwaHT aTHx onpe- 
AeAeHHfi. nycTb 2 * ^ coBMecTHo-CTauHOHapHHa npo- 

AeccH. UKOPOCTbP nepeAatjH HHj)OPMauHH H aaoseii ' 


dfZ) = -h ft,., I)). 


(is) 


(ycaoBHa A«a oymeoTBOBaHHa npeAOJia (25), a TaKse Apyrae Ba- I 
pnaHTU 3Toro onpeAOJiaHiia HoojieAOBaHH llUHCKepoii) • TorAa eo- I 
TeCTBSHHO npeAnOJIOSHTb, XITO I 

Q = ^ (5^) (26) I 

TAe BepxHflfl rpaHb 6epeToa no Been npoAeccau | 

TaBHU, tiTO npH aofiOM BeHH^HHH ('^ 4 ,..., M f 

cBflsaHu OTpesKOM RaHaaa ajimhh ^ npH HeKOTopou Ha^aAbHon 
pacnpeAOJiaHHii AJifl cocTOflHUfl KaHaxa, h ^to , 

H = 3(2) (-<{7) 

rAe hhshhh rpawb depeTCa no boom npoueccaM Ji 
TaKHM, ^TO npH JI 06 oM BeaH^HHH y* 

o6pa8.vPT coobqeHHe c BOMaoHoHTaiau. Buboa paBOHOTsa (26} 

coAopaHToa am KanaBOB c koho^ho 8 nauaTbo no XHHUMHy-SaflH- 
CTeftHy B L99} h (341 . IIpoCAena ycTaHOBaeHHH o6iiiHX yoAOBHl 
AJiH. ero BunoAHeHHa, a TaKse e^e ho'ith coBoew HeRsy^eHHaa 
npo6AeMa ycTaHOBjieHMH yojioBsia ahh paBeHCTBa (27) noBWAHMOiiy 
TecHO oBaaaHH o npofiAewaMH yoAOBHfl HH$op- 

uaAIlOHHOR yCTOfttiHBOOTH OOOTBeTOTByPUlflX Kanaxa ii opodu^tHRs* 


^Usi .i . ■ ■ . ! y^iirJk 

Approved For Release 2009/07/09 : CIA-RDP80T00246A011 700340001 -4 



Approved For Release 2009/07/09 : CIA-RDP80T00246A011 700340001 -4 


F 




0 


? 


c, 




3g. 


2.12. IIpHBeAeHHue ^opMynHpoBKH TeopeMB IIIeHHOHa OTpaxa- 
x)T MaTeMaTM^ecKH peaJibHyio KapTMHy nepeAaiiif HH^opMaUMH, AJifl'* 
iqefiCA HeROTopuft 6ojibmofl, ho KOHewBa OTpeaoK BpeueHH* Ho 
B 60 JIbinHHCTBe npeAUAyOFHX pa 60 T BBOAHAaCb HHaa MBTeMBTH^ieO* 
Bafl HAeaRHsauHii, npn KOTopofi nepeAa^a HH(f!opuaAHH MBCJiHTOfl 
AJiHii;ellofl beoKOHe^HO AOJiro. Mb ho 6yAeu npHsoAHTb cooTseTCT-j 
Bysi^He onpeAeAeHHfl, nooKOAbKy ajih npocTe&mHX CAynaes ohb 

' ' f 

AaHB B xopomo HsaeoTHBx padoTax, a b odiqeM c xyiiae rpoMosA* 
BH H ooAapzsaTOfl b [2i}, pasA* !«&)« 

jlUfl npocTeSmHX cxy^aeB, yse HsyqeHHBx b AHTepaType 
panee, nepexoA ot TeopeMB DIeHHOHa b npHBBAeHHoe BBme (|opMy-' 
RHpoBRe K cooTseTCTByKiDiefl TeopeMe axh decKOHe^olt nepeAB^iH 
nouTM TpHBHaAeH, OAHaRo B o6qeM cJiy^aa bto yse He tbr. 
OnHmeM HarxHAHO npnuep, paa*'HCHflK>iiiHit BoaHUKacniHe npn btom 
T pyAHOCTH. IlycTb noAxeaamee nepeAa^ie cootfoieHHe T*=f * 
FAO — oo ^ ^ “ cxyHaSHaa BexHHHHa c HenpepBBHBM pac- 

npeAexeHHeM, h ycxoBtie tohhocth BocnpoHSBeAaHHfl HBRaeTOa 
ycxoBHOM noAHoro BocnpoHaBeAeHHH. CRopocTb coaAaHHX TaRoro 
ooo6nieHHfl 6eoROHeHHa. Oahbro cyqeoTByioT MeiOAU ROAHpoBdHHA 
H AOROAKpoBaHHE, noaBOAflioiipie nepeAaTb ero nepea nepeAanniee 
ycTpofiCTBo c CROAbyyroAHO Maxofi HeHyAOBott cpeAHeK nponyos- 

HOS CnOC 06 HOOTbK)« 8T0r0, B8flB MOHOTOHHyiO nOCABAOBaTeAbo 

HocTb MOMeHTOB^eMeHH *T 4 >Tg^>,..^ X*'^-«*«^8a OTpeaoB 


nepeAaAHM caeAeHHa o T. 


C TOHHOCTbK) AO 


• 6B6paB AOCTaTOWHO 60AbmHM, dTO MOSHO 

OAeAaTb CO cROAbjF yroAHO msaoS sepoaTHocTbo oihh6rr« K ab6o- 
My MoueHTy BpeHOHa yse ao SToro MOMOHTa Ha bbxoao 6yjiyT 
noAyaeHB oBeAeHHa o co oROAb yroAHO doAboolt tobhootbo 
K UaAOfi BepOATHOOTbK) OOIB6 kH* TaKHU 06pa80M, BASOb H >0 , 


n 


■Uil Si-',,.. is sav 
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a nepeAa^a aa deoKOHe^Hoe BpeMfl tsm He Mewee aosuoxHa. Mox* 
HO npHBecTH TBKse (cyii;e0TBeHH0 6ojiee ojiosHuft) HpuMep ana* 
AorimHofi cHTyaiiHM, PAe b kotopom 

KasexcH HHTepecHHu paaodpaTBca ao bohab b 8Tou spy re 
BonpoopB. dToro, hosot, noHaAO^HTca ueoKOAbBo pe- 

^opMHpoBaxb onpoAeJieHMe shtpoomh m nponycKHOtt cnoco^HOcra 
(cp. ^asAHUHHe onpeAejiaHHfl okopocth nepeAa^M hh^iopubahh 
B f53]). I 

3* BnqKOJieHHe nponyoKHoB onooo6HoorH .^HTPonH. 

H onTHMajibHHx paonpeAeJieHHfl. 

3.1. IIocKOJibKy pemeHHe npodjieMH mennona AaeTOX qepea npo- 
nycKHyH) cnooo^HOCTb nepeAaK)i 4 ero ycTpoflCTsa h V/ -aHTpooHU 

COOdqeHHfl, BaxHO Hay^HTbCfl BU^HCJIHTb flBHO 8TM BeJIFHlHHB B I 

KOHKpeTHux ojiy^aflx. KpoMe xoro HHTepecHa xecHo cBflsaHHOII 1 
c npeAHAy^HM Bonpoc o BHt.}HCJieHHH onTHMaJibHHx paonpejgejieHHfl l 
Ha BXOAe nepsAammero ycTPOfioTBa (x.e. pacnpeAeaenHa p b 
npocTpaHCTse cnrHanoB Ha bxoa 6 tbkhx, iito ecjin \ HMeex 
pacnpeAeJieHHe p h napa CBflsaHB nepeABBOUHii ycTr 

pOfiOTBOM ( }, TO 




( 26 ) 


M onTHMajibHHx pacnpeAejieHHft AJfl coodgeHna (T.e. coBHecTHBX 
pacnpeAaxeHHK b npoHSBeAeHHH npocTpanoTB SHaveBHft 
coodi^eHHfl Ha BXOAe h na bbxoao TaKHx, uto naps ) 

0 pacnpeAeaeHweM ^C-j^) odpasyo? ooodqeHHt i 


hCp,w). 


(29) 


BaSHOOTb OnXHMBAbHBX paOnpeABAOHRa 06*a0HfleT0fl tom. ^TO R8 
HepaBeHOTBB (15) BRAH0» RTO eOAH BaAH^HH 

t sjii iLiii ‘ 'I,’-.’ ; ' 
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saAaoT cnoco6 nepe^a^M coo6n;6HHfl (pyW " no nepeAaffiqeMy 
ycTpoflCTBy (Q,V) TO 

iClQ.V), ( 30 ) 

OTcioAa cjieAyeT, ^to kofab aHTponHfl ooo 6 ii;eHiifl duHSKa x 
nponycKHofi cnoco^HOCTH nepeAaioii;ero ycTpoficTsa (t.o* axa 
nponycKHafl cnooo^HOCTb xcnoxbayeTCfl nouTtt noxHOCTbio}, ueTO* 
AH KOAHPOBaHHfl H AeKOAHpOBaHHfl HBAO BUdnp^Tb XaX, qxofiii 
pasHOcxH )- h C[Q,^) - 6 uah 

uaxH. OxcioAa/ eoxecTBeHHO, CAexaTb sHBOAt ^to pacnpeAaAe- 
HHe cirrHaAa Ha BxoAe \ vi SHa^eHHfi coodqeHiffl f dAnaxii x 
onxHMaxbHHM, H dHa^HT, aHa^eHHe onxHMaxbHux pacnpeAaxeHHft 
noACxaaHBaex xax aojisoh duxb andpaH mbtoa nepeAaux. C xo^xx 


apoHHfl MaxeMaxHKa yxBepxAaHiie o xom, ^to xa MaxpoxH paaHo- 
oieB 3 a?) - H (p,W) g C (Q, V) - a C'iA) cxeAyex dAHaocxi 


cooxBexcTByiODiHx pacnpeAeAeHxft, Aaxexo He o^eBXAHa, nocKoxb- 
xy npocxpaHCXBO pacnpeAexeHHft He xounaxxHo, a HH(j[>opMaL(Ma > 
He HenpepHBHHtt ^yHKUHOHax. Kaxexox xen He Menee, xxo axo 


BepHO B AOCxaxoMHO mHpOKHX npeAnoxozeHHflx* 


3 . 2 * B cooTBexCTBHH c onpeAexeHHBM nponycxHOfi cnocodHO- 
CTH (16) aaAaxa ee BHXHCxeHxa ABJuaeTca aaAaxeft o BH^HCxeHHH 
MaxcHuyua ^yHXUxoHaxa (a b cxynae AHcxpexHoro npocxpaHCxsa 
[j -'j[)yHBUHx HecKoxbKHX nepeMeHHux) . l!ie cne4H(|)HKa cBflaaHa 
0 ooo( 5 hm aHaxMxxqecKHM bhaou paccMaxpuBaeMoro (j[)yHR4H0Haxa, 
noaBoxflioii^xM ynpocxxxb pemeHxe, a xaKse o xeu, xxo Ha o($- 
jiacxb HaMeHeHHfi ero apryueHTa noxosena orpaHxxeHXfl xHna He- 
paseHCTB (orpaHxxeHRe V vi xpe6oBaHRe HeoxpHAaxexbHOCxH 


paonpeAexeHHii BepoxxHooxeM) • 06iQafl xeopHx BapxauMOHHHX aa- 

-fB siiiY 
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IE 


A8^ c TaBHMH orpaHH^eHHflMH 61^6 HdAOCTSTO^HO paspadoTSHi 

(cm. f5] )• 

noJiyuHTb HBHoe BHpaaeHHe ajib nponycKHoft cnooo($HOOTH 
yAaeTOH AHinb b HOKAiowTeAbHHx cAy'iaflx, oAHaKo B paboTax ffleH- 
HOHa H ocoCSeHHo Mypori! ( T 803 » /61j , /]52j ) , pa8pa6oTaH axpo^ 
PHTM, CBOABIHH® BaAB^y K peoieHHK) TpaHCUeHAeMTHOPO ypaBHeHHB. 
3 tii HcoJieAOBaHHH npoBeAeHH Ha ypoBHe *$HaHHecKofl otpopocth* 

H kaxSTCH BasHHM (b OCObCHHOCTH ABB 60X69 CXOZHOPO HeAHO- 
KpeTHoPO cxynaB) aaBepniHTb hx, paaodpaa noAPOdHo Bonpocii cy- 
Q^ecTBOBaHifB, HccjieAOBaB oco6ue cjiyHan h T.n. 6 pa6oTe meHHO- 
Ha f82] Aana abb AHCKpeTHoro cxynaB peoMeTppmecKaB TpaxTOB- 
Ka aaAaHH h, b nacTHocTH, noKasaHO, hto UHOxecTBo onTHMaxb- 
Hux pacnpeAexeHHfi BunyExo. MHTepecHO coaAaxb mbtoah bh^hcxc* 
HHB KpafiHMx TotieE STOPO MHoxecTBa, a TaKxe nepcHecTH Hcoxe» 
AOBaHHe Ha o6ii;Hfl cxynafi. 

AHaxoPHHHHe npo6xeMU BCTaiOT b cbbbh c BU^HOxeHHeM an- 
TpoiiHH coo6i];eHHB H oHTHMaxbHux pacnpeAdxeHHft axb coodnieHHB. 
OxHaKo BAecb He cA«JiaHO eme hchth HHHero (eoxH h 6 cHHiairb — 
derxHx aaMenaHHA b (^851) • 

3.3. ^B cxynaB, KOPAa nepeAaomee ycTpofiCTBo BBXBeToa 
oTpeaKOM xaHaxa dea naMBTH HeTpyxHO noKaaaTb (cm. £21J hxh 
L 333), ^Tp cpeAH onTHMaxbHux pacnpeAexeHHfl Ha BxoAd HMeer- 
CB pacnpeAcxeHHe c HeaaBHCHMUHH KounoHeHTaMH* Otcdab xopko 
BBBOAHTCB, HTO eCXM -nponyCKHaB CnOOOdHOCTb OTpeSBa 

AXHHH , TO 




(31) 


OAHaKO BH^HCXeHHe BeXHWHHU BBXBeTOB OdUHHO TBS 26 TpyA- 

hoA aaAaneA. Axb payee obokopo xaHaxa dea noMBTH o baakthb- 


rfsJif ^ fi&m u 
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Huu my MOM Bepna 


-e»3 (<*§-) , 


( 32 ) 


a oriTHMajibHoe pacnpejt^JiQHHe HBJifleTCfl rayccoBCKHM. 

AhAJIDPH^HO, COO61HGHHH C nOKOMnOHSHTHHM yCJIOBHBlI 

TC^HOCTPI PI H88 aBHCHMBMIf KOMnOHGHTaMM CpGflH OnTMMa^bHHX paO* 

npe^ejieHHfl HMeioTca (cm. [ 21] ) pacnpe^ejieHHfl, AJW KOTopux 
napM } HeaaBHCHMH. OTCOAa cHOBa cjiajiyeT, ^to acJiH 

H,. - aHTponHfl coodineHHa c y\ KOMnoHeHTawH, 10 

(33) 

H^- Hi. 

Oco^aHHO npocTOft aBjiaeTca cjie^iy®inaH $opMyjia flJia oahopoahopo 
rayccoBCKoro coobmenHa c ycaoBHeM orpaHMMeHHOOTH cpeAHe- 
KBaAPaTHxiHofl omabsH 


H - ^ 

tr \ 00 


(34) 


rae Pj - cpejiHe-KBSApaTH^Haa omHOKai a fc - flHcnepoHS kom- 
noHeHTU coobnaHHa Ha BXOAa. 

3 . 4 , B boaee obii^Hx CHTyauHax aBHHX $opMya aah nponycK- 
HHx cnocobHocTeft H V/ — aHTponnii obtmHO He yAaeToa h b CBaaii 
0 BTHM CTaBHTCa HeCKOAbKO bOAOe npOCTaa 88413 ^a BH^HCaeHHa 
cpeAHeft nponyoKHoJi cnocobHOOTH C h ckopocth cosAanna 0006- | 

meHHa H (cp. pa 8 A» 2,11). 

IIpobaeMa BHtiHoaeHHa BeajniHH C h H yae Hamaa aoctb- 
TO^HO noAHoe pemeHHe aaa BaxHefimHX 0 npwKAaAHOfl toxhch ape- 
HHa rayocoBCKHX nepeAamniHX ycTpoilcTB h ooobnieHHfl. Abao b 
TOM, 'iTO Kaa HeTpyAHO noKasaTb (cm. IIiiHCKep CT’H ) 

B aTHX oAytiaax opeAH onTHMaAbHBX paonpeA«xeHMft BoePAa eofb 
rayoooBCKHe pacnpeAQxeHHa. A AJ** payoooBOKMX paonpaAOAaHHtt 
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uosHO ASTb (cm. C803* £403) npocToe sHpaseHne aaa hh^opms- 
4HH 6 KOHe^iHOMepHOM ojiy^se, AonycKaDDiee o 6 o 6!46 hha r hs 6eo- 

BOHe^HOMepHUlt C Ay waft (b waOTHOCTH B £403 paSBHT MGTOA BUWHO- 
AeHRH HHl|)OpMaUHH AAfl H6K0T0pUX KAaGCOB rayccoBOKHX npoAoc* 
cob). 06ii;He (|opMyAu aaa oKopocTU nepeAa^H iiH!|)opMa4HH, cpeA* 
Heft nponycKHOft cnoco^HOCTH, ckopocth cosAaHHB coo6ii;eHHfl we- 
pea cooT|eTCTfiyK)4He cneKTpaAbHue nAOTHOCTR noxyweHH IlHHOKe- 
pOM [voiy''^THWHO ero peayAbTaxa noBTopewH b £’^43. MexoAH 
peineHHH hoao^hux aaAaw xecHO cBflsaHu c aHaAHXHwecKHMM Mexo- 
ABMH KOPpeAflUHOHHOft XeopHH CXaUHOHapHHX npouecGOB. 

HaH^OAee nonyuApHoft b xexHHwecKRX npHAOseHHax ABAflexca 
GAeAyK}ii;afi (jbopM.VAa IPeHHOHa. opraHHwecKH someAmaH b MumAOHiit 
paAHORHseHepoB: Ecah Crp • nponycKHaa cnocodHOcxb nepeAamqe* 
ro ycxpoftcxBa c KOHewHoft noAocoft nponycKaHRA h deAHisf rayGOO* 
BCKHM aAARXRBHUM myMOM AAH oepeAawH aa BpeMfl T* , xo npv 






(35) 


Rjia APyPHx KAacpoB npoueccoB agao o6cxohx xyxe. faK, Hanpii- 
Mep, AAfl wacxo RcnoAbayeMHx b paAHOxexHHRe peAeeBCEHX npo- 
ueccoB (axH npoueccu BoaHHKatox nppi npoxosAGHHH yaKonoAOCHHX 
rayccoBCKHx npoueccoB wepea AexeKxopu a^a bhagaghra omdaio- 
u^eft (cm. Hanp. 1^63 ) npo6AeMa npHBOAnx cpaay x cepbeaHUM 
XpyAHOCTAM (kOG-WXO HO dXOHy nOBOAy CAOAaHO B )• 

3.5. JlerKo bhboahxca npocxaA (|iopMyAa cKopocxH coaAaHMA 

COOd^GHMA c yCAOBHGM nOAHOrO BOG npOHaBAAGHHA, GCAH npOUGOO 
Ha BXOAe ABAAGXCA OAHOpOAHOft KOHGWHOft UGHbiO MapKOBa (OM.£60ly 
(jt33 )• OAHaBOl GCAH XOAbRO SGMGHHXb dAGCb IfGHb MapKOBB HB 
npOAGGC, ABAAlOI4HflCA ^HBI(HGft OX UGHH MapKOSa, SBABWa OXaHP- 

fOI? OrvJLl:' 
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BUTCH HeHSMepHMO cHoxHee* Ee ocTpoywHoe pemeHitG npeA^osSHO 
BjieKBeJiJioM [61 . HaHdoJiee aKTyajibHUM KaxeTCH SAecb Bonpoo 
0 TOM, HOJIbSH HH o6o5lHMTb 3T0 pefflOHIfB HB OJiy^afl, KOPAa ycHO- 
BII6 TO'IHOOTH HBHHOTCH npOHSBOJIbHHM nOKOMHOHGHTHHM HHH BAA^^ 
THBHBM yCHOBHOM. BOSMOXHO, ^ITO aHaJIOPHtlHHe MOTOAH MOXHO OpH- 
MOHVITb K emO COBCOM HOHCCJieAOBaHHOfl SBAB^C 0 HaXOXAOHHH CpOA* 

Hofl nponyoKHOft cnocodHocTH Kanajia c KOHOWOfl naMHTbD. B btom 
ojiy»iae cpeAH onTHMajibHHX npoueccoB Ha bxoa© (t.o. npoueocoB 

, AJW KOTOPHX AOCTHPaeTCfl BOPXHHH PpaHb B [26l^6yAyT no- I 
BHAHMOMy (cm. [8] ) npOUeCCH, HBHamUiHeCfl $yHKAHflMH OT Map- 
kobckhx npoueccoB. KaxeTca HHTopecHHM AOTb motoa mu bhuhc- 
)C")^U1 jieHHH napaMOTpoB TaKHX npoueccoB. 

3.6. TpyAHOCTb HaXOSAOHHH HBHHX BHpaseHHtt AJIH W -3H- | 

Tponnft H nponycKHHX cnocodHocToft ecTecTBOHHO npHBOAHT k mhc- | 
JIH HcnoAbSOBaTb MBHOCTb HOKOTopHX napaMOTpoB KaHaJia M coo6- 
HeHHH. 

cJiynaH, kopao nepoAaioiiiee ycTpoiiCTBO TaKOBO, ^to 
CMPHaX Ha BHXOA® MBHO OTHH^aOTCH OT CMPHOJia HB BX0A6 H 
oJiytiBH, KOPAa coo6ii;eHHe TaKOBO, nTO ananenHO epo na bhxoaa 
djiHSKO K epo BHa^eHHK) Ha bxoao, SBAa^a oKasHBaoTCH tocho 

CBHSaHHOft C HeBepOHTHOOTHOft TOOPHeil £ -3HTp0nHll H £ -OM- 
KooTOfi /cm. [561, Ao 6.2). flpyPHM noJiesHHM oppaHHneHHOM MOxeT 
CJiyxHTb npeAnoJioaoHHe o tom, ^to KaHaa HBaaeTCH KanaaoM oo- 
oay^afiHUM napaMOTpoM. EoTecTBOHno npeAnoaoanTb, uto b btom 
oaynae cpoAHHH nponyoKHan onocodHocTb 


r*e p(.) - paonpoaeieHHB napaneTpa /» ^(7.g) 

Fs srsAi H oi.y 
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FOR oitiat m om 


cKopocTb nepeAs^H HH(j[)opMam<ii AAA napu npoueocoB 1^3 

TaKHX, qro M CBASaHH COOTBerCTByDUHH 

ycAOBHUM KSHaAOM 0 napaueTpoif € , a BepxHflfl rpaiib depeTOs 
no Bceu npoAeooau Ha bxoab > aaa Koiopux oyii;ecTByer 

npouecc Ha BxoAe’^T^V ^aKoa, uto napu 
OBflaaHH HccxeAyeMuu KanaAOM . Ha padoT Uuda^OBa ( 
flOBl) caeAyeT, tixo $opMyaa (36) noaBOJHeT bhahcahtI) nponyo- 
RHyu cnocodHOCTb inHpoKoro Raacca (j[)HairaecRH-peaAbHUX RaHaaoB 
pacnpocTpaHOHHH paAHOBoaH, b ^bothocth npH HaRH^niK ^lORTya- 
unit (|>a8u* B padoxe aBTopa C^8l (|)0pMyAa (36) AORaaana aba 
OAH oro tiacTHoro cay^aa, npHweM AORaaaTeaboTBO aepRO pacnpo- 
cxpaHaeTCA Ha odiqHfi cay^iafi, aMinb 6u npooTpaHcxBo 6 aHa^e- 
HHlI napaMGTpa duao roh6^hhm. IIocRoabRy OAHaRO b ynoManyTAX 
npnaoseHHAX (i)opMyau (36) npnxoAHTCA HMexb Aeao o BeaHQHHOtt 
P , Aueioiiiefi HenpepHBHoe pacnpeAeaenne, HHTepecHO BHBeoTA 
$opMyay (36) h aba aToro oayqaA* 

OxMeTHM OAHaRO, WTO RaHaa co caytiafiHHM napaMexpou abba- 
OTCA HeaproAH^ecRHu npH acodofl paayMHofl xpaRTOBRe axoro xep- 
UHHa H noaxoMy aba Hero HeBepna npAMaa xeopeMa fflenHona. 8xo 
He BHmaex OAHaKO (|)HaHqecRoro cMHcaa aHaneHMe C , nocROBbRy 
ero MOSHO xpaRxoBaxb RaR npHdaHjiceHHoe anaueHHe aba nponycR- 
Holl cnooodHocxH RaHaaa c ueAaeHHO MeHAOu^HMCA napaMexpoM, x 
Roxopuu npfluaA xeopeMa ieHHOHa npMMeHHMa. 

3.7. Ha BasHHx, ho He paccHaxpHBaBUHxcA SAOCb Hanpaeae- 
HHff HccaeAOBaHHA, oxMexHM padoxH no BumfcaenHio nponyoRHoft 

cnocodHOCXH MHoroBy^eBux RaHaaoB [ 65 ] h no oxaxHOxn^ooRoft 
oueHRe xeopeTt.KO^-HH(J)opMaunoHHHx napaMexpoB peaabHHX xaHaaoB 
H ooodmeHHJI ( r4l, flBl, [571 ). 
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foil OFflOii iiSE Bty 


4, MCCJieaOBaHHe OnTHMaJIbHUX K0J10B> 4,1. ECTeCTB8HHHM 

o 6 pa 80 M BCTaeT Bonpoc Kas Haiidojiee npocTUM odpaaou nocT- 
pOHTb UeTOAU KOAHpOBaHHfl H A0KOAHpOBaHHfl, Cyi^eC TBOBaHHe K 0 > 
Topux rapaHTHpyeT TeopeMa ieHHOHa* Mu paccMOTpHu aiy npo6Ae« 
My nHinb aah HandoAoe npocToro cAy^aa, KorAa copd^eHHe hbaa- 
eTOfl ooobnieHHeM c ycAOBHeM noAHoro BoonpoHaBeAaHHA tbehm, 

^To npocTpaucTBO X SHa^eHHfi coodQeHHfl Ha BxoAe ooctoht 

H8 S aABMeHTOB K ^ . 3 tO 

coodmeHHe MU dyAeu odoaHa'iaTb ^ 3) . TaKofi cAy^a# 

0C060 BazeH, nocKOAbKy xoa AOKaaaTeAbcTBa TeopeMU IHeHHOHa 
AAA npOHBBOAbHOrO COo6lQeMHA (CM. ) nOACKaaUBaGT , HTO I 

pemeHHe npo^AGMu axoro ^acxHoro CAynaa BOiiAeT Eax He- | 
npeuGHHaa cocxaBAaioiiiaa b ee o6ii;e6 pemenHe. Mu He dyAeu ocxa-l 
HaBAHBaxbca aAecb Ha HHxepecHoii cepHH HccAeAOBaHHfl (cm. h 4- | 
n)>u(v<<f nocBaiqeHHofi xaE HaauBaeMUM HepasHOMepHUM ko- 

A8M, EOTOpue MOZHO HHXpenpeXHpOBaTb EaR HCCAGAOBaHHa 8 (| 4 )eK- 

THBHUx MexoAOB EOAHpoBaHHa ARH HHoro EAacca coo6a;eHHfi. 

\ 

4.2. IlycTb saABHO nepeAaromee ycxpofiCTBO ((2,V) }• He- 
pea 6yAeM o 6 o 3 HaHaxb naHMeubmee € xaEoe, ^xo 

cootSueHHG duxb nepeABHo nepea nepeAaaniee 

ycxpoftoxBO /Q.W . IloCEOAbKy nooAeAOBaxeAbHOcxb coodmeHHfl 

S 

00 ^ HBAaeXCa npH HH(|)OpMaAKOHHO-yCXOftHIIBOH C 8H- 

xponHefl S , xo ecAH . 






cfa*v*) 


(37) 




H AAa nOGAGAOBaxeAbHOOTH C(Q , V J yj^OBAeXBOpaiOXCA npeA- 
noAosGHHA npaMOfl xeopeMU lUGHHOua, BunoAHeno cooxHonieHHe 


■e.'~ t(a* v‘,s‘)=0. 

h'4* kisreL! 


( 30 ) 


B c;* >4 k r. u ^ - a VLUUV fti^ a 
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m UI HEL OfiLY 




Ha o6paTHofl TeopeMu lUeHHOHa suTeKaeT, ^to eoAM HaodopoT 




>/ 

cca^,v^) ' 


(39) 


>0. 


(40) 




— Mcnoubsyfl nocTpoeHHa, npMMeHaeMue npH AOKasaTeAbcTsa 
hPamoK TeopeuH IlleHHOHa, HeTpyAHO noKasaib, ^to ocah nocAe- 
AOBaTSAbHOCTb HH$OpMaUHOHHO-yOTOfi^HBa , TO (40) 

MoxHo saMeHfiTb Ha doAee CHAbHoe paseHCTBO (41) 


ay» e/ca* ! 

•fc-^cO I 

PasAHtine MexAy $opMyAHpoBKaMH (40) h (41) noA^apKUBaAOCb I 

. ... ..... *' • ' 2 

BoAb$OBHI<eM ( [97 J )• 

4.3. Ecah paBOHCTBo (41) AOCTaxo^HO HCQepHBiBDDiHM odps- 
30M OnHCHBaeT aOHMOTOTHKy npH yCAOBHH (39), 

TO HaodopOT, B OAy^ae BHnOAHGHHH (37) XOHeTCH yTO^HHTb COOT- 
HomeHHe (38), oueHiiB CKopocTb CTpeMAOMHa k HyAO. 

TaKBA ouGHKa oco6ghho BaxHa, gcah - OTpGaoK aah- 

HU OAHopoAHoro KanaAa, nocKOAbKy goah e{Q ® V V 

AOCTaTOtlHO UaAO, TO ROAHpOBaHHG A^YH nGpOAG^iH HO AAHTGAbHO 
AeficTBynii^GMy KanaAy moxho npoBOARTb no OTAeAbHUM 6 A 0 Kau 
AAHHU (cp. aHaAOm^HUG noOTpOGHHH B [ 3 ^, Dl4l ) H 

anauHT, ^gm ughbog VOq , tgm npoo^G dyAOT noAo^aufi mgtoa 

KOAHpOBGHHfi. IIoBHAHMOMy, npH O^GHb fflHpOKHX npGAnOAOXGHIIHX 
H8 (37) CAGAyST, UTO npH HGKOTOpOM Q > 0 


(41) 




fOi? ' »-v(„ 

Approved For Release 2009/07/09 : ciA-RDP86Tbo246A01 1700340001-4 


( 42 ) 


Approved For Release 2009/07/09 : CIA-RDP80T00246A011 700340001 -4 




XAV 


<; — Bo BCAKoM cnyuae, npocjiezHBafl AORasaTOJibCTBo npAMOft 
TeopeMu meHHOHa (cm. f211 ) , JierRo saueTiiTb, qxo bto 6yAe7 
TaK, eoAH npeAOOJioseHife HH(|)opMaUHOHHoK ycroK^HBocTH nooJie- 
AOBaTeabHOOTH saMeHHTb Ha 6oAee OHAbHoe npoA- 

noAoseHHe o tou» ^to oyn^ecTByeT nocjieAOBaTeJibHOOTb nap 

J * CBHsaHHHx nepeAaioinHM ycTpofiCTSOM , 

TaKafl, QTO npH ak)6om £>o h ueKOTopoM tAC^)>0 


Ia m s>i 


C(a*,v^) \ 


KaHaAa 6ea naMHTH ycjioBHe (43) CASAyeT, ecjm npoA- 

noAOSHTb, tiTO OnTHMaAbHOO paCnpOAO AOHUe Ha BXOAe HBJUieTCS 
"AOCTaTO^HO XOpOmHM" H8 HSBeCTHUX TOOpeM 0 dOAblUHX yKAOHO- 
HHflX cyMM HesaBHCHMux BOAH^HH (cM. [ 15l ), (TaKHM nyTeii 
^aJtHCTeftH [323 AOKaaaA yTsepsAenwe (42) aah oahopoahhx ko- 
HeuHMx sanaAOB dea naMHTn* Aab KaHaAOB o koho^hum mhoaom 
COCTOHHH fi} yTBepaASHHe (43) MOXOT dHTb, nOBHAMMOMy, BUBOAB" 
ho Ha H3B0CTHHX OAeHOK dOAbfflHX yKAOHGHHJi P,JlSi OyMM BeAH^lHH, 
OBflaaHHHX B uenb MapKOBa, oAHaRo b doAee odmeJl CHTyaitHH nyx- 

HU OTAOAbHUe HCCAeAOBaHHfl. 

4.4, npeAnoAosHM lenepb, ^to (Q*', - oTpeaoB ajih- 

f\ l_l “I 

HU h OAHopoAHoro KaHaAa. Hojioxhm AaJie® - fS- J • j 

ycAOBHe (37) oanaqaeT xenepb, wo I 


H^C 


(44) 


TAe C - cpeAHaa nponycKHaa cnooodHooTb KanaAa. Hccasao- 
BaHHA) npoBOACHHue B npocTefiiHHx oAy^aax, noaBOAHOT HaAesTb* 

oa, wo npH yy -^oo h HOKovopiiX € >0 


» wii I' i'*' a 
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x’)cvr 






-€n 


( 45 ) 


OAecb obosHa^eHHe noApasyMesaeT, ^to 


a**’ 'Ah 


)• BoAee TO^Hyio acRMHTOTHKy 


BHAa 


e(u",v" ~ c'’“ ^ 




( 46 ) 


PAe C -KOHCTSHTa, nOAy^MTb BMAHMO HeBOSMOSHO (xOTfl 8X0 
VI He AOKaaaHO noxa ^xo hh aah oahopo CAy^iafl). AeAo b xou, 

^xo npii HCCAeAOBaHHH BepoflXHOcxH eOj’,') c xaKoil bhoo- 
KOil XOUHOCXbK) cyi^eCXBeHHHMH ORaSUBaiOXCA apH^MeXH^eCKHe 
CBOfiCXBa ^HCAa VI. 

f 

KaxexcB HHxepecHHM Aoxasaxb cynteoxBOsaHife KOHOxaHX i| 
a VI € , HO eqe Baxnee, KonetiHO, nayuHXbCfl hx BHtinoJiflxb .| 

9xa saAB^a ORasHBaexcH xpyAHOfi Aase aah npocxeilmHX kohoiihhx | 
xaHaAOB 568 nauaxH. Aexop paccMoxpeA axy saAany ajih BaHaaoB 
6e8 naMflXH xaKHX, qxo MaipHua BepoaxHOCxefl nepexoAO (Jo'ftij) 
obaaAaex CAeAyioniHM cboKoxbom OHMMeTPHTMooTH; xasAsa ea 
oxpoRa HBAiiexoa nepecxaHO.BRofi Asbofi Apyroft cxpoRH R RaxABft 
oxoAdei; HBAHexca nepecxaHOBRofl ae)6opo Apyropo cxoAbua. Oxa- 
aaAocb, ^xo ajih xaxHX xaHaAOB 




( 47 ) 






( 48 ) 


r;. . • 
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m BFHKi liSE m 


M - WOJIO 8 JieM@HT 0 B B npOCTpSHCTBe CHFHaJIOB HB BXOAB, 
a - B npocTpaHCTBe CHPHajiOB na buxoab, ecjoi 

MaCTHBM CAy^aOM paCCMOTpeHHUX KaHdJIOB ABJIfleTCa CHMMeTPHq- 

dHHapHufi KaHaji c MaTPHitefi 

JlJifi dToro KBHaAa BAafiac nayviiA HHxepecyuiQyD Hao ^ 

saAB^y • B CAyqae yAaeTca noay'iHTb awnib hgcob- 

naABioniiie BepxHioio h hhshk)io oueHKy aaa B • Sbab^b to^hopo 
yxt/ii BumicAeHifH B OBasbBaeTCfl SAecb Aase aaa npocTeftmero ohm- 
uerpH^Horo 6 iiHapHoro KaHaaa o^eHb TpyAHOll h ee pemeHiie, bh- 
AifMOy^Boauo^q^Hmb c npHBAe^eHHeM KaKnx-AH 6 o hobux ifAefi* 
Baaftac [ZQ"} HccAGAOBax xaKse cxy^afi 6 HHapHoro KaHaaa oo 
CTHpaHHeM, T.e. Kawaxa c MaxpHAett { ^ 

He flBAHioii;erocH cPiMMexpiraHUM b HameM cuHcae. KgaercH, ^to 
^Y cvtn BTOT peayxbTaT Baaflca Mosex 6uTb o6o6n;eH Ha HeKoxopnii xnaoc 

HedwHapHHx KaHaaoB. OAHaKo yse aaa HecHMMexpnHHoro dwHapHo- 

ro KaHaaa aaAB^a HaxoKAeHHa napaMexpoB O h ^ cxano- 
BHXCii oHOBa o^SHb xpyAHofi H noAicoAu K Heft noRa axo He bhahu 
( rpydo roBopa tom Hc/ti’t coBnaAaeT co cpeAweft nponycKHoft 
cnocodHOcxbK) C , xaK qxo xpyAHOcxH SAecb xe xe, ^xo h 
AA a cHMMexpHAecEoro dHHapHoro RaHaaa npH ). B o6> 

ii;eM caytiae KOHeuHoro RaHaaa dea naMaxH yAaexca noay^HXb XHinb 
HeKoxopue oaghkh (cm. C 833 ).■ 

meHHOH HccaeAOBaA aaAa^y AAa BaxHoro Kaacca rayc* 


>c%x 


COBCKHX RanaaoB dea naMaxM c aAAHXHBHHM myMOM, tab ona qho- 
Ba Haoaa "oaHoe pemeHHe aiimb aah H ^ • Heacno, Hac- 

KOAbRO ero peayAbxaxH AonyoRanx ododnieHRa Ha HHue rayocoBo- 
RHe RaHSAU. IIoBHAHMOMy pesyAbxaxB, noAy^eHHue aaa oRMMexpnq- 

O^H«Ko ero a ouu»Se^NO. 
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Hux KOHevHux KaHSAOB 6e8 naMflTH Moryx duxb coodi^eHU Ha hg- 
KOTopue KGHaJiu G HeapepHBHHu MHOsecTBou cHTHanoi, obpaayn- 
UtHMH OKpyEHOCTH I 'fcl - 1 M TBKHMH, UTO MX nepGXOAHHG BG- 
pOflTHOCTH HHBapHaHTHH npH HOBOpOTaX (tbKMG XaMBAU MOPyt 
xopomo OnHCUBaTb OGpGAa^M npH OOMOiqH (|>a80BOil MOAyXHAMHi* 

4.5. Bo Bcex AHTMpoBaHHHx padOTax rjik nocxpoeraa hgto- ■ 
AOB KOAMpOBaHMM C HaMMGHbmGii OmH^KOtt MCnOJIbSyGTCA MGTOA 
CAVMaftHoro KOAi^POBaHHg . CocTOHT OH B cJieAy»ni®M. ByAGM pac- 
CMaxpUBaTb AMQIb HGpaHAOMM3MpOBaHHOG ROAHpOBaHHG. B COOTBGT- 
CTBMM CO CAGJiaHHHMM fiHmG 8@M6MaHHHMH (CU. pa8A» 1*10 ) - 

8X0 HG eCXb Cy^eCXBGHHOG OrpaHM^GHHG obiliHOCXM. KoAHpOBaHHG 1 

MOEHO xorAa aaAaBaxb kok ^ynKitHO . Kqaom I 

MB dyAGM HaSHBaXb Hadop 8HaUeHHil • ^®P®® \ 

eC^jV, C&Cs)) mb dyAGM odosHa^axb HaHMOHbmGa £ xaKOG, | 
Mxo coodiUGHHG ) MosGx dsxb nepGAGHO tiGpGS nepeAGB-l 

qGG yCXpofiCXBO ^Q,v) C HCnOJIbSOBaHHGU EOAHpOBaMHA 
HGKoxoporo MGXOAa AGKOAMpoBaHHfl. IIpGAnojiosMM xonopb, uxo 
HaH SaAGHO HOKOXOpoe paCnpOAGAGHMO BGpOflXHOCXGft 'iC- y 
Ha npocxpaHcxBG cMPHajioB Ha bxoag h cMCXoua HGsa- 

6HCHMBX CXy^aftHBX BeXH^MH - C paCnpGAGXGHMGU 

) . Mb dyAGM HaaBsaxb = f cxyqaflHBM 


kqaom , a MaXGMaXMtieOKOG OXHAaHHG 


e/Q,V,s)= E{e/Q,V, J2(s))i 

CPeXHeft BGDQgXHOOXbP OmHdKH AXg Pa CnpGAGXGHHfl *^^.3 • 

OqGBHAHO, MXO e ^ cC^y,^) • Bee HaBGOxHBG H ne- 

peqHCXGHHBO BBmG aOHMnXOXHUGOKMG OUGHKH OBOpxy AAil BGpOflX'- 
HOeXH OCHOBaHB Ha 8X0M HGpaBGHCXBG* OAHaSO 

HCOXGAOBaHHG OpGAHGfi BGpOflXHOOTH OUlHdKH RMGOT H CaUOOTOE- 
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TejibHutt HHTepec, nocKOJibKy OHa xapaKTepHsyeT sepoBTHooTb 
0Q1PI6RH AHA THnHVHOrO KOAS (ECTb OCHOSaHHA HaABATbCfl, tlTO 
B mHpoROM Kxacoe cjiy^aes Bepeu CAeAyKmiiifl aaKOH doAbniHx 
BHoex: npH ©o 


e BepOBTHOOTH) 


(50) 


KaxoTCB TaKxe HHTepecHUM MccxeAosaTb noApodnee acHiinTOTH- 
^ecKoe pacnpeAeaeHHe abb c(q!^/V*) npH 

B Ka^eoTBe ) 6epyT ^ame Bcero onTHMaxbHoe pacnpeAe- 

xeHHe cHPHaBa na sxoAe. Hpn dTOM ns odfcraHoro AOKasaTeBbCTBa 
Teopeuu nieHHOHa (cm. £21 3 ) bhaho, uto hs ycxoBiSB (43) bu-> 
TexaeT He toabko cooTHonieHne (42), ho h 6oBee cHBbHoe yx- 


BepxAeHHB 




(51) 


IIoBHAHMoMy, B DiHpoKOM KBaccG cAyuaei 

e/Q'v" f2,’'''3) - 


(52) 


Bu^HCxeHU SHa^eHHB q w € noKa xMuib abb xex xe oxy^aeB, 
KorAB (cm. BHoie) HccjieAOBaxHCb KOHOTaHTH a H € . OKaaa- 

xoBb, tiTo npH H • 3to osHa^aeT, 

^TO npH AOCTaXO^HO BUCOKHX CKOPOCTBX HepeAB^H HH^OpMBAHII 
Oxy'iaftHHfi KOA BCHMnTOTHUeOKH (c TO^HOCTbD AO KOHCTaHX) IBK 
se xopom, Kax h onTHMaBbHuR, ^to nosBOBBBT (cm. [S7J ) 
OTpOHTb "XOpomBe" KOAM MexOAOM MoHTB-KaPBO. 

Otmbthm, OAHaKO, tiTO ABB rayccoBCKoro KaBaxa DleHHOHy CB6l 
npHmBocb bpaxb b Ka^eoTBe "VC* ) onxHMaBbHoe pacnpeAB- 

- . FOfl 0F?E"l ’:SF Ki! ■■ 
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AGHtre, a HeKOTopoe JiHinb acHunTOTHtiecKH onTHMaAbHoe pacnpe- 
AaAeHne (suecTO pacnpeAaAeHHA yy HeaaBHCMMux HopMaAbHux 
BeAimHH CO cpeAHHM O VI AHcnepcnefi , euy npMmAoob 

BS.flTb paBHOMepHoe paonpeA6AeHHe Ha y* -MepHOfi c$epe paAny- 
ca ) . MHTepecHO, ho uoxeT ah noAoOHuft npHeu npHseoTH 

K yweHbiHeHHO cT VI S h b Apyrwx cAyxiaHx. IIpH 
ABHUe BHpaseHHA AAA O H € TaKXO HaftTH yAaOTCA, HanpH- 
Mep, AAA OIIHCaHHHX BUmG CHMMGTpH^eCKHX XaHaAOB • 


C-- J 


s , e = H + 2&>3*^r 


(53) 


MHiepecHO, ^to bo Bcex HCCACAOBaHHUx cAyuaAX oKa- 

SaAOCb TOHKOfi H3AOMa npOHaBOAHOfl ^yHKUHH . nOBHAH- 

MOMy npM H ^ ^ , OAHano 8 to He AOKasaHO Aase | 

Aaa CHMMeTpH^Horo dHHapHoro KanaAa (cp. npo(5A» 3a- | 

Aa^a EH^HcAeHHH o H € npoii;e, ^eM saAa^a BUHHCAeHHA koh- 
CTaHT o VI € K KaxeTCA peaAbHHM HafiTM Or H ^ B AOCXaTO'i- 




HO lUHpoKOM KAacce cAynaoB. 

4.6, TpyAHocTb npaK-nmecKoro ocyneoTBAGHHA nepeAan h 
TGO peTH^eCKOrO HCCAGAOBaHHA npOKSBOAbHUX KOAOB npHBGAH B 
BBAeAGHHio ocodoro KAacca rpynnoBHx koaob (cm. [441, f893, ' 

riOl, [911 ). 

OpGAnOAOSHM, HTO paCOMaTpHBaOTOA KOHGHHUft KaHGA 608 
MATH TaBOfi, ^TO ^HCAO GAGMGHTOB B npOCTpaHCTBG CHrHGAOB HS 
BXOAG M * , TA® ^ - npOOTOG ^HCAO, 8 - AGAOG 

xiHCAO* OxOXAdCTBHM Ho 0 OpAMUM npOHSBGAGHHGM ^ AHKAR- 

ueoKHx rpynn hopaakb , a H*' dyAOM paccMaxpHBaTb Kas 
rpynny, ABAAioiqyiocA hpambm npoHSBGAeHHGM rpynn Ho «> 

Koa ^[^HasoBGM rpynnoBHM. go ah oh odpasyex noArpynny rpyn- 


• ' - 44 ' V F’**; 


lY- 
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xxnci: 


nu b" . OSoBHaiHu 'lepea e(a,v,S) HaiiMeHbiiiee 8Ha<iaHKa 

aepOHiHOOTa c(<a,V, 

B06M rpynnoBHM koasm. OKaBHBaexca, UTOASaVoAHopoAHiJx Kana- 
JIBB 608 naMHTtl, o6«aAafOHIIX CBOflCTBOM OHMMeTpHXlHOCTH nepexOA- 
hoB MaTpMUB, a TaKse CHMMeTpMQHoro 6iiHapHoro KauaJia h 
biiHapHoro KaaaJia co CTwpaHHeM (cm. [271 ) npH m 

M TaKHM o6paaoM Hapfny^fflHfl rpynnoBoB koa acuMriTOTH^ecKH i 

CTOJib ae xopoifl, kbk h HaHJiy^niHB hx Bcex koaob. 3tot (|)aKT 
flBJiaexca cxeAcxBHeM xoro, uxo npw HeKoxopOM ecxecxBeHHOM 
onpeABJieHHH noHHXHa cJiy^aBnoro rpynnoBoro koab opeAHee ana- 
^eHHe BepoaxHocxH oniHdKH no boom rpynnoBUM koabm aoHMnxoxa- | 
^lecKH coBnaAaex npa Bcex H c J/ j 

TaKHM o6pa30M, no^xH see rpynnoBHe koah npH 

yexpOGHB KaK OnXHMaXbHBfi KOA ('IXOdB yXO^HHXb 8X0 yxaepxAB- j 
HHe, xoxeaoob 6 b h aah rpynnoBsx koaob noay^HXb paBeHCXBO 
' xHna (50 )). ripH acHMnxoxHnecKoe noBGAeKHa 

i? e (^d” HewasGCXHO Aaa® 6HHapHoro cmmmg- 

xpH^GCKoro KaHaaa. PeayabxaxB, onHcaHHBG bboig, mokho hobh- 
AHMOMy pacnpocxpaHHXb Ha HecKoabKO doaea mHpoKHft Kaacc eg- 
HaaoB dea naMaxH (cp. npoda. ). O^GHb hhxgpgchbm kg- 

EGxca Bonpoc o xom, dyAYT an rpynnoBBG koah acHMnxoxHqGCKH 
onxHMaabHBMH, xoxa dB Aaa npoexeftuiHX KaaccoB KaHaaoB c na- 
MaXbD* 

CoaAaHHG onxHMaabHBX aarGdpan^acKHx mgxoaob koakpobs- 
HHH , nOBHAHMOMy, HGB 08 M 0 SH 0 . ^XO KaO 80 XOa KB- 

HaaOB C HGnpGPBBHBM MHOSGOXBOM OOCTOaHHlI, XO BAeOb, nOBHAH* 

-MOMy, B03M0XHB ododn^GHna HB oay^aB, ynoMHHyxBB b obhsw o 


l\\i i tifc . 
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npoda. Korfla ^ mosho oTOHAecTBirab c rpynnoft no 

ywHOiseHHK) KOMnjieKCHHx uHceJi • nyTH K o6o6ih0hh» 

ajirebpan^ecKHx weTOAOB KOAHpoBaHHfl, npn kotopom ohh cTann 
6u npMMeHHMB, cKasoMf K rayccoBCKHM KaHanaM bea naMHTH b 
HacTOfluee Bpewa Taxae ne bhaho. 


4,7. Sa^aMa nocTpoaHwa onTHwaJibHUX koaob, T.e. BaAO^a 
COSAaHHfl OTHOCHTeJIbHO npOOTHX aAPOpHTMOB SaflaHKH KOAa 

TBKoro, tiTo coBnaAaeT (hot no 

KpaftHeft Mepe) bjinaxa k S) otienb TpyAHa. Ee yfla- 

eTCfl pemHTb Jinrab ajio . oTAeJibHux HedoAbnwx aHatieHna n h S . 
Ona cTaHOBHTCfl Jiinab HeuHoro Jier^e, ecxn orpaHHUHsaTbCfl pao- 
CMOTpeHH0M rpynnoBHX koaob (cm. ^893 ). BswAy aToro BB0AeHH 


"o4lHKH'“raweoTBaTtwra:^T^55" H" ' »»'> npooipaHOTBO nooie- 


floBaTauBHOcTea (a., . W y,- npHHHMaeT aBa- 
BeHKa '<#-v ^ * noaoKHB 

paBHUM ^HCJiy HHA 0 KCOB t taKHX| ^TO 

MB npBBpaTHM B MeTpH^OCKOC npOCTpaHCTBO, 

ZmB HaaOB0M KQAOBBM paCOTOflHH0M KOAB 

MHTyHUHfl noACKaaHBa0T, uto, BOobiqB roBopa, AJia KanaaoB c 

CHMMeTpHtlOCKHMH MaTpHUaMH RJISI KOAOB C bOAbOIMM KOAOBHM paC- 
CTOaHH 0 M BOpOHTHOCTb OmabKH MeHbin 0 . HOTpyAHO, OAHaKO, npH- 
*B 0 CTH Aax0 AJia bHHapHoro Kanaia npnMapa koaob tbkhx, uto 

CoBnaA0HH0 KOAOB onTHMBAbHBX B CMHCa0 B0poaTHOOTH 0IIIH6 wI 
H B CMHOA0 KOAOBoro pacoToaHHA yAaBTCfi AOKaaaTb annik • 


Kiii'i -i.n.Ny 
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fiecbtia ysRou (cm. L8d] ) KJiacce ojiyqaeB, KorAa cya;eoTByuT 
njioTHO-ynaKOBaHHHe koah, T.e. Kor^ia Bce npocTpaHCTBO 
MosHo npoAOTaBHTb KBE cyMMy HenepeceKaK>qHxcfl c^ep^paBHoro 
paAnyca (njicTHO-ynaKoBaHHufl koa odpaayioT ueHTpu bthx C(j^ep).| 
He AORasaHO Aase acHMnTOTHtiecKoe coBnaAeHHe bthx AByx 

nOHHTHii OnTHMaJIbHOCTH, XOTfl MOHHO BHABHHyTb THnOXeay, MTO 

eCAH nOAOZHTb 

JC (5g) 

no BceM koabm o^^eMa if Axa nepeAa^H a^mhu h » 

TO H3 TOrO, ^TO AAfl nOC AeAOBaTeAbHOC TH koaob 




BMTeKaeT, mto 




(57) 


0-.) 


(58) 


06paTHoe yToepsASHHe HeaepHO. ^yHKUHH cICk', S/ Bu^HCAe- 
Ha AHmb AAA HeROTOpUX SHaAeHHft apryMCHTOB i5CM. Han|iuN<p 
H AO CHX nop He peineHa, necMOTpa Ha SAeMeHTapHocTb $opMy- 
AHpoBKH, HaifdoAee ecxecTBenHaH aaAa^a o BH^HCAennH KOHCTan- 
TH TaKOft, ATO 


IlpofiAeMH, anaAorH'wue npo6AeMaM h bctbioi TaE*e 

H He HaxoAHT pemeHHH, ecAH orpaHH^HTbca AHiab HayMeHneM 


rpynnoBux koaob. 

IIoHATHe KOAOBOrO paCCTOAHHA MOKOT 6bTb eCTOOTBeHHHIl 


J uifC Eg., if 


Approved For Release 2009/07/09 : CIA-RDP80T00246A011 700340001 -4 





Approved For Release 2009/07/09 : CIA-RDP80T00246A011 700340001 -4 


U. 


FSH Omit liSi: mu 


t 




o6pa80M BBeA6H0 n npocTefimMX KanaAOB o HenpepuBHUM 
MHOxeCTBOM COCTOflHHfi. TSM B KB^GOTBe HSAO bpSTB 

o 6 u^HOe BBKJIHAOBO paCCTOHHHd H HCCAGAOBaHHa S) c 6 AR- 

XaeTOA C HSBeCTHUMH reOMdTpH^eCKMMH HCCAeAOBaHHflUII 0 SanOA* 
HBHHH npocTpaHCTBa c<j[)epai(H* 

4.8. IlpeAnoAoxeHHe BBSAenHoe Bume, rb- 

AneTCR oaMuu ecTecTBSHHUM, nocKOAbKy OHO cooTBOTCTByeT npeA 
noAoseHHB) 0 nocTOHHCTBe cKopocTH nepeAa^H. OAHaKo hokoto- 
pHfi HHTepec/f npeACTaBJiaeT HccROAOBaHHe Toro, mto npoHcxo- 
AMT H npn HHOft aCHWnTOTHKe S . OKaaaAOCb, B 'liaCTHOCTH,«lTO 
3aAa^8 cymecTBeHHO ynpomaeTCfl, ecAH npoAnoAOxHTb, 'ito 
S > cons^ • SAOCb HaiuAH pemeHtifl aHaAorH npodAOM 
Ytn (cM.ClJjHHTepeoHO, ^to npH otom aaa dHHapHoro 

KauaAa , ho npa S — ), npo- 

dAGU >Cb( . %LIU ^LKV ^ BOnpOC 0 BH^HCAGHHH KOHCXaHT Ol H ^ . 
3 AGCb, KOHG^HO, •^>•6 , TGK ^iTO CAywaftHBft KOA OKaSHBaGt- 

cfl xysG onTHwaAbHoro. Ho yxG aah hgchmmgtph^ho dHHapHoro 
KaHGAa 6 g 3 naMHTH (hg roBopa o 6oagg caoshux cAy^aax) acHM-| 
nXOTHKa OCXaGTCA HGUCCAGAOBaHHOft. 

ripGAnoAoxGHHG S = oBHa^aGT, 'iTO paccMaTpH- 

BaGTca HGpeAa^a c o^GHb MaAOft oKopocTbro. JlpyrHM KpafiHHM. 
OAyxiaGM flBAAGTCfl HGpGAa^a C UaKCHMaAbHO BOBMOSHOft OKOpO- 
CTbK), dAHSKOfl K npOnyCKHOft CnOCOfiHOCTH. M.IlHHCKepOM 6 BAa 
yKasaHa CAGAyioniafl npo 6 A 8 Ma. %cTb vV"C‘^i€») - HaHdoAbmee 
BHa^GHJIG S TaKOG, ^TO C 006 HGHH 8 f P, }mO»GT 6 HTb 

OGpeASHO UGP83 nGpGAOioiUGG ycxpofioTBO ( (1 V**) • HaAO 
HBy^MTb acHMnxoTHKy . 

JiGrKO BHAGTb, tjTO € ^ VJ €.)) - , taK tlTO 






il,-_ fik 


.y| 
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HsyiieHHe J^(n,fc) ecTb oflHa ns $opM HccJieAOBaHH* acHM- 
nioTBKM BepoaiHOOTH Sj . HeTpyflHO noKasBTb, b»o 

fljia oAHopoAHoro KaHajia 6e3 nawaTH c cHMweTpH^ecKofl MaTpH- 


uefty. 


Vo ^ -<?U£Vn 


(60) 


PA® C - nponycKHaa cnoco^HOCTb KanaJia, Ug - pemeHHe ypa- 

BHeHM , tab ®»®C. *) - HopMaJibHaa ^yHKiuia 

paonpeWBeHHa. a ^ (o«. Oel )■ HeKOTOpaa 

oueHKH AJifl MOSHO HSBJiexib H3 pa6oT Boab$oBima 

MHTepecHO HccaeflOBaTb AJifl ApyPBX KaHaaoi. 

Bee BBeAeHHue Bume nocTaHOBKH sajia^H o6 acHunTOTHuec- 
KOM HCCJieAOBaHHH idOHHO c^HTaTb qacTHBMH cxy- 

iiaHMH cJieAyioiAefi aajoia^H: yKaaaTb oTHOCHTejibHo npocTyo $yHK- 
y tl/H 4HK) TaKym, ^to6h npH 

K S(n,s) 

paBHOMepHO no S (cm- aHaJiorHqHue aanatiH b npeflejibHoft 
TeopHH eywM cjiytialiHHX o na ra euax CCszl)}^ O ahbko btb np o6je» 
Ma CTaaeT O'leBHflHoft annib noexe peuieHW npotSxeMH 3C]gf II 

4,9, KoxMoropoBHM 6 hx ynasaH HecKOXbKO hhoH sapnaHT 
nocTaHOBOK saAa^ OToro paaASAa. A HwaHHOi bo HSMeHawH® 
np6AnoJi026HH& pa3A6Jia 4,1 6yA®M cmiTaTb, ^to ^■s. 

TA® Ohs ” ueJiB® ^Hcaa h oTOsAecTBHn SHa^aHHa coobne- 
HBflcwbopaMH a Jlaaee BpocTpaH- 

CTBO X aHaaeHuB ooofinieHHfl Ha buxoao 6yA6M c'lHTaTb coBna- 
AawmHM 0 ^ »a ycAOBHfl ToaHOCTW 6yAeM saAaBBTb HabopoM s 
(|yHKimI 

P /re- E WP E 
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HaKOHeu MHOxecTBoW dyjoieT cocToaTb hs oflHofl tO^kh | 

(op.paafl. 1.6). TaKoe coobmeHHe odosHa'iHM rbr J. | 

qepea (cp.pasA* 4.2) odosHauHM HaHMeHbmee £ | 

TaKoe, wo ooo6neHHe fp,7Zf) woseT duTb nepeASHO wpea | 
nepsAaroni®® ycipofiCTBo C^/^) * ^ HarASAHo® toukh apemifl mos- 
Ho cKaaaTb, wo aA®cb coodneHHe na bxoa® 
coodmeHHe Ha bhxoa® f " 

3(0, V, s) * <'*'f (62) 

PA® HHsHflH rpaHb depeTCfl no bcgm cnoco^ata nepeAa^n wpea 
nepeAaionee ycTpo»CTBO (Q,V) . OnMcaHHHli KpwTepHft ay we 1 

oTpaaaeT TOXHHxiecKHe TpedosaHHa tt towocth nepeAaw. Oaho- j 
Ko HccxeAOBaHPie BexHWHH ^(q^V'/S) cymecTBenHO TpyAHee, i 
WM HCCAGAOsaHHe e(0,v,£) H 8A®cb noKO wo He noaywHO 
HHKBKHX cne4H(|)HWCKHX peayxbTaTOB, xoTfl Ha OTOT cxynaft mo- 
ryT 6HTb nepe(|)opMyAHpoBaHH Bce BonpocH, paabMpaBmaeca b na- 
parpafe 4. i 

5 , EaHHHe cnocoba nepeAaaH . 5.1. Oaho hb ochobhhx 
npeArfoaoxGHHfi paaeaToft Bume Teopaa cocToaao b tom, wo cw- 
xaaacb aaAaHHHMa pacnpeA®AeHae } • coobneHaa Ha bxo- 

Ae, a nepexoAHaa ^yHKuaa C^C , ) nepeAaiomero ycTpoftoTBO. 

OAHaKO BO MHorax peaxbHHX caxyauaax axo npeAnoAoxenae OKa- 
aHBaeTca HepaaywHHM aa-aa xoro, axo cxaxacxanecKae napaae- 
xpH KaHaaa bncxpo MSHaioxca bo BpeMewa, npaaea HeoxxyAe 
. Baaxb anpaopHHe pacnpeAeAewaa axax napaaexpoB aaa ae aa-aa 
xoro, axo oAHa a ^a ae npaeMHo-nepeAaioii;aa annapaxypa aoa»- 
Ha duxb npacnocobaena k paboxe b paaHOObpaaHux ycnoBHax. 
HaKOHeu, MOKHO npeACTaBHXb oeoe TeopexaHO-arpoByio ca^auac, 
TAe OAHH arpoK BBoapaex pacnpeA0Ji®HHH p a , a APyrott 

'FOU P gfSJliJ! 
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5C. 


BudHpaeT cnoco6 nepeAQ'iH* 

5.2. MaTeMaTHqecKoe onMcaHHe noAo6HOfl CHTyaitHH cboaht- 
Cfi K 0JieAyK)n;eMy. SaABHO HeKOTopoe MHoxecTBo I"* SHa^eHiifl na-! 
paMexpa, npiroeM KasAOMy P conocxaBJieHO nepeAaionee yo- 
TpOftCTBO TaKoe, ^TO npocTpaHCTBa cnrHanoB Ha bxo> 

AO H BHxoAo He saBHCflT OT Y • Jl^aABe aaABHO MHomecTBo coo6- 
tQeHHft Cfs.wt) . <re-A TaKoe, ^TO npocTpaHCTBa 

SHaueHHS coodiqeHHfl na bxoao h buxoao He saBHCflT ot ^ . Mu 
dyAOH roBopHTb, xiTO cymecTByeT ejiHHuft cnocod nepeAa^H OHCTe- 
MH coodnieHHg (^Ps,Ws) qepea cHCTeuy nepeAatpPiHX 

ycTPoflCTB f P » 60-®** cyii;ecTByK)T KOAHpOBaHHe 

H AOKOAHpoBaHHe •} (He saBHcaiUHe ot 3^ h 

S ) TaKHe, tiTo AJifl Bcex ytP^TeA coodmenne 
MoseT duTb nepeAOHO tiepea nepeAammee yexpoRcTBO npH 

nOMOIi;H KOAHpOBaHPIfl 3>C., ) H AeKOAHpOBaHHfl 

Haaoseu nponycxHOtl cnocodHOCTbib cncTeMu . (Qr/rlY^r 

r('p)=t»^ sc.p (63) 

\ yer 

TAO CBflaaHU nepeAaioqHM ycTpoficTBOM (f^r, VV) . 

a HHxHafl rpaHb depexcA no Bceu BejimKHau \ KOTopuxj 

npH Boex X cymecTByeT Taxafl napa h AaJie© hu- 

aoBeu aHTPonHefl oHOTeMH 


STei^ 


(64) 


Ms pa coy KAO HH ft paaAoaa S^AerKO cxeAyoT, wto cymecTBo-, 
BaHHe eAHHoro onocoda nepeAa^H BjeqeT aa codott HepaBencTBo 


HCa)-cCp) 

IloHflTHe eAHHoro onoooda nepeAO^H duxo BaeAOHO hbaobho 

. FI El """ 
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B padoTax BJieRBeJiJia, BpefiMaHa h ToMaoflHa [93 h asTopa • 
6 padoTe [[93 noAPodHo MsyxieH CAyvafi Kone^iHux oahopoahuz 
B aHaAOB des naMaxH. 6 padoxe paccMOxpeH dea AOKaaa- 

xeAbcTB H noAHux ^opMyAHpoBOR odn;Hft cAyuad, KorAa P npo- 
MSBOAbHo, a ^ cocTOMT MS OAHOPO SAeueHTa. _ 

OxMOTMli, ^TO 


( 66 ) 


rfp) ^ 

r6p 

npMueu paBeHcxBO Hueex Mecxo, RorAa cHCxeua ^yHKUHft QX 
flBAHexcA B HeROTopoM cMUCAe (BunyKAoll). 6 odqeM CAyuae b 
(64) Mosex oxoaxb SHaR -4 (cm. r4^3 ), 


5,3. Ecxb ocHOBaHMA c^Hxaxb, qxo B AOCxaxosHO mapoROBi 
RAacce CAy^aeB Bepna npaMaa xeopeMa leHHOHa aaa oahhux mg- 
xoAOB nepeAa^M, PAacHi^aH b odii;eM CAy^ae, ^ito npM HeRoxopaz 
brpaHH^eHHflx Ha nocAGAOBaxeAbHocxb cHcxeM 
H J X XOPO, HXO 


(67) 


BuxeRaex, uxo aaa Aiodoro .£.>0 cyi^ecxByex cxoAb doAbmoa 
T , tixo npH Bcex -6 ^ T cymecxByex GAHHuft cnocod napo- 

AGMH CHCXGMH COOdtqGHRfi ^ ^ ^tJGpGS CHOTGlfJ 

nepGAaioiUHX yoxpoficxB • Boi^poc od ycxaHOBAG- 

HHM AOCXaXO^HO odqHZ (cp. 3.30) yCAOBMfl AAA BUnOAHSHHa 
sxoli xeopGMH ocxaGxcA noRa tixo oxrpuxhm. YKasaM oAHaRO xa 
iiacxHua cAy'iaM, aah Roxopux HexpyAHO AORasaxb aa BapHOoxb. 
TaopeMs Bapna, eoAM ctPxaMH coodqaHMfl h nepeAaioqHZ yoxpoftoxB 

r"* 


yAOBAexBopflOx OAHOMy mb ozeAyioQlHx yoAOSMfl: 1) 


OOOXOHT 


M mK' - mny 


Pf'f.rr" 
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HS oAHoro dJieMeiHTa h nocAeADBaxeAbHocTb nepeAan- 

HHX yCTPOflCTB HH^OPMaUHOHHO-yCTOftqHBa; 

2 ) V'y) flBJIHlOTCfl OTpeSKaMH OAHOPOAHUX KBHa- 

AOB C AHCBpeTHUM BpeMeHeU, EOHe^HUMPI MHOXeCTBaMH CMPHaAOB Ha 
BxoAe H BHxoAa H KOHe^Hofi naMBTbK), npHueii nepexoAHue uaTpHUH 
KaHaAOB TSKOBH, ^TO 

zr 

5" 

AAH Bcex Ho ^ P ^ ^ ) 

3) ("Q aBAABTca OTpesKaMH HeoAHopoAHHX 


(68) 


RaHaAOB des naMflTH aahhu -ir 


C KOHe^HHMH MHOXSCTBaUH CH- 


THaAOB, npH^ieM yCJIOBHfl Vy OTCy.TCTByBT, a $yHKAHH 


C3y('». )= 

TAe - axo BceBoauosHue Hadopu 8AeMeH-:| 

TOB aa- A H ' HexoTopse BunyKAoe MHOxeoTBO | 

nepexoAHHX (|)yHKi(Ha (Mu dyASM roBopBTb, tixo mhosgctbo nepe« 
XOAHUX $yHKAHfl t!(5ft^Ol€- A^ BUnyKAO, 0CAH npH Q^ q&A 
H Ota, A , saABBaeMux MaxpHuaMH 

COOTBeTCTBeHHO, (|)yHKl(Hfi, COOTBeXCTByBI^aA uaxpHue 
L ® ” TaKxe npuHaAJiexHi 

A; 


l') 


COCTOHT H3 JCOHe^HOPO, HeSaBHCHlUerO OT ^ OTCJia 


^ COOdmeHHli C Pc^i H BCe nOCA0AOBaTeAbHO- 

OTH COOdmOHHS ^ Wc* 3 y t » <, 2^ .. .. HH(|>opMaAHOHHO yOtOfl- 

WBH, 


2 ' ) yCAOBHfl Wg H0 aaBHCflT OT S » 8 paCnp0A0A0HHfl fV 


HO onwcaTb xaK pacnpoAeAOHiie Hadopa v ))* 


rA0 


odpaayBT KOHoquyB OAHOpOAHyio uanb MapxoBa 0 ({)HK- ii 


I U'bi ii a':' j I fi 
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5^1 


5t. 


CUpOBaHHHM 'IIICJIOM COCTOflHHft^ IipH'Jail BOB BlieMeHTH MaxpHU BO— 

poBTHOCTell nepexoAB paBHOwepHO no S* donbiue KOHCTaHTH 
ck >0 . ^ 

3 ) YcJiOBHa W r He saBnoaT ox ^ * a coobmeHHa 

flBJIHDXOa HeOAHOpOflHHMH no BpeMeHH COOdneHHflMH C nOKOMHOHeHX- 
HUMH yCaOBHflMH TO^HOCTH BOCnpOHaBeAeHHfl H HeSaBHCHMUllM KOM- , 

noHeHTawn, npn»ieM C^s ,' -j 

exo BceBosMosHne Ha6opH ajieueHXOB at A m ^P»^ci6-Ai . 

BunyKJnoe MHoaecxBO pacnpefl,0JieHHii BepoaxHOcxett Ha KOHe^HOM 

npocxpaHoxBO Xo • 

npHBGAeHHHe npHwepH noKaasBaioT, ^xo npflMaa xeopeua 
niGHHOHa BepHa b AOCxaTo^iHO o6nea obcxaHOBKe. C Apyroft cxo- 
poHH o6iHHOcxb ee see xe MeHbme, aew o^mHooxb xeopeMH lIIeHHO- 
Ha paaAeaa 2.10. Tan, o^opwyjiHpoBaHHoe yxBepsAeHHe 6yAeT» 
HanpHMepf BOo6me roBopa HeaepHO, ecan cpeAH eexb 

coo6ineHHa c oAHHaaoBUMH Pr t ho paaHtiMH (aAecb 

Bce cseAexca k HeodxoAHMOcxH yAOBaexBopHXb 6oaee CHabHoe 
ycaoBHe to'ihoctHi HBaaffli^eeca nepeceueHHeM HecKoabKHX • 

a Aaa pemeHna xaKoa aaaa^H oxbot aeoxca MexoaaMH paaAeaa 2). 
;iaaee, ecaa b npHMepe (aHaaorH^HO 3 ) MHOxeoxBo 


n nerA ^ HeBBnyKao, xo aaa xoro, ^xo 6 b. xeopeua HleHHOHa 

r( ccMOAprxt/uco LbH)) j ^ 

ocxaaacb Bepaa HyxHO b onpeaeaeHHH (b^j'^aaMeHHXb cMoxeMy Q 


Ha ee BHnyKayK) o6oao^Ky. 


5.4. OxMexHM HeKOXopae aasHBe MacxHBe cayman $opMya 
(63^ H (64) aaa nponyoKHofi cnocobHOCxa a aHxponHH cHCXeii. 
nyexb CHOxeMa Bcex KaHaaoB 6ea naMaxa 

aaHHB c aaaaxHBHBM rnyMOW, noiipiooxbio myMo P^ ** mohj- 

Hocxbio CHPHaaa Ps . Toras CCp) aaAaexca $opMyaoli ffleHHo- 
Ha jllaaee, ecaM YeP oHOxeMa soex nepe- 


n 




L. 


yn'it^Li.s 
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50. 


AaiomHx ycTpoRcTB 0 KOHe^Hoft noaocofl nponycKaHHa^ c aww- 
THBHBM myMOM nepBAB^H sa BpeMfl T , - saAaeTca 

acHMiiTOTHtieoKH ^opMyaoK DleHHOHa (35). HaKOHeA, acaii 
CPcy?)/ ~ cHCTeMa Bcex coodqeHHtI c noKounoHeHT^ 

HBMH ycaOBHHMM TOUHOCTH, SaABBOHHMH OrpaHHUaHHeM CpBAHBKBaA" 
paTHUHOa OmHdKH KOHCTaHTOft Pj H AI^CnepCHaMH KOMnOHeHT co- 
odmeHHa Ha bxoaSi paBHUMM Aaa H(a) BepHo bh- 

! 

paseHHe (34). ^opMyaa (32), (34), b oco6eHH0CTH (35), bh- . 
boahmhb odu^HO Aaa rayccoBCKoro cayqaa, npaMSHaiOTca hb npa-j 

KTHK6 B MHOrO dOASe lUHpOKOM KABCCe CAy^aBB, B TOM mfCA6 H 
TorAa, KOTAa o xapaKTepo pacnpBA®ABHH0 HHHBro onpeABAOHHO- 
ro cKaaaTb HBAbsa. OnpasAaHHBM noAodHOft npaKTHKo moxbt cay- 
XHTb npKBOAHMaa BHmB HOBaa HHTpBnpBTaUHa BTHX ({)0pMyA. 

5.5. Otmbthm, ^to ocTasTca otkphthm Bonpoc o cobabhhh 
O dlUHX M6T0A0B AAa BHUHCABHMH npOnyCKHOfl CnOCOdHOCTH 
H aHTpOnHH HC^) , a TaKse COOTBSTOTByiOmHX "onTHMaAb- 
HHX CTpaTBrHfi" (t.B. aHaUBHHft ^ , y H ^ , Ha I©KOTOpHX 

AOCTHraiOTca SKCTpBMyMH B (6t#) H (68) (cp.npodA. | 

yj^) . JUbaBB KaXBTCa HHTBPBCHHM HCCABAOBaTb B OTHAB BBABM, 
pasodpaHHHx b pasASAB 4, acMMnxoTHKy sepoaTHOCTeli onmdoK xpii 
npH bahhhx MBTOAax napBAa^H. 

B Ka^BCTBB napBoro mara mokho npBAAOxHTb HCCABAOBaHiie 
BBpoaTHOCTH OHiHdBH AAA CHCT6MU BCBX KaHaAOB dea naMaTH, 
MaTpHAH KOTOPHX aBAaiOTCa KBaApaTHHMH $HKCHpOBaHHOrO nopaA- 
Ka, npHABM HX AHarOHaAbHHB aABMeHTH Pti ^ , TAe £ - 

aaABHHaa KOHcxaHTt. 

6, KOAHPOBBHHe 6 HOnOAbaOBaHHeM AOnOAHHXeabHHX OBBAe- I 

HMtt. 6.1. HnorAa BOxeoxBaHHO npeAnoAoxHXb, uxo Ha bxoa# 
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KBHaUB HSBOCTHU H MOPyX 6UTb nOdTOUy MCnOJIbSOBaHU npH EOAH* 
POBaHHTI HeKOTOpue AOnOUHHXeJIbHUe CBGAaHHfl 0 SHaUeHtlH OOCTOfi' 
HUH BaHajia mhh o SHaueHHH cHPHaJioB Ha BHXoAe b npeAUAyniHe 
U0U6HTH BpeMeHH (noAo 6 Hue cBeAQHHH uoxaT npHHecTH BanaA o 6 — 

PaXHOtl CBH 8 H HAH HeBOTOpue UeXOAU SOHAHpOBaHHH opeAB* 'japes 
BoTopyw BeAexcH nepeAa'ja). BcxasT Bonpoc d tom, kbb npH 
dxoM HSMeHHTCfl HOCTaHOBKa H pemeHHe npodneMu DleHHOHa. A^h 
H eKOTopBX 'lacTHHx CAy'iaeB sxox Bonpoc Hsy^aACH b padoxax 
IfleHHOHa ( C8l3, f84l ) h asTopa [isj* 


6 . 2 . npocTOTH MU AaAHM noAHyio MaxeMaxHTieoByio $op- 
MyAHpoBBy saAS'JH AHnib AJiH CAyuas OAHOpOAHopo BaHaAa c Aso- 
BpexHUM BpeMeneM, xoth 'jHxaxeAb des xpyAa noftMex Kas sxo 
onpeAdAGHHe pacnpocxpaHHexcH Ha odi^Hfl oAy^aR. Mu npeAnoAO* 
XHM, tiTO KpoM0 o6"eKTOB, BxoAsmHX B onpeAeAeHHe oxpesBa 
aahhh h OAHopoAHoro KanaAa c AHCBpexHHM BpeMeneM, ^bbas - 
Ha nocAeAOBaTeAbHOCTb HSMepHMux npocxpaHCTB (2>fc, si) . 
HaauBaeMHx npocxpaHoxBaMH AonoAHHxeAbHux oBeAeHHft b MOMeHX. 
i. . KpoMe Toro asAana nepexoAHaa ^yHBUHS 




HSMepHMafl no coBOKynHocxH nepBUx -ifc-z 


nepeMeHHUX h hb- 
AHiOIHaHCH MepOJl no A , c HarAHAHOft TO'JKH SpeHHH • ) 

aaAaex pacnpeAeAeHHe BepoaxHOcxeii aah CB0AeHHft, HaaHwux 
Ha BxoAe BawaAa b MOMeHX fi , ecAH aaAaHu ana'ieHna CHPHaAOS 
H oocTOHHHft BaHaAB aa nipeAHAymae speMa. Tskhm odpaaoM, npH- 
BOAHMaa $opMyAHpoBBa BBiAw^ex B ceda h tot cayaaft, eopas 
CB eASHHa Moryx duxb cAy^aflHUMH, nanpHuep, Ha-aa noMex. b bb- 
HBAe odpaxHoft osaan* OAHaBO npH axoM npeAnoaaraexca, 'ito 
( fHKOHpoBaH H HOHSMeHeH MexoA nepeAS'iH no BBHOAy odpaTHOft 
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CBflSR* MHTepecHOii Rasanacb 6a saAa'ia, b KOTopofi cwTaeTOii 
saAaHHUM JiRiob cau KaHan odpaTHoS cbbsh, a MexoA nepeABRH 
no H0My BudHpaOTca onTHMaabHHMk IIoaxoaob k peine hhw no ao 6 h oft 


saAanH He bhaho* 


VKasew BasHeftnine uacTHse ojiy^aH. Ecam 
H , ol ^2)^ cocpeAOTO'ieHo B torkb oI^-' ^^to uh 


6yAeM roBopHTb, rto aaAan KaHaA c nojHHMH cBeAeHWfl MH o noo- 

A ^ . - -.r r 

mAou. Ecah 2.6 

=* ^^o ** ' ) aaBHCMT AHUIb OT 


H OOCpOAOTOtieHO B COOTBeTC TByiOlHeft TORKe, TO UU 6yA©M rOBO- 
pHTb, RTO SaABH KaHaA 0 nOAHOfl odpaTHOft CBASbK) (HHOFAa. HO 
COBOOM TORHO TOBOPHT, nT-0 BAOCb HMeOTCH KaHOA OdpaTHOft CBH- 
3H c fiecKOHG^HOfi nponycKHoft cnoco^HOCT b») . Ecah, HaKOHou, 
Zl-.F ^ Ric vO SaBHCHT AHQIb OT -^M^KaK Mepa^COCpO- 

AOTO'ieHa B cooTBeTCTBynnieft TonKe, to mh 6yAOM roBOpMTb, mo 


SaASH KaHaA C nOAHHMH CBeAeHHAMH 0 ero cootoahhh . 


6.3. Mb dyAOM tobophtb, mo aaAan onoco6 nepeAam coo6-! 
^QHHH Pj\^) 0 HCnOAbaOBaHHeM AOnOAHHTeAbjBHX CBOAeHHft, 

ecAH ynaaaHa CHCTOMa boahrhh ^ 

00 aHamHHAMH B ^ 

cooTBOTCTBeHHo TOKaH, mo 1) na pa ) oOpaayroT coo6- 

meHHo ( p^W y 2) npH Bcex 4 h Bcex A€ ycAOB- 


Haa BepOHTHOCTb 




' Oo C ^{,-4, Tk-i, A ) 


(70) 


3) paonpeABAOHMe BOAMmHH ouBoaAaaT o Ha^aAbHUM pacnpe- 


ABAOHMeM RaHaAa P® , 4) npH jm6ou il h AodoM A c 




( 71 ) 
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5) npM jm)6oii “fe h jiio6oii A* 




6) npH jid6om 

= n^eAll,...Xi '’"V 

BarjifljDiHHft CMHCJi ycaoBHli 1), 2i, 3), 4) aceH. ycaoBKe 5) os- 
HauaeT, uxo npH Budope cHPHaaa Ha bxoab b fl -ufi mousht ho- 1 
noabsyexofl aamb SHaHHe coobu^eHHa Ha bxoab, SHaueHHfl cnrHsaa I 
Ha BXOAB B npeAHAyOLHe liOMeHXH H AOnOAHHXeJIbHHe CBeABHHfl •I 
VcaoBHe 6} osHatiaeT, ^xo AeKOAnpoBaHHe ocHOBUBaexcfl aamb Ha I 
SHaHHM CHPHaAa Ha buxoab* I 

Ecjih npocxpaHcxBa AonoAHHxeAbHHx cBeAeHHfi 2>^ cpoxoax | 
KaxAoe H3 OAHoro aaeMeHxa, xo axo osHa^aex, ^xo AonoAHHXoAb- 
HHx oBeAeHHft Hex* HexpyAHO nonaxb, 'ixo b bxom cay^iae bbsaoh- 
Hoe onpeABJieHHe sKBHBajieHXHO onpeAeAeHHK) pasAaaa It'iO, 

6,4. HleHHOH paccMOxpeB b £'843cAyuafll KaHaaa o moahumm 
CB eAeHHaMH o oocxoahhh xaKoro, ^xo ) aaBHCHX 

JIHDlb ox (eCJIH AOnOJIHHXeAbHHX CBeAeHHfl Hex, xo axox Ka- 

HBA npeBpaii;aeTOfl b KaHBJi dea naMaxM). Oh yKasaa npHeii, nos- 

BOAHK)U;Hft CBOAMTb HCOJieAOBaHHe KaHaAB C AOnOAHHXeAbHHMH CBe- 

AeHHHMH K odutiHOMy KaHaAy. Ero paccyisAeHHH aerKO pacnpocxpa- 

I 

HHK)xcfl Ha caMHE odn^Hli caywafi* A hmbhho: BcerAa bosho noc- . 

/cnocoSo^ 

xpoHXb nepeAawmee ycxpofloxBo xaKoe, ^xo cyn^eoxBOBaHKer hepi- 
AawH ooodmiHHa (p^W) qepes axo ycxpoficxBO OKBHBaaeHXHO oy- 
nieoxBOBaHHio cnoooda nepeAa^H xoro xe cood^eHHx ^epea nepso- 
HawaabHHfl KaHaa o HonoabaosaHHeH AonoaHHxeabHux oBeAOHHfl* 


m ^ li 
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CTpoHTCfl 8T0 nepejciaioii^ee ycTpofiCTBo tsk: npocTpaHCTBp 3 oob- 
naAaeT TaKse, kbk h b nepBOHa^aJibHOM KaHaJie,c i /[ajiee 
bboahtoh npocTpaHOTBa Bcex HSuepHMHX 

OTObpaseHHtt H8 ,2)^ g if C eCTeCTBeHHBM o6- 

pasoM BBOAHMofi -ajire6pofi HauepHMux noAMHOxecTB n noxa- 
raoTCfl i^= . ^TO Kacaeiofl nepexoAHOft 

(j[)yHK4HH HOBoro nepeAaioqero ycTpoftoTBa, to b cxy^ae RaHaAa o 


noJiHHMH cBeAeHHHMH 0 cocTOflHHM HBAO c^HTOTb nepeAaioii;ee yCT- 


poflCTBO KaHanoBi c tom xe, ^to n panbine npocTpancTBOM coctoa- 
Hnfi H HOBOft nepeXOAHOfi nAOTHOCTbD,. 

TBS 3(?«) aBaieHno ijiyHKumi 8(^0 npH <J-t=A | 

6 odn^eM OAy^ae onpeAeAeHHe nepexoAHolt (|}yHKAHH rpoMoSAKO h | 
MBi yKazeM AHmb, ^to ero ocHOBHaa haba ocTaeTCfl Tofi xe caMott:| 
B Tex oay^aAx, KorAa Ha bxoa nepeAaioii;ero ycxpoficTBa hoabho 

afA)* 51/2)1,) H OBeABHHA 0 npOIQAOM (KOTOpue MO- | 

ryT duTb MaTeMaTH^ecKH onpeAOAeHH h aaa hobopo nepeAatoniero 
ycTpoKcTsa, ho Tenepb He aoaxho bahatb Ha KOAHpoBaHHe) OKa- 
SaxHCb paBHHMH A Ha AO, ^to 6 h nepeAawa npoHoxoAHAS Tax, I 
RaK n B npesHeM RaHaae, Ha bxoa ROToporo noAan CHrHaA^^’c^j. 
TaRHM odpasoM, no RpaftHeK Mepe (|)opMaAbHo, npo6AeMa IDeHHOHa 
AAA RanaAa c AonoAHHTeAbHUMH cBeAeHHAMti cboahtca r npo6AeMe 
UleHHOHa B ^opMyAnpoBRe pasAeza 1. OAHaRO, nocROAbRy nocTpo- 
eHHoe nepeAanniee ycTpottoTBO 0Ra.8HBaeT0A onenb caoshhm, to 
R HeMy HenpHMeHHUU RpRTepHM HH(j[5OpM8AA0HHOft yCTOflnABOCTM, 
o6cyxAaBiiiAecA b § 2, h noTOMy ocTaeTOA otrputhm Bonpoc o 
BHBOAO Cne4H(|)HneORHX AAA 8T0r0 CXy^aA yCAOBHK HH(|)OpMaAAOH- 


HOlt yOTOflqHBOOTH« 


Approved For Release 2009/07/09 : CIA-RDP80T00246A011 700340001^ 


3 71 

U I 



Approved For Release 2009/07/09 : CIA-RDP80T00246A011 700340001 -4 

ill 

1. ■ A*.* 


6 ^. 




6.5. daUUM HHTepeCHUM ASAHeTCH Bonpoc O BUAHCHeHMH 

J 

nponyoBHOll onocobHOCTU KaHajiOB c AonoJiHHTejibHuuH OBeAOHHfl* 
iiH* Otubthm npesAB Bcero (|)aKT* HponycKHaH onoco($~ 

HOCTb KaHana C IIOAHIIMH CBeAOHHAMH 0 npOmAOM BCerAB COBtiaAB’* 
BT c nponycKHOft cnocobHOCTbio (Toro xe) KaHana c iioahumh 0Be-| 
AeHHflMH 0 ero COCTOAHKH. 3tOT (|)aKT ABAABTCA OABACTBAeU do> 
jiee odn^ero pesyjibTaTa, KOTopuS mu ue dyAeu npHBOAMTb SAecb 
noAP 06 HO H ROTOpufi C HarAAAHOfi TOUKH SpeHMA nORaSUBaeT, ^TO 
odpaTHaA cBASb noAeaua AJiH yBeAHqOHHA nponycRHOfi cnoco6HO- 
CTH AAmb B TOfi MepB, B KBEOfi OHa AOCTSBAABT CBeABHHA 0 GO- 

CTOAHHH KauaRa. JlaAee, HonoAbsya mbtoa, paBBHTuft b flSj, 
HSTpyAHO noKasaTb, tjto nponycKnaA cnocodHoccb RaHaaa B AO- 
noAHATeabHUMH cBeAeHHAMH cosnaAaeT c odutiHofi nponyoKHOfl ono- 
co6HOCTbB} BToro EauaRa, bcaa BunoAHeHO CABAyK^niee ycAOBAe: 
IlycTb cay^afiHue BeAB^HHU, cBAsaHHue nepeABK>iqHU 

yOTpOKCTBOM C npOCTpaUCTBaMH CATHaAOB Ha BXOAB H BUXOAO 

^ nepexoAHOfi (JiyHEAHeii ) , 

TOPAa aaBHCHT ot ^ , a aaBHCHT AHmb ot 

pacnpeABAGHHA ^ • UpHueHAA BucKasaHHoe yTBepsAeHHe b EaHa- 
ay dea nauATH, noay^aeM peayabTar IIIeHHOHa f8l] , raacAHH#, 

TITO odpaTHaA cBASb He yBeAHTiHBaeT nponycKHofl cnooodHOCTH 
EaHaaa dea nauATH (6 momsht onydAHEOBaHHA padoTU Cl83> fab 
AOxasaH TOT SB peayabTaT, aBTop hb dua, r coxaaeHHio, anaROM 
c padoTOfl IfleHHOHa). 

/[pyroti BasHuft npuMep RaHaaa, odaa as torero yRaaaHHuii 
cBofioTBou, AaK)T HaM raycooBCRHB nepBAatoniHe ycTpoftCTBa (eoaH 
npespaTHTb hx b Ranaa npMBMOM, onHcaHHuti b paaAeaa !)• Aeao 
B TOM, ^TO Aaa TBRHX RBHaaoB V rayoeoBCRiM 
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nepeA8B)QlO' ycTpoScTBO^, npH^eu ox aasHCHT JiHmb cpeAHMe 
SHa^eHHH, a He Bxopue uoMeHTu. MsMeHeHiie xe cpsAHero SHa^e- 
HHfl He BJIHfieT Ha HH^OpMaAHK) » TaKMM odpaaoH 

odpaxHaa cBaab He ysexH^HBaeT nponycKHolt cnoco6HocTH rayc- 
coBCKoro nepeAak)n;ero ycxpoilcTBa. 3x0 6 uao Bnepaue oxMe^eHO 
^.IltfHCKepou. OleHHOHOM f 84j Bu^HCAena nponyoKHaa cnoco^Hocxb 
' AJiH ynoMHHyxoro BHine AAacca KanaxoB c hoahumh cBeAeHUflMH o 
cocxoflHHH. JlpyrHu MHxepeoHUM npHuepoM Moryx cAyxHXb Kanaxu 
CO CAy^allHHM napaMexpoM h hoahhiih cBeAeHHBMH o dHe'^eHHii na- 
pauexpa • 3Aeob (op. }ji noBHAHMOMy, cpeAHHfl npo* 

nycKHaa cnoco6HOOXb. 

_ : ® ■ 

rAe 0% - cpeAHHfl nponycKHaa cnocodHOCxb aah ycAOBHoro xa- 
Haaa c napaMexpou € . 3xa (|)opHyAa aopko AORaauBaexcH (cp. 

AAfl cay^aa, RorAa npocxpanoxBo B -roho^ho. noCRoab-> 
Ry OHa HaxoAHT HHxepecHHe npHaoxenHa (c ee acnoabaoBaHaeM 
OBceeBHQeM, IlHHCRepoM n UndaROBHH noRaaaHO, uxo b aeRoxopax 
(j[)HaHqecRif peaabHux caxyaunax o6paxHaa cBaab Moxex b noaxopa 
paaa yseaH^HXb nponycRHyu cnooodHOCXb RaHaaa) b caywae He- 
IJC , npepHBHoro pacnpeAeaeHHa napanexpa, HHxepecHO AORaaaxb ee 
H B o6iqeu cayqae (cp. paaa. 3,6). Baxno nayunxbca BH^aoaaxb 
nponycRHyK) cnocodHOCxb xaHaaos c AonoaHHxeabHHMH cBeAeHHflMH 
H B ApyPHx cayqaax. 

HnxepecHO xaRxe HccaeAOBaxb Bonpoc o xom, uoxex ah aaa 
OAH opoAHHX RanaaoB dea nauaxH HcnoabaoBaHHe odpaxHoii oBaaii 
yMeHbniHXb onxHuaabHyio sepoaxHooxb omHdKH 

(cm. 4.2). HexpyAHO noRaaaxb, tixo Aaa KaHaaoB o OHMMexpH^HM- 
MH MaxpHuaMH npH HcnoabaoBaHHe odpaxHoft OBaaii 
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He MeHfleT kohctsht o w € 6 cooTHomeHnif (45)» B padoie 

Bjiafiaca CZ7j coAepxHTOfl saue^aHMe, Koxopoe Moae? 6uTb HHipe- 

rnt»u H < I 

npeTHposaHO KaK yTBepaweHHe o tom, tiTO^Jia OHHapHoro OHMMe- | 
TpH^Horo KdHaJia c o6paTHOft cBflabio OKasHBaeToa sepHUM cootho- 
meHHe (45) o KOHCTaHTaMH a h € , saAaBaeMUMM CHOsa paseH- 

CTB8M (47). ABTOpy HeKSBeCTHO AOKaaaTeUbCTBO dTOlt TeopetlH, 
a TSEse TO, B KaKofl Mepe OHa pacnpocTpaHaeTCfl Ha npoH8BOJib- 
Hull Kanaa c CHMMeTpHtiHOfl MaTpHi;efi (KaK yKaaano b CB?!, aua- 
KorHUHuft (|)aKT JierKO npoBepaeTCH aka cHMMeTpHtiHoro 6HHapHoro 
KanaJia oo CTHpaHHOM) . OqepeAHoll RaseTca Tasse aaAana HooAe- 
AOBaTb € AJiK rayccoBCRHX BanaAOB 6e3 | 

naMATH C aAAHTMBHUU myMOM H odpaTHOll CBHdbO* J 

7, HpBue npHMeHeHHfl noHgTHfl fflenHOHOBCKoft TeopHH HHdiop- \ 
MauHM. 7.1. 5 npeAUAyiAHx paaAeaax aToro odaopa mu paccua- 
TpHBaaH JIHmb Bonpocu, BXOAflUlHe B paMKH C(|)OpMyjIHpOBaHHOff B 
paaABAe 1 ochobhoA npodaeMu UleHHOHa o6 onTHMaAbHolt nepeAa^e 

HH(|)0pMa4HII. SAeCb MU XOTHM KpaTKO OdcyAHTb HHUO, HOBa IITO 
jiHinb eABa HaMeTHBuiHeca, HanpaBJieHHH npHJioxeHHft noHHTHfi 8HTpo 
nHH H HH^OpMaUHH. He MCKJQOHeHO, QTO B dyAy^dM Boe 8TH Ha-. 
npaBJieHHH coJibUTCfl B HeKyu eAHHyK) TeopHK), ho ABse KOHTypu 
TaKott eAHHofi TeopHH noKa ^to He bhahii* 

7,2* nepBUM H8 TaKHX HanpaBAeHHit BBJiaeTCfl HcnoAbSOBaBHe 
ododnieHHOll BHTponHH napu pacnpeAaAeHHlI ebb Mepu hx pasAH^Hfl 
B aaAa^ax MaTeMaTHuecEoft CTaTHCTHRH. Q(58op MHoro^HCAeHHUX 
padoT Ha 8Ty Teuy coAepsHTca b HeAaBHell BHHre KaJideBsa [51] • 
B ooHOBHOM onydAHEOBaHHue padoTu coAapxaT nepa^HOAeHHe OBofi- 
OTB ododqeHHOlt BHTponHH, noATBepxAaDsinx, ^to ee yAodHO ho- 
noAbsoBaTb B KatieoTBe Mepu OTaTHOTHueoKoro passH&Ha. Boxea 


u IuJij j iykV'L LiLUuab 
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easHbli Ea*efca h 8« noni*fK8 noKaaeTb, %1Q tiepea ooolwieHHyo j 
aHTponHiJ iiaetCB 8CH>nfOTH'»ecKMa otae? hs aeBoropae Ruaccw- 
qecuae npoOacKb si&feaawecKoa CT8twcT«Ka. HoaBBacaaii* 
Haofl fl€H«a 9to caeaaHO a pafiotax Kypbe a Aap83Hna p"]. 

B KOBoa padote .Co6py«HH8t nwHCEepa r ITsipHeEB yKsabBaeTCE, 

^ro oTMetjeHHwe acvrMntotw^ecEwe peayJibtaTW pacnpocTpaHWiitt h* 

otieHb nmpoKMR ejiocc aoevrcuMBx EcnufSHwa. 

7,3. Bropoe wHorcooen^aai^ee HanpaBEeHwe npenctaBaeHO 
noEa «*TO EKiab b JopKa RccaeAOpanMH c wcnoabaoBaHweM ooheth* 
DHjponBH H3S€CtH0fi Ka nonyflflpHb< bhrp no tsafeasriiKe asAOiia 
o BBAeneMHE laabBiHBc 8 KOHeTU HaHKenbORM 'i«caoii BaEeinRE 8 H«I* 
T.1K06 MocJieaoBaBHe «b«8»o b (/‘SJ » noapoOHB pasBaio b kb»- | 
* 3 «eob uo*no otopuysapoEaTB o 6 i; 3 (B npooatay a aiiHB- | 
■aiBHea xacae eacnepitaeBTeE. Heo 6 xoa»aB« aaa aeoiaaeHHa «a- ; 
Koro-to aH 9 H»a k, noBManaotsy. acBantoiireBOKOe peoeHiie 8 »o« j 
npaetaem aoaet 6 btb np» HeiioTopB« yoaoBKs* aaHO <iepea neBB- | 
T»a aHTponwR* 

7 * 4 » AsTopy HenoHHTHB no kotopwe BKtponHa ii EH* 

topuaiuta noHBMiiRCb b HefioTOpHt TeopeTBRc-Rrpofcb« feOHCfpyB- 
4fiE« (cm. [50] )• ItepcneKTWEM atoro HaapaBaeKwa HeflCHM. 

Aeto? daaroiiopift A«-^.Ko«“oropODa, i£,C.n«HCKep8 w B.K. 
BraoMa. noCTOEHnwB bchtbkt c hrmw bo waoroM ofpaaiiEca hs 

COABpSBHIIR OTOB Cf8fb1l» 
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. neiririnr-* 


leopeMH. ycTaBOMeHHHC wia B^oB^ecKoro 
cym HesaBHcmffi MorBH ywBBeiBopBTB TCX 

KBB B ca»>« TBOJ- BejO^BOCyCtt. TBB B B Be BpBBO- 

BBBBHaB C pasoy EepBBTBaHa- . 6u» npCBBpBBBTH noBH^ 

mortTiPMH Ha cjiFiafi saBECHMHX BejDWHH.HaiitfoJiee 
TiacntwcTpaHHTB aTH TeopewH Ha auynaja o<« - ^ „ 

^ .,«rrT^0T.7tpml^cr- KSK HSBeCtHO, (5lUIH 


r=e B B.O« BaBpBBBeBBB. 

noByBera ffK BejnrniH. oBssaHHiDC b neiiB MapKOBa 

^ TT 


eHH flaH Bejuanjon, 

C0Bep»eHH0 aoHo, bio cKOBB-HBfiyBB o«>,ae npe,eBBHHe reo^« 

0 JaaBoaiBca »b aaa b^ b -o-io " 

caaOo saBBomaB. EoieoiBeHHaM ofipasoa bobhbkbo noHaiBe 

... •PTfinTP ( 


rjraOO saBHCHMliA# * 

cHtBB cayBailHBX BeBaaBH. aa Koiopaa 6e3 ooofioro ip,Ba^odo«^ 

peayBBiaiH aBaccBBecKoro oByaaB HesaBBCBMHX BeBBBBH 

'na^unXHHlD 


BBTaTH KJiaCCKHCuawiv/ waj 

B nooBOBaea apeaa noaBaBocB aacKOBBBO paaBHaaax yoBOBaa cBa- 

V iTAipflnnBJieHZD PS"* 


B nOCJieflHee 

Ooa aaBacaaocia. acnoBBBoaa^a ^~Pbb npaBOBO a yciaaoBBeaaB pa 

ngi HOBHX npeAeJIBHHX TGopeM ^ 

HaaOoBee ropoaoe as aax Oebo c$opMyBapoBaao PoaeadBaio 

w aamnwac 


HaHOOJiee umpoKoe bo xbbb-. . 

a*H cByaaa cTaaaoaapHoB nocaesoBaieBBaocia b aaaaOT 

B cJie^Q/ioQieus 

j pf/)8)- PM PCS') j 


cLCv) 


(i) 


rae 


Pe Be / 

-• am « C 


m 


ecri 




•t"\ 


r rM 
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6--aOTe(5pa, noposweHHaa coOuthamh BM^ia 

u ^ / h ® npM ^ > 

, KOTOpoe, 


{ , 




c;ie;iyfl Po- 


B 9T0fl $opMe ycjiOBHe ■ 

faJ * 

seOMTiy, 6y}i,eu HasuBaiB yc^iOBweM cMJiBHoro nepeMeniHBaHHfi, 
npHMBHHMO K IipOHSBOJIBHOMy cJiy^aJiHOMy npouBccy ^ 

/ H Boodme, k HeKoiopoMy ceMeKcTBy^ <r-ajiredp /• 

YcJioBHe CHJiBHoro nepeMeniHBaHMfl BunojiHaeica 

lUHpOKoro KJiacca pproflUMecKMX MapKOBCKHX, a TaKK6 rayc- 

ffZj 

COBCKHX npopeccoBi Bhjio ycTaHOBJieHO y ^to ajih cTauMOHapi 

Horo rayccoBCKoro npouecca cboKctbo cH/itHoro nepBMBiHBaHUfl 
cBflsaHo c ^JIa;^KOCTLD ero cneKipajitHoK njiOTHOCTHj HanpHuep, 

B cJiyMae j5HCKpeTHoro BpeMeHH oho Bcor^a BunojiHaeTCfli 
ecJiH cneKTpaJiLHafl iijiothoctb HenpepHBHa m hb odpainaBTca 
B HyJIB . 

J[M EBM^HH ? C^) , y^lOBJIBTBOpfllDmMX yCJIOBHD 

CM/IbHOrO HBpBMBIUHBaHHfl, HapflJiy C caiioa UBHTpaJIbHOft npB- 
JI^BJIbHOii TBOpBMOM OLIJIH HOJiy^BHU BB yTOHHBHHfl / aCHMIl-* 

TDTHHBCKHB paSJIOKBHHfl H dOJIblllHB yKJIOHBHKfl /• 
jlpyrMMy OOJIBB OrpaHH'IHTBJIbHUM, HBM yCJIOBHB 
flBJlflBTCfl yCJIOBHB, HCnOJIBBOBaHHOB MdparHMOBHM / laKXB 

B c/iyMae cTapHOHapHoK nocJiBAOBaTBJiBHOCTH / s 
C BBpOflTHOCTBD I 

-tiu-yo ! p ^ p r/i) ^ 


CO 

ffoj 




npM V oo • 
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Hcno;ib 30 BaHHe sToro ycJioBUfl nosBOJuuio noJiy^HTB saHOBO 
npeseJiBHHe Teopeim W wapKOBCKHX ^po^eccoB , a TaMce 

HeKOTopHx c^e^Ha;lBHUx ^po^eccoB, nMeiomHX HHiepec b 

/'fS'J 

TeopMH MHCeJl • 




^ I. IlEHTP/VJIBHAfl nPEnEJIbHAii TEOPEMA 

AIMTMBHUX CJIY^IHHX §yHKIlHH« 


nycTB tcutj GCTB CGMGiiCTBO CJiy^3.JiHHX BGUH'IMHj 

aWTHBHO SaBMCflDlHX OT KHTSpBaJia C 9 T.e. 


c BepOflTHOCTBD d 

n7CS,t)^ M ^ 7)^' . 


jtjm Bcex ^ f E nycTB 


BaaHeKmMMii npaMepaim TaxHX Bejm^HH aBJiaioTCfl BeJiHMHHH 
BHJDia 






H 
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rpr fin 

riL ^ m 


:.:.3 


( 


Tjifi -HeKoiopHit cjiy^afiiaifi npoiiecc. 

IlycTIb 


6- Cs, *■) 






z C ecTB $yHKnmi pacnpejiejieHZH cnyzatHoil BejmzzH 


/ 




Hac dyzyr zHTepecosaTt ycjiOBKfl, npz kotophx 


ZT 




^ I 




paBHOMepHo Beero ceuieKcTBa, kopaz 


olt<. 






5yfleM roBopzTB, hto cjiyiafiHHe BejnrazHH yAOBneTBopaiST 

ycjioBHD L ,ec5JiH jwfl jiDdoro £^> o Ha^ayrcfl Hzcjia z 
Tazze, ZTO 


/ 


/’*■!> fl/g 




a) 


npz ^ ^ . 

HeTpyjwo noHflTB,zTo ycjioBze /, Bcerna zeodxoOTMO wiz topo, zto 6 h 

— s,* 

$yHKDZZ pacnpe;nezeHZfl paBHOMepHo cxotouihcb k HezoTopo- 

lyjy zenpepHBHOMy sazozy c MaTeMaTZzeczzM ozzAaHzeM, paBHuu z 
enzHzzHoii nzcnepczeS, npz zezoTopux ycjioBZflx cnadoil saBzczMOCTZ 
z pepyjiapHocTz pocTa zzcnepczfi ^ C ^ } ycjioBze ^ ozasuBaeT* 


oo 


HCfl Z WCTaTOZHHM MS. CXOflZMOCTZ C».) npz ^ S - 

npzzeM z HopdazBHouy sazoiiy, MiyieHHo, ZMeeT mccto czejn/imaz Teope- 
/>yj 
laa . 


full 
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Toma yCJIOBHe ^ He TOJIJaJKU ja cuuAUAiriiviw* ^ 

M6T)HOfi aCHMIITOTEraeCKO^ HO P MaJIBHOCTH ( “^ ) B6JU14HH , „ ... | 

Ka^ecTBeHHO npocToe ycJiOBze ^ k coJcanGHHJj), nacTO c5HBaep| 
TpyjCHO npoBepuTB. Ecjiz se noKasaTejiB '=^ Cr^ b ycJioBiDS ( i ) j 
cHJiBHoro nepeMemuBaHHH ydimaeT jiocTaTOHHO <5hctpo, 

ocro ^ 

jjpjj r -* oo ^ TO acHwnTOTOTecKafl HopMaJiBHocTB BejurazH ^ ' * 
BHieKaeT 03 cymecTBOBaHna MOweHTOB jiocTaTOHHo bhcokopo nopawa . 


z) Chmbojh 


osHaaaeT, 0TO 




t - s 




/ -s 


< e>o 
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. 6 run ufriumi us^li 


Teopema 2 

BeJIHHHHH 




MSMePHMH OTHOCHTeJLHO 


O’- 


-ajiredp h 

BUnOJIHflPTCfl TPedflBaHMH M • 

ECJllII, KDOMe 

Toro. 

npH HeKOTOPOM ^ > O 



rjie ^ ^ 

at 

k ^ 

® . TO MMeei MecTO cooTHome- 

Hwe r *■) 

• 



Cf) 


OiMeTHM, 'iTO c$opMyjiiipoBaHHHe BHnie pesyjiBTaTH JierKO 
nepeHocflTCfl Ha uHoroMepHHM c/iynaiS / cp* / 

AnajiorHHHHe pesyjibiaTH HMeoT wecio laicse b cJiynae 
"cxeim cepHM", T.e. Kor^a MMeeicH ceMeftcTBO cJiynaKHHX 
(|)yHKHHa Cut) , saBHCflmux OT napaueipa /t , /i oo , 

H MsyMaeicji noBe;ieHHe (|)yHBHHH pacnpeaejieHM Be;iHHMH 
r^;e S = ^ , zf; - s; — oo npH /t — oo . 

/ cp. HHse §5 /. 

§ 2. JIOKAJItHAfl rAyCCOBOCTB CnEKTPAJIfcffilX MEP 
CTAnHOHAPHHX nPOUECC OB , 

B MHoroHMCJieHHoa paAMOiexHHqecKoK JiMTepaiype CHHTajiocb, 
qio nocJie npoxosc;i;eHMfl ciamiOHapHoro npopecca qepea ys- 
KHfl JIMHeKHUa (i)HJII)Tp, OH CiaHOBMpCfl HOHIM rayCCOBCKHM. 


\ ,nin ' I ^1“^ ^ LiL Siff ^.iT Tf*!' ‘ 


V ' V. .1|., 
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3 tot $aKT MOseT noJiyHHTB cTporoe MaTewaTinecKoe odocHOBame. 
npocTOTH orpaHiwHMCH cJiynaeM, Kor^a HacTOTHaa xapaKTC- ^ 
pncTHKa %( >^) jmHefiHoro $iuiBTpa, nponycKaswero aacTOTH, 
daHSKne K HweeT Biwt 

• 1 

' '? 

r«e SyrnuUM y(>>) laKOBa, ^to I 

B eg npeofipaeoMHBe ®ypi.e paBHOMepHO Eenpepmao aasy. Uycra i 

xefioTBHTeBiHBa cTawioHa^ B nupoKOM oBHOie npoaecc ^ft) ^ \ 

©O 

mseeT orpaHiraeHHyD cneKTpajiBHyiD iwothpctb ^ ) ,TaKyiD, ™ 

in^ f(^) >0 

r«e c5epeTCfl B aeKOTopofi okpccthocth tohck 

PaccMOTpuM wiyna^HHe BCJiaqiaHH 

= jr- /«'■**• 

r«e }^"Vv eoTi aaoTOTHaa xapaKTepnoTHKa BJOB ' A. =A., 

6-=' = ^ y’‘^VA; <^Coix) . 

Hs TeopewH 2 mosho BHBecTH caeflymmufi $aKT ( cp. )* 


1 OFFEl 1£ eir 
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TeooeMa 3. 

IIvCTB CTaiOOHaPHHfi m 


leco ^ ^ 

cgji^wnTQ nepeMemuBa wiTgi irpggeM 


ftrfjranaeT CBoftCTBOM. 


H TUtR HeKOTOPOPO 






M/ ■>- /y. < 


CH) 


npH Bcex 


IIyctb. ly uree. 




AY 


r^7 




y 




rrjt) 


Torja coi^MecTHag ftvHKDHg pacnpeaejieHgfl A* *'*'* /* 

o-gnimTCfl Tc HOPMajiBHOMV saKOH V c MaTPimeft ffHcnepc,g&, // ff. 
Tmobhc ( 12) BHnoaiHseTca, Hanpmep, earn Bce TOCTOime xapairee-| 

PHCTHKH OTBe^aOT OflHOft M TOfi SB J&yHKIjrai j^Yx)^ ^HTypBpy 

Hwefi B $opMyj!ie ( 8 ), iuih se, HanpHwep, ecJiH toykh X,,..., X^ 

Bce pasjnraHH-B osom cjiy^ae waTprap abjihidtch ejmmraHofi; 

B tiacTHOcTH, K HopMajiBHOMy saKOHy c eOTHiwHofi MaTpimefi MOwegiOB 
cxoOTTCfl pacnpe^ejieHHfl Bejnrnra 

. ' • * 

fFCK)^ 

rae = rX*- 

Bce pasjoraHH, e A’^aJ-s /V/ cneKTpanBHaa 

Mepa npoEBcca 




■•r ■■fp ■■• .■' ■ ■ ' ^ ■.■’^' _;•. ••; ■; ■; , / • •'.> ■•.' • V',’ 7:'' - ' , 
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§ 3. IIFHMEHMI^nfrrL UEHTP A ^™^ IIFF.IIFnTTT^HOR TEOPEMli K 
mvtkVKSMJ " OTHQIHEHHP TTPABQIIOJIOEHg!' 

nycTL BepoaTHOOTHaa «epa PC'/-). oTBsaaKwaa HeKOTopo- 
ca„BaHO«y npoaeccy ^ C O . 3aBB0BT ot napaMetpa. npaffl- 
Mamero sHaaeaM aa HeKOToporo miepBajia, 

P ^ ■ 

OdoaaaaaM aepaa BepoaTHooTay» Mepy. 0TBeaaB»y» 

rm ecjm ero paooMaTpuBaTi mm, m OTpesKe M 

onpeaeaenaHa f-aarefipe //?/ h coanweeT aa «HoaecTBax 

oaepofi p . /■ 

^OTB ecTB aeKoiopaa «epa ( aejitoafeaBao 

aooiaaa ), onpeaeaeaaaa aa ir-aare(5pe^^^„ Taaaa. aio ^ 

aficoanrao aeapepHBaa OTaocHTeaiao aaa ajxSax s a 

« ayoTB p’‘* M 

r ' rv«-; 


ecTB naoTHOcTB pacnpeaeaeaaa Bepoa^aocTeit CoTaomeaae npaBaono- 
fliodHa"). 

cBoacTBOM asaaeTca acawnTOTiiaecKaa Bop«aaiaocTB 

BejmaHH 




\ 
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FQS ys£ OIY , . 

- 10 ^ 

x 

— L 9) 

H HX npoHSBOOTHX HO napaMCTpy ^ ^ 

npH * ^ • . 

OTweTHM, HTO, KHK HpaBiMO, NDSHO THK onpe^iejoiTB yCJIOBHfle 

HO HCnpepHBHa OTHOCHTajMO P “ » »■ 

fljjw nOHTH Bcex c*> . 
nojioziiu 


■4' 

# 




z azaJiorzzHO* 

M 




/ 




IlycTB, jiajiee. 




. I c*^,9) - /i L 
z = - 


$ 

TeoBeniia 4 

. nvGTB cBoftfiTT^Q ( I ') GZJiBHorQ nepeMeniTO aHafl BHZOJiHfleTCfl. 


paBHOMeuHO no napaweTrar p 




I X is 




Oz) 


r 




Ci*) 




J gnJTc^-TTicrTrrrT^'r^'^:’'”**'’^^ ' ' " 
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B HeKOTopnx Bonpocax. MoseT 6mh HHiepeceH cjiyHaa, kow 

aoHMiiToiHqeoKJi H0I»MLHU we EapaMeTp -S’ 

MeHaeiCH, Korsa hjsbo otl BMecio paaHOMep 

booth no S’ ^CJIOBHHX ( 13) H ( 14) noTpeOonaTB HX BunojiHeHHe 

npH ^ • 

AHaJionraHafl TeopeMa loieeT wecTO am Bejnwira 




/ 1 
4 


hjhho tohbko eaaeHHiB yonoBHH ( 13 ) n ( 14 ) 








^ ^ ^ ^ er^-ofc-j 


C$opMyjnipoBaHHHe BHme ^aKTfi BureKaioT e 3 odmefi Teopewa I, ecJDi 

ee npHweHHTL k BejnwHHaM 

H .COOTBeTOTBOBHO,. H ^7 ^ " 

BcnoMoraTejiBHoro napaweipa ?■. 


= t 




>9 




,'/‘^-4rr 
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§ A TpiHTPAJIT^HAfl nPFlIlFJILHAfl TEOFEMA 
HTATmOHAPHUX nP0IlECC0B«. 


HEKOTOPtK 


nycTL ^po^ecc ^ C ^ ) C napaweTp t npuHHMaeT ^eJrtle saa^e- - 
HHfl) cTaiiHOHapeH b ysKOM CMHCJie H o(5jianaeT cbo^ctbom ( 2 ) . 

nycTB cjiyaaiinafl Bejaraima HSMepHwa oTHOCHTejiBHO <r-aJire(J 

pjj ^ CS^u*) ecTB cTanHOHapHHii npoaecc, n^Jwae- 

MHft cjiy^afiHofi BejnwHHofi ^ h npeodpasoBaHHeM cflBHra , 

nycTB 

^ ^OO I 

i 

® ' ! I 

f [Mif. ' 

Ecjm ^ymcmifl JiC^'> b ycjioBra ( 2 ) ydasaeT ^ocTaTO^HO 
(JHCTpO, 


z 




/(•*•> 


<' oo 




ffol 

HdparnMOBHM dnuia ycTanoBJieHa cjiejayumaa Teopeiaa . 

Teopewa 5> 

Ecjffl BHnojmeHH TpetfoBamifl (16), ( 17 ) h ( 18 ) , h — ^ l. 
TO ^ 

- oo 

npH n oo . 


L' 


. ' ‘ " ‘ ■■■ ■ '■•• '.• rinii ’ I’t? ^ * , 
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Hs »Toro peay^-BTara aareKaeT. a oactHooTa. aaaTpaaaaaa npeaaaaH^I 
^ ueaea Hapacaa^^C b axoa cyaae. apa »p»Kaz ycaoanax 1 
sproaaaHooTa. SyaKaaa ^rr) ySmaei aKoaoHeanaaaaHO fiacTpo ). 

K cosaJieHHD, cbo^ctbom ( 2 ) o6jmm^ ^po^eccH, xoM h 

BEKHoro, HO flOBOJiBHO ysKOPO wiacca. 

TaK,Haiip™ep, rayccoBCMie npoHeccH BXOflaT b htot KJiacc 

B c5JiyHae, Koraa KoppejiflnpoHHaa $yHKHHa J npa 

/t-sh' T W“ aeKOToporo T < . 

Kaa yaa oT«eaaaooa. caotoTaoM ( 2 ) odaaaaar aproaaaecKze 

MapKoacraie a /s-saaEcmHe cayaafime npouecoB. 

HcSparaMoaiM ^'^‘'TeopeMa 5 (iHaa npmeaeHa k HCKOTopma 
oaei^aaBBHM apoaeccoa. a noayaea paa aoaax pesyaaia^B npeae- 
aaiepeo wia leopaa aacea ( c«. .laaae, f/ 

PacoMOTpBM npoBsaojnaae aacao b bbo pasa 

aeaae a aBoaaayi) apo^SB*. 


r 


. i 




a: = 







Ecaa paccaaTpaBaTB ) aaa cayaaiteae aeaaaaHH ( npjorpa 
hotbo aae«eBTapHHX cotfaraS SI cctl oipeaoa a aepoai- 
aocTaaa «epa ecTa apocTO aepa Jefiera ). to oaa oaaayrca aeaaaa- 

CHMHMH H ojmHaKOBO pacnpeflBJieHHHMH; 


P { rO »• o 7 - - // = 

P fe^ ... , M * ^^7 ■ 2^ 


Z 9 


tniif 
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PaccMOTpHM cTaB[HOHapHH0 npouecc 5 t < 7 * 

OqeBMBO, ff- amecpa ecTS. aOTefipa.HaTfflyraji Ha 

aecTBa 

EyoTL A'5' ecTi npoHSBMiHaH ©HKioia OT laKaa, 'rao 

J = (!) , ! . 


)C( -ar ^ /) *, 


JHerKO BigieTi, hto 


/*' » 


/A ^ f ^/m‘) - 






^JK 


H ycJioBHe ( 16 ) ^ 




f I / ^ 


npHHZMaeT bha: 

ol-xj < CX» . 


^2o; 


npeo<3pa30BaHHe CHBura 5* *64018761 aa _Q no «opMyJie 

H3 TeopewH I BHTeKaeT wreAyraitH® pesyJiBTaT: 

IItih vcjiobhh ( 20 )_ 

ga * <2 ^ j f C*.) < oo 


vt eojiH. Kpowe Toro._ 




TO 


p{^ ^ ^ ^7 


X. r^-"**/* y 








7' ^ ' 



Tvsii (U»i » oC’^^ U. 
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FOR 0 FFi.t ill §i! 

T J8 - 


1 


y<»ioBae «e ( 20) <Sy«eT BfflOBHeHO. HanpBMep. eo® yWB;.eiBO 

paeTCfl xoTH <5 h ojiho h 3 TpedosaHSift: 

/r»;- $yHragafl orpamraenHoft Bapaamni , 

re) J ^ 

0 

me C ecTfc HeKOTopaa nocToaHHaa, a £ ^ ® > 
fej K03$$HHHeHTH ^ i 

ydHBaiOT flocTaToaao dHCipo, • I 

laji C ^ ^ . I 

Ipyrofi peByjiBTai HfipaniMOBa oTHOOBTca K HeEpepaBHUM apo ot 

^ /'d •/ 7 

nycTL nonpejcHeMy oc e t 


'X 


a ac)^ 




eoTB e« paBEoaeHHe b HenpepuBHyB apofiB. h <5yae« EBca» 


QOJIoaSDB 

S •X ~ f 


PaccMOTpHM Niepy yv 
MyD ^opwyjioft 

/77 

A 


Ha aederoBCKHX laozecTBax, sajasae- 




(/•K. 


ild nil 


mL 






\:> 
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jg ^81 VI « ■w— — 

T ft ) ^ OL ecTL 

OKasuBaeicfl, nocJieaoBaTe;iBHOCTb ^ ^ 

CTauHOHapHHB B ysKOM cmcje npouecc / c BeponiBociHoR 

wepoll A /> oejiManuHB cboBcibou f*--? . npHueii 

cooiBeicTBywaa $yH!BM ^ rc) yOuBaei ooeHi, Chctpoi 

- _ a/f 

^ C e 

TAG ^ -HGKOTOpafl IlOCTOflHHafl, A ^ ® • 

1I3 TGOpGMH 5 BUTGKaeT C/IG^tyDIIOIlIi pGByjiBTaT: 
nvcTb (|)vHKmifl laKOBaj — 








Torja / 


oo 


6-^0 



HA cJiynaK cjiado saBHCHMUx Bejm^iiiH MoryT Chtb nepeHecGHU 
pesyJibTaif^^'r'yTOMHfliomHe ueHTpa/ibHyD npe^eJibHyD leopeiiy. 

CiaTyJiflBHqycoM dHJi paccMOipeH cJiy^ia® cepH0 cJiyMa0HUX 
bgjihmhh y;^OBJieTBOpflK)mHX npH KaXAOM n yCAOBHID y/>^ 

cHJibHoro nepeMeniHBaHHfl, b KOTopoM $yHKUHH 
BMAS 




* /.’■'aMiii "I I "'*1 1'l" ' 1" ^'■'*^** 
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r«e 


m ^ y 

iL J-t >2 

/t ' ^ 


^ »Z 7 .rr; . 

P„ ( 1*0 


a K03g)^™eHTH nOJOIHOMOB 
nn n , TCOMnOHeHTH B CHMBOM 

a-p-namraeHWM^ mBHOta eDHO no 

Jlanee,ecani noKasa Tejit py< 
doJiBine HyjiHy 

od ’> o^> 

a: /<Z 



wniviepHO or paHiwei 

" 0 * aaanc.g *’’ ^ 

K. o nr» /t — ♦ oo 


B yajiOBHH ( 22 ) paBHOMepHO 




•vn Be POflTHOCTg. 




<1mrT.lTTOX y KJIOHeHI^. 
nTHomeHTfe KpaMep a-neTTX)Bas 

f - F^C-> 


^ ^ >x < otTn. nrweeT wecTO cje|aviaiiee _00| 


= e. 




T^ TTft oTensHHO^ 

no '*• 


p.YomTCfl npH MaflHX ypaBHOMepHO 






• V!*' !■?>> 
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CliARACTERIZATION OF SAMPLE rOilCTIONS OF STOCHASTIC 
PROCESSES BY S(»1E ABSOLUTE PROBABILITIES 


Marek Fisz 

University of arsaw 

' « ^ 

ilathematical . te 

Polish Academy of Sciences 


1 . In troduc t ion 


The investigation of properties of sample fiHicticns 
of different stochastic processes has attracted much atten- 
tion. It seems ; Indeed j that the characterization of a 
stochastic process is not exiiaustive unless such basic 


properties of sample functions as continuity, kind of 
discontinuity (if any), integrability and so on, are known. 
The most advanced Investigations in this field are for 
certain particularly distinguished classes of stoci'iastic 
processes, namely Markov processes, processes with 
independent increments and martingales. There are impor- 
tant results due to Doeblln, Doob, Levy, Wiener, and 
others. For arbitrary stochastic processes, without 
the assumption that they belong to some traditionally 
distinguished class of stochastic processes, conditions 
have been given, expressed in terms of the moments of the 
random variables of the processes considered, under liiiich 
almost all sati^le functions are continuous (Kolmogorov, [11]) 
or have no discontinuities of the second kind [12]. Tlie 
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mu 


author [ 7 ) haa givan eondltioua aapraaaad in tama of acaM 
abaoluta pxobabilltiaa uadar liiieh alaoat all aaapla funetlona 
of tha prooaaa ara atap fuaetiona with a finita aopaetad 
maabar of diaoontlnoitiaa. Tha objaet of thia nata ia to 
atra n g th a n thaaa raaulta and to obtain othar ralatad raaulta. 


I* 


Ha c ottaida r tha raal aaparabla (aaa p. 5l» t4]) atoehaatic 
procaaa t c 1^) liiara Xq ia a aloaad intarval. Ua danota 
by n tha aat of alaaantary avanta o>, by 7^ tha aaallaat Boral 
fiald of <»>aata with raapaat to ahich all tha randoa uariablaa 
ahara t a *0* ara aaaaitrabla, and by P tha probability 
■aaaora on Aa ia kaowi [9]t)e loral fiald ^ia gan< 
aratad by tha aggragata of o»*'aata of tha fora (Cx^ (<»)#•••» 
x^((o)]c A)« dhara A ia any right aaaieloaad intarval, and 
(t«,..., t^) la any finita aat of valnaa of t c 1^. and n • 1,2, ... ^ 

Tha naaanra P on ^ ia unignaly dataminad by tha finita- 
dinanaional pr^bility naaanraa of o>-aata of tha abova fora. 

Danota by x^ tha ineranant of x^ In tha intarval t ^ Iq and 
by |l| tha langth of 1. Ua ahall aanaidar tha following 
funetlona. 


(1) 

•(1) - K*j ^ 0 ) 

(2) 

h{l.t) - P(l«il . 
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(5) A(I) - /'•(J) - lia Z a(I^) 

n > MlCaX 

(It) i(I, «) - fuj,*) • Ito “ b(l^ t) 

I 

at max |I^| — ♦ 0, xhera ia a partition of I into 

nonovarlapping Intarvals (k « 1, n). Tbo expraaalons 

A(I) and B(I«e) art tha Bitrklll intagrala of a(l) and b(l,e) 
raapaetlvely. Tha oorraaponding li^par Burklll intagrala 
£(I) and l(I,e) ara obtaiaad by replacing In (?) and (4) 
tha ayabol llm by Ilm. finally aa daflna 

(5) Q(b) • lltt 

aa I contracta to a flxad point t « 1. 

Condltlona axpraaaad In tarma of tha functlona (1) to 
(5) ara given under ahleh almoat all attiple functlona of the 
procaaa 

(a) ara junp functlona xhera locally aonotonlc^ aa 
daflnad below, 

(b) have no dlaecmtimalty of tha flrat kind at a 
given but arbitrary point t c Iq, 

(c) ara atap functlona without flxad dlacontinultlaa 
and with a finlta axpacted numbar of dlacontinultlaa 
aqual to £(I), 

(d) ara conatant on tha ahole Interval Iq, 

(e) have no dlacontlmltlaa of the flrat kind. 
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A oondicioii l0 glvm in t«giBs of tho covorlnoo foBction 
of a prooMS otMtlonarp in tho « 14 o oonio, indor lAiieh olaoot 
<11 MH<plo foBofiotti <ro ooBtianoiis. 


l- 9lBDB3&MBSt3Ut 


Hi bogia with tho followiiig doflaltlona. 

1* m 9§mM immUsm Xe(<») miu ho ooiiod 
liiOiUy iioiig^oitio (hri ofly. o ji«p 
IWgAlfll H ot OUT cma±Kmiter point 1 1 > $(a>) gf 

•oooihty iwylY fftr 1)tlf WO 4ooio in 
1q* A^(«) li Iftcolliy ■aootoolo^ tho o o nillty «^,(o>) » x^(<») 

httMi. M M (t - 6(t,a>), 1 

ftfMftm mzi ho coiioo 

ft If ft pay point t < z^ s| s^(a>) 

ftbftJMaoJAtt «gt(a>) - X((<>>) hgHtJaiLftl^ t* tew <owo iatotvol 
(t - t ^ e(t,o>)). 

It 1< ovldoot how OoflnltiOBS 1 oof 2 ihoiild bo aodiflod 
for tho mdpolatf of tho latorvol Iq. 

Stem t < x^) ho aoporohu 

ftiri 


( 6 ) 



\I914 I ^ Zq* Hlfti (?) oo»iPlo teoUgoo of 

teLorocf otto loop faoctlooo ifta« 
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I-et relation (6) hold. Me can then find for 
fixed point t £ Iq a sequence of parameter points 

^ t for r =- 1, 2,..., converging to t and such tliat the 
relations 

(7) P(xj^ - X., ^ O) < 

‘"r 

hold for r = 1, 2 ,.,. , In virtue of the Borel Cantelli 

lemma the a set rtiich is such that for any m e A. there 

exists an R(-) such tliat for all : E(a)) the equality x^(a)) = x^,(a) 

holds 4 satisfies the equality ^ 

F(/Vj.) = 1. 

enote by the 03-set such that for any (ij e .. there 
exists for every 9 > 0 a point t*(to) of the interval 
(t - 9, t + g) satisfying the eqxiality x^(tD) - Xj.,(ij). 

Since we have by virtue of (5) the equality 

(9) P(.^) = 1. 

Let now T = = 1, 2, ...) be some denusacrable 

dense set In Relation (j) hrjplies 

(10) P( .. ) = 1. 

j=l '■j 

Since the process is separable and, in virtue of (6), T 
satisfies the separability conditions it follows fraa (10) 
that almost all san^le functions x^(a)) are jun^ functions wlm. 
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Befor* fonmilJtiiig thAorem 2 let ut rcBModMr that tha 
function x^(o}) is aaid to have a discontinuity of the first 
kind at sane point t if x^(<d) has at t both onesided Halts 
and they are not equal. If at least one onesided Halt at t 
does not eacist the discontinuity Is said to be of the second kind. 

Theorea 2 . [x^, t e 1^} be a real, separable stochastic 


(11) lla b(I,e) - 0 

|IK0 

hold for any * > 0, idiere 1 ^ 1^. Then alaost all sawple 
functloiii have no dlscontla^ the first kind at any 
fined but arbitrary point t s 

Proof . let relation (11) hold and let the assertion 
of the theorea not be true. He have then for soae point 
t s Xq (different froa both endpoints of Xq) the equality 


(12) F(l^^ - Ita ,,) . a 

uhere a > 0. 

Denote by J c. X^ an Interval having t^ as Its midpoint, 
by Aq(J) an CD- set for uhlch |nj(<D)| > 1/n, and by A(J) 
on (D-set for idkleh Xj(a>) ^ 0. The sequence (Aq(J)} Is 
Increasing, hence 


( 15 ) 


A(J) - U KiJ) - 11» V*')' 

n»l 

rixj ^ 0) - P(A(J)) - Ha P(A^(J)}. 
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Taking Into aeecmnt (12) ani4 (13) wi obtain 
a 2 .11a K*. ^ 0) - 11a 11a 

|jp>o ^ |jRo 

Ckmaa^piantly £ot |J| aufTiolaBtly anall an4 n auffielantly 
largo, that la, for c auffleiantly aaall, ?(Aj^(J)} will ba 
at laaat noar a, ahich coatradleta relation (11). Hence 
a • 0, and theoran 2 la thna proved. 

Let na remark that 1£ (11) holda, any aet of parameter 
pointa danae in Iq aatiaflaa the aeparablllty cenditiona, and 
oonao<|oently for any fined hot arbitrary t c Iq the oqpiatlon 

(U) - »t+0 ^ *t5 - ° 

holda. How lot (11) be aatlafled and let the prooeaa (X|., t e Iq) 
have a fined dlacontinuity point t«, that la, for acme b > 0 , 
the action 

(15) ^^t^ft* *t * *t«^ • ^ ^ 

holda. Ha <?»**«* obtain from theorem 2 and (lb) the following* 
Cerollarv . Let the real , aeoarable proceag (n,.* t c Iq) 
aatlafy (U) and let It have a fined dlacontinalty point 
f € Iq. the orobablUty that n^ a d^pcontinn i^ 

of the aecond kind iwnalt P § i4 Rlvon by (^5)* 

Theorem 3 which we ahall now fomnlate la a atronger 
veralon of oobmi raanlta obtained by the author (7)* lb wia 


r 

f 
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asMMd in tSbMt paper that the proeaaa uadar oonaidaratioa 
had BO flaad diaaoBtlimitiao. how this aaaiHptiao la antiraly 
anittad in part (b) and is raplacad in part (a) of thaoran 3 
by tha aaahar aamavtion (U)* fha fomar aataBqption la 
BOW obtalnad aa a eonaaqaaBoa (11). Xb obtaining thaaa 
strangthanad raaulta aasantlal naa will ba aada of tha 
aorollary to thaoran 2« 

Wmam y* bat tha atodhaatia Broaaia t c 1^) M 
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( 18 ) 



(J(t)d* 21(1). 


(b) K •(!) U tm «b»i>l»flT wwtljwow «> 

ine«gMl ar a(X) iatmUa cwidlttim . tiMW tha 


aaaartlaaa (t) ft (▼) "« itlaflad. aad iwr aonrar 


(19) f Q(t)de.Ml). 

g^|a Za tbm proof of atsertioR (1) glvoa fomorly 
la [7] Clio otimptiea eluit lOm . bat ao fisof potato 

of flocoatiaaitj wo aood oaXy for ototiag that oay foaaaorohlo 
doaoo oat of polata t c I aotlofioo tho ooporobillty ttoadltloao. 
Nov rolotloa (II) la aaffiolaat for thla piirpoaa aaid thoraforo 
#^f;«rtijoa (1) la proved. Moraovar^ ia provias aaoartiea (i)^ 
la [7] it wa alao proved that alaost every saaple faactlon x^(od) 
haa a fiaita aaadMr of dlaooatiaaitiaaa Haaea by Yirtaa of 
ralatioa (II) aatf tha aerollaxy to thaoraa 2, tha proe^ja haa 
ao fiaad potato of dlaeoatlaolty^ iddadi provaa aaaartioa (ii)« 
Oaea thia fact haa baaa aatabliidtad tha poof of tha raaaiaiag 
aaaartiaaa of part (a) givaa ia C7] raauiiaa valid. 

la ardor to prova part (b) of tha tkmoxmm m rwarh 
that if a(X) aatiafiaa tha Lipaahita eoaditioa it ia (aaa 
p. 287f [2)} aa abaolotaly aoatiauooa fiaietioa of aa iatarval 
aad thia iqpliaa (aaa p. 237« £^J) that ralatioa (16) holda. 

SlaMta (II) avidwtiy holda tluRi aIao« all tha aaawptiwa of 
part (b) are falfillad aad waaaquaatly ao ara all its 
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••••rtloiw. Mocmve thm eootiimlty of •(!) IjivUm (mo 
P* 889, [8]} absoluto eontimiity of A(I), hanoe xolation 

(19) ia txua. Ihoom 3 la tbua paovod* 

gafflOli !fl& t a Xq) M a yoal. aopagablo atochaatie 
proooii, tha JC^ation 


(20) F(»^ • eoiiat., t t 1 q) « 1 

hflldP—lf „ , If -i^^o jpolatilflu 


(21) Q(t) S 0 

helda iialfowily olth raaooot to t c 

rolatloQ (21) bold mifoxiily oltb rogard to 
t c Iq. Hi aball rtiov that a(l) ia than an abaolutely 
eontinoona ftnetion of an Intexyal, Indaad, xolation (21) 
inplioa tiMt for any a > 0 ^lara osdLata anch a p > o that 
if |I| < p tha inafiiality a(l) < a|l| ia tnia. Lot ua now 
divida tiha Intaxval 1 into a fiaiM nuabar. My n, of non- 
ovorlappiag iataxrala with |ljj| < p for k » 1, 2 ,..., n. 
Tha funetioa a(X) than Mtiafiaa tha Lipaohita eonditioo in 
ovary iatarval X|^ and eonaafnantly a(X) ia an abMlntaly 
eontinnona fonetion of an iatarval in X|^. Xt t hm follena 
that a(X) haa tha aaaa proparty la tha idiola iatarval Iq. 
ly virtna of part (b) of thaoraa 3 tha ralation ( 19 ) holda. 
Taking into aeoonat (21) ua obtain A(X) » o, la virtua 

of (17) iapliaa ralation (20). Tha "if” aaaartion ia 
provad, tha "only if" aaaartion ia avidant. 
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$ 


M m MMKil dMt if HWH' fttet iw ft ft 0 


ftftifttiftft (if) ftfti Mmifft W (M) ^ fttftftftft 

ftlftftift iWQf ftMMt 9Vi|HMPfti/M . ftf IfMI Mft||ilft fiMftiftftft ftf MMI 
9ftftft9ftft ift ftffifiMII |M iilft' ' ftftiHiMLiliMMi ift. fiMMNMft 



(if) 


m 0 



(f ) MplftjMtfM >ft(«») 

i« tiftt m fti UMi cteft vtUftiMt (U) 

Mifttta (ttK lift f • (i^ll - Ir 

ft f <» M ' mi itt f|^* %i ^ ' 

• • ii #•< fiPWdft flM .|M4MNHI ftKCMUtf ift ■ 

ffttftiitfftt mtm0 j ftfti t i fef 1^ iaiftftvfti 

Ci^* iii if f||(ffft} ilii Mteft ftf Urn 

1% , i ft ft« «i iifft 
mm 


m) %(!#•) - m^ft). 

U iftUi«ft JiM INaftftlftft^(^ ftft Mil |lg|| i ftft iHWft 

Um if||<t#ft) • 0* tiM iftfti ftiiftiiftft l9Ktft m iftttiiiii of 

A iiyiyiii 1^ inlitl— 

# 

(M) r (te i^^(t,«) - 0 ) . 1 
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it mt« fUatt ttt iMdM ttlf tttitttfr vtlwttf itlttiMi 
(t4) tifUtt tfMt tiM o-tti A(*}# lidili it Mil tefc te Mqr 
• c A(«) ttaM tidtct t Jq liiitli atf itftmi m « tai « Mli 
tlMt ter i » tte tfttUif * 0 lMl4t« ittitiiat 

tiM itltitei fU(«)) » U BMi f tihlas itt* tMM% jtei^t 

atilMA ditf ttatlflBMttiJtt l^t teftttvtit 1 - w ttt IlMIt 

tlattt tU (f ) «((•) tevt at i itMtiaattite tf tte iim 
kiai ***^ a jNap t^rttitt fPiat §* ChaaiiPta atw t tafaMMMi 
•f foti^^ aaatttatt (t atera «^0« Tht tte A* Mk chat 
Cht x^(a) attaatintAftt tt • t A iMt to ditwa tia t itit i 
of tko fiMt kiad» it givoa kf ilit tenttlt 

(85) A - A *(«,>• 

Conaofiatatifi tiaco P(A(t^) » X, m okctlt F(A) » 1. IlMertB 
5 it Chat ftatad* 

LtC at ctatCli chat, at MMhia [3] hat fiovad« tha 
aaaarciaa of MMOxaa 5 haldt aadtr tha ataanpAida that at 
0 Cht taiatioa 

(8f) NP »t|«,+4, - *,1 » •) - a{A*) 

CCIq 

COACcXq 

holda ter tagr a » O. ha ahtll thaw chat calaciaa (86) 
iatliaa valdtiaa (88) • lad tt d it ialloai froa (86) Idait 
ter aoy ^ ^ 0 Chara aaiata taah m a > 0 that ter tap 
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t • wLtk |4i| :« « «i hanm > «) 

< i||m|« 1 ft ftClMft ftMr 4 « l«r ftBffiftiftBtly Int* ft it Aall 
bm fir li • ft t:lM iftlfttlMi < %tl|||| ftfti 


(«T) 


^ MW») ^ nliol 


SIftM i| ift ftgbitmvy ntU «ft ftbbftia Mlatioa (£ft)» 

It ift fttayt hp«ftr«r« «« Aov duit ralaei«ft (86) it • 
Mttiftfeiini coftiltiaa «lMft (8ft). XadMft Oft ItUftwliift 
»]ft AM tlMt (88) wmj ift •fttlftfiftd ftltiftftiii (86) ift sftt. 

tftt 0 - (ai||j • I, ft#..*) «ft6 Iftft t(i^) • l/fti. 
Lftt ft((ii^) ift iy lift iWHift 

r^t 0 it < i/s) 


( 88 ) 




I t/aJ < t 2 1 


Xt ift ft ft ili w tti Ihftft fsv Ciift fttftftftftft ftftlfttiott (86) iftftft ftot 
iftlft. Hi <iill ftiftv tiftt ftftXfttSftft (8ft) i»]4ft, l«ftft t| ». 0 ift 
ftft ftiiiftftHy ftftiiftv. ift iivft ftft ihftv cist far Wiffiftiitly 
•Mil ^ Iftftfwftlity 

( 89 ) ► •) « n 

ftlXl ift ftiaft* lift iftvft 

A * •* • ^ 

Lftft i0ift ftft IfttftgftT ftftfti ftiift (X/8>^P) < ci| ftftd ftftftftKftr tift 
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partltiM 9i tiM iatamS. (0,1J wnek tiuit ** 

Hi hava «iMi iav J • I, 




(») > .) . ^ r„i^, . .1,^ . 

tiaaa, aa foUom ftmi tte 4afialtion of ciia 
tiM aaaaal aaa^ ahaio k naa im 1. to a« oa tha vlalit al4a 
of ( 32 ) aaa aaly ka at aoat aapiak to l/t^ aai taklag lato 
aaaoaat tl» ■ a thof of ahooalag Iq# taUtiaa (32) l^pUaa 
lalatiaa ( 29 ), laaaa taUtlaa (2t) lieUa. 

i f tftkififllJV ftttat 

Vi ahall 4aal la thta aa ati o a aith atoOhaatlo ytoeaaaoa 
of aaortala ataelal tjpaa. 

Thlflf t€ X^} 

imliiila w^Un (st) fU (r) 

nwili fttttteMi mthurnm* 

gati* tka aaaartiaa of tka tkaotaa follaaa ftaai 
tk aa a a a 5 Vii iraa a tkaavaa of kook (aaa duy* 7 Ckl) 
ataiNUvt^^hEat tfai aat of aaayla iaaatlaaa a^(a>) of a 
aaaaxakia aartiataia aklak kava aaiy f lacoatiaaltlaa of tha 
flrat klafy if aa/^ kaa anMiliitj !• 
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Dobmihin [5] hat provad the ateertion of thearem 6 
uBdar the atroogar aatiaptioii (26) » 

lie ahall now atrangthan alightly a theoraa of Dynkiii [5) 
aod Elnaay (9]* Danota 


( 33 ) 

( 34 ) 


oCi***) - JJ? ■ *tl *■ ‘l*t ” ** > 


1^1^ 


»(h^) - wp /"K|*6*At - »tl * ‘K - 


dt Uh 


iriiara f^(h) * f («^ « x). 

ItoaaB 7. (Xt* ^ ha a aaoarahla Maxtor procaaa. 

II J 1 h 0 ittai Fttolffi 

(35) l>(h,e) « o(h) 


fsmUtmm* 

Pr^f . Va hava 


(36) ^(I»t4.^ “ *tl “ *tl ► ‘K 


Balatlona (95) and (96) laply ralatlon ( 26 ), hanea, a fortiori . 
ralatloB (22). Wf a thaoran of Foeha [8] the aaaertioa of 
tibaoran 7 ix obtalnad. 

lie ranavk that DTiikia and timmy have provad the aaaartioa 
of thaoraei 7 ondar the aora raatriotlva aaannptloa that C(h,a) « o(h). 
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Th«or«i 8 bslov li kaovn, HoinvMr^ «• shall give a 
•iMpla proof itsiag tools oppllod ia tiilo pspor. 

MSif ffl ticrsasnts sod 1st rolatloo (6) 

imUt sm (▼) of thsors« 3 smjsm* 

{ 222 |[« It has ham prsvad in (63 that tha indiiNHadanea 
of laersMatS and ralatiea (6) iaplp tha ralatlon (16), 

Consawatlx If tha assoaptions of tbmmem 8 sra satlsflad, all 
tha assmiptloAt of part (a) of thaoraai 3 sra satlsflad and 
hanaa all its assartfonsu ra eraa* 

lllftaaill 9# lelt (x^» • m < t < ^ •») ha a raal, saaarahla 

itatiemty in tha nida sansa. and lat ^ 
figyarianaa fmctian l(t> ha far I x 0 of tha farm 

(37) »(7) - 0®(a5) ♦ 6(tt|^,) 

ass i > 0, aa&JlMHS_!lljSBlSJbBSS£iSSS..S£.aSJ£SSSU 

ss pwttwsai. 

£| 22 (* Wt hava far any taal t and x tha ralstion 
(58) *(*t4T * *t^* " “ h(T)). 

'it*’. 

Taking into aoeoont (37) na obtain far arhitrary t 

i; 

(39) «(»t« -«*)*“«( 

By tha rasnlt of lolaogorar (pnhllshad in [11]) ralation (39) 
inplias that alnost all saapla fanatlans *^{m) of tha proeass 
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coBtSaoM* la m my fialta elatai lat«sval« Thamm $ 
ia Una 

m vaaaik tiuia If thm aavaaiaaaa teetion l(t) la twiaa 
fiffaraatiabU at t • 0« Omt alaaat all aaapla faaaUaaa af 
ffaaaaa am ab aa la taly aaatlaaaaa (aaa p, 53b#(b])« 

Va r aa aib , fiaaily that— aa lalaywr Cl] haa aham— if tiM 
fvaaaaa < t « •) la mal« aaparahla, atatiaaaay aaf 

teaaaiaa aad if aha aalatiaa 

(W) «(») . •*(«,) ♦ 0 (— -ijs-- ) 

lnl*i 

aith i > 0 hal4a« thaa alaaat all aaapla faaetiaaa am 
aaatlaaaaa. lal a ti aa (bo) ia avitoaly laaa matriatim thaa 
mlatiaa (jr), hamvaa lalayanr aaaaUara oaly Gauaiaa atatiaaaay 

piaa a aaaa. 


i lili 4 ^.,^ 
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I 
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Introduc^;^ 

The theory of processes of calls is highly developed. In 
this paper I am going to consider some questions which, to my mind, 
have not yet been analyzed sufficiently from the measure theoretic 
point of view. 

Palm [|l3, dealt with a special kind of conditional probability 
for stationary processes. A, J. Khinchine [23 presented and 
completed the ideas of Palm. Their methods were simple and elegant 
but they were of analytical character. In this paper I am going 
to give a different, and so far as I know, new approach to these 
problems. I shall confine myself to considering some basic notions 
and their properties. 

As a byproduct I have obtained a result from ergodic theory 
which seems to be of some interest in itself. 

From the measure theoretic point of view, the theory of 
stationary processes of calls with discrete time is quite simple 
and consequently it is not dangerous to omit some technical details. 
Let us consider a doubly infinite stationary sequence of random 
variables * • * ‘ ortly the value zero 

or one. It is easy to prove that either there are no calls or 
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they occur infinitely many times in both time directions. In 
symbols 

(1) P(|. s. 0 or lim * lim |. = 1} = I, 

^ i— M-oo i — >“-00 

where P denotes the probability measure. The first possibility 
is uninteresting from any point of view. Hence we may suppose that 

(2) PCli 5 0} = 0. 

Further, the general case can be reduced to this case by the 
introduction of a "new" probability measure, invariant under the 
shift transformation, 

(3) P*(*) P(*|N), where N * (4^ s O}. 

We denote by A the event ~ ^ ~ 

Under the condition that A has occurred, that is, that there is 
a call at time t « 0, we can define the sequence of random 
variables • * %n. 2 ^'n-l"^,iG)^''^l^ * * * " which are equal to the distances 
of the successive calls. The enumeration begins from the call |q. 
This is illustrated in Figure 1* 



Figure 1 




! 
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We denote by p(*) the conditional probability 
p(*) “ P(*l^0 * “ P(*|A)« We can now assert 

Theorem 1. (i) The sequence {'n^) 

(a) stationary with respect to measure p> 

(b) the random variables admit only positive , 

integer values , 

(c) the expectation of tj^ is finite (and is equal to 

(p(5o = x))'^). 

(ii) The correspondence between and C'n^)» or more 

precisely between the probability measures P and p, 
is 1 to 1. 

(iii) Each sequence (rj^) of random variables satisfying (a) 
to (c) can be obtained in this way . 

Proof . Let be arbitrary positive 

numbers. In order to prove the equality 

(4) p(n.„ = = s„) = = s„) 

it is sufficient to apply the shift transformation times in 

the formula 


(5) ?U 


s 


-m 






n 


Hence property (a) has been proved. Property (b) is obvious. 
Further, by the stationarity of t formulas (1) and (2) 

we have 
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OO 1 00 

(6) Ep(no) = ptno * i) = 5 P(«o = 

' “ VO) ' 5- 

Thus (e) is proved, which completes the proof of the first part of 
our assertion. 

Now we shall consider the correspondence between the 
probability measures P and p. We have 

OO 

(7) P(e) = 2 pC 5 e3 

i*0 




where denotes the event e, shifted to the right i times. 

Finally, we obtain from (7) the following formula expressing the 
probability measure P by the probability measure p 


P(e) = a 


OO 

Z pf 
i=0 ^ 


nn > 3. 


i, 


Now we have to prove only the last part of theorem 1. Namely, 
we suppose that conditions (a) to (c) hold, and formula (8) can be 
regarded as a definition of the measure P. Evidently we must put 
a {y' tiq dp)~^. We shall compute the value of P(£^^^). We have 


p(£(l)) = ot Z pCtIq > i, 


= a [p^no> 

* p(s) + - p(s)J. 


rr-in f, ■ ' ' 
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The last brackets, in virtue of the stationarity of the sequence 
(q.^) with respect to the measure p, are equal to zero. Hence 
we get = P(e) for all events £, that is, the measure P 

is indeed invariant. 

At the end of this section we give the law for forming 
statistical mixtures of the measures P and p. 

Theorem 2. If a measure p^ corresp o nds, in the precedin g 
sense, to a measure P^, then the me asure 

( 10 ) (2 

corresponds to the measure 2^X^P^, inhere 0 and = 1. 

The proof of this theorem is not difficult. This rule has, 
however, an important consequence which is not quite evident. 

Theorem 3. The sequence (4^) is metr ically transitive with 
respect to the measure P if and only if the sequence (q^) has 

the same property with res pect to p. 

By metrically transitive we mean that each event concerning 
the variables which is invariant, under the transformation 

tias P- probability equal to zero or one. 

Proof. The set of P-measures and the set of p-measures are 
convex. From theorem 2 it follows that the extremal points of one 
of the convex sets are mapped onto the extremal points of the other. 
On the other hand, extremality and transitivity are equivalent, 
which concludes the proof. 

This elegant method, based on notions and theorems of the 
theory of convex sets, was successfully used in ergodic theory by 
Savage and Hewitt. 
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^ The^^recurrenjC;^^ 

We shall consider a probability space {U, B, M-) with a 
measure preserving transformation T, that is^ a point 
transformation from the space SB into itself # satisfying the 
following conditions: T ^(B) d B and |J.(T ^(S)) = for all 

e e B. We shall say that T is 1 to 1 measure preserving if it 
is 1 to 1 from the space SB onto itself, if T(B) = B and if T 
is measure preserving. Let £ be a fixed measurable set of 
positive measure. By the famous Poincare-Zermelo theorem for 
almost every point cd € £ some of its iteration T (co) for 
k ^ 1 also belongs to the set £. More precisely, we have the 
relation 

(11) lim - S "" 0 for a.e. u> e £, 

n k=l 

where Xg denotes the characteristic function of the set £. 
Hence we can define on the set £ the recurrence transformation 
Tg by condition 

(12) Tg(cu)^ T^((d) € £ and T^(a>) i £ for 1 ^ i < k. 

More exactly, this transformation Tg must be considered on 
the set 


( 13 ) 0 ) e £ and lim XgCT^^) = l) • 

Ic 

Now it is easy to verify that £ and £q are almost equal. In 
our probabilistic considerations, sets of measure zero may be 
neglected. We emphasize that the recurrence transformation depends 
on the choice of the set £ and is defined only on it. 

luJu L) ^ ^ tvaiiS=> i) 
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The basic property of the recurrence transformation is 
Theorem 4. T^ preserves the measure ix in the new measure 
space (£> SO B, p.) , 

In probabilistic applications we can also consider the normed 
conditional measure Ue( • ) u( • U) . For the proof it suffices 
to verify that 

(14) ^ n[e n T“^(e^)n •••nT"^'*’^(e)nTg^(^)] . 

k=l 

It is easy to see that the right side of formula (14) is equal to 

hCt'^O^')]. 

On the other hand^we obtain by a simple computation 


(15) 


s = 2 n[enT”^(e^)n •••nT“^‘^^(e^) nT"^(9£)l 


= n [Fj^nT"’^(^ )], 

V*ere F„ - e U • • • UT-"(e) . We observe no» that the limit set 

Urn F = F = { T"’^(e) is almost T-invariant and contains the 

n n n=0 

set 3 ^ • Hence we can write 

(16) Sjj = u[FnT"“{J^)I - M- [(F-Fjj) )1 

" u(a^) - uC(F-F„)y1T'"(^)l. 

To conclude the proof it suffices to remark that the second term 

on the right side converges to zero. 

It is easy to observe close connection of the recurrence 
transformations with the theory of stationary sequences of calls. 
For this purpose it is enough to consider the exponent in the 


) 



Approved For Release 2009/07/09 : CIA-RDP80T00246A011 700340001 -4 


Approved For Release 2009/07/09 : CIA-RDP80T00246A011 700340001 -4 



definition (5), as a function of a point cd e The measurability 

of this function k = k(cD) is clear. Now we form a sequence 

(17) k(co) ,k(Tga>),k(Tga)), • • • . 

In view of theorem 4 this sequence is stationary with respect to 
the measure \ip, and has exactly the same meaning as the random 
variables considered above. We must put £-(1^=1), 

the shift transformation and we have P M-g = p* 

In addition we remark that for each 1 to 1 measure preserving 
transformation T the transformation Tg is also 1 to 1, and 
therefore we can also form the negative iterations 

(18) • • * ,k( T'^oo) ,k( T'^co) ,k( T"^ cd) . 

We are not going to give a systematic study of the recurrence 
transformations. We shall present some formulas and properties 
only. 

(i) Tg “ measurable sets 

(ii) If the transformation T is metrically transitive then 
Tg is also transitive. 

(iii) If we suppose in addition that the iterations of S 

cover the whole space U, then the inverse implication 
is also true. 

The proof of (i) consists of a simple calculation based on the 
definition (12). The proof of (ii) and (iii) is the same as that 
of theorem 3* 

We can raise different problems about the recurrence 
transformations. Examples are various mixing properties hereditary 
from T on Tg. ^ 
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We start with a precise description of the measurable space 
for the process of calls. Let © denote the class of all 
countable subsets of the real axis which is the time axis> 

that are finite in each finite interval. The elements of 
which are the realizations of our process, are denoted by o). 

By N(ao, Q) , or simply by N(Q) we denote the number of calls in 

the time set Q, that is. 


( 19 ) 


N(cd, card (oo/lQ). 



Now we define the class. B of measurable subsets of fi as 
the a-field generated by all the functions N(*, Q), where Q is 
a Borel set, that is, B is the smallest a-field with respect to 
which all functions N( • , Q) are measurable. It is obvious that 
in the preceding definition we can replace the family {q 5 of all 
Borel sets by the family of all intervals, or by the family of the 
intervals with rational endpoints . Evidently each (o can also be 
treated as a purely atomic measure, finite for bounded sets. We 
emphasize that {U, B) has good set theoretic structure. Namely 
it is not difficult to prove that a can be mapped by a 1 to 1 
function onto the unit interval I and the class B onto the 
class of all I Borel subsets. Hence the typical difficulties of 
the theory of conditional probability do not occur in our space 
{U, B). 

Let a fixed probability measure P be defined on (©, B). 

Our next aim is to give a precise meaning to the notion: the 
probability of an event S under the condition that a call 


ii 
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occurred at moment t. For this notion, not yet defined, we shall 
use the symbols P(elt) or P(elt € oj). Now, we introduce a new 
assumption, which is quite natural and at the same time seems to be 
necessary for our consideration. We suppose that 

(20) J N(co,Q)P{dcD) = Ep[N(Q)] < oo 

for all bounded sets Q. Consequently we put ix(Q) = Epl}j(Q)]. 
Obviously p. is a Borel measure on the time axis. 

For each event S € B the integral 

(21) J" Xg(‘“)N(t^^Q)P(da)), 

treated as a function of the set Q, is an absolutely continuous 
measure with respect to P-. Hence by the Radon -Nikodym theorem 
we can write 

(22) ^Xg(^)N(^^Q)P(^^) ® t)P'(dt) . 

For each fixed & the Radon-Nikodym derivative P(ett) is unique 
only a.e. with respect to p., and we can always suppose that it 
is a "true" measure with respect to sets S €, B. This folloxvs from 
the previously mentioned property that a measurable space (li, B) 
is a Borel space. 

Formula (20) can be generalized to 

(23) y'f(a))N(o),Q)P(dco) =y'^|x(dt)Jf(a))P(da)), 

where f is a P-integrable function. 

It seems that this way of introducing the probability P(elt) 
is appropriate* We shall only remark that 
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(i) If there is exactly one call then P(£lt) is identical 

with the ordinary conditional probability. 

(ii) If some process of calls is realized by the sequence 

of random variables x^,X 2 #***> for which Pr^Xj|^ Xj^ 1 
i j , in the following sense N(Q)^^ 2^ XqC^i) Borel 

sets Q, then our assumption (20) takes on the form 
= M.(Q) < 00 for all bounded where ^ * 

Moreover, the probability P(e|t) can be written 

(24) P(elt) * 2 P(S|x^ = t)P(Xj, = tit), 

i 

where P(x^ = tjt) is equal to the Radon -Nikodym derivative 
dix^/dp. and can be interpreted as the conditional probability that 
the ith call occurs at the moment t, given that a call appears 

at this moment. 

Now we shall consider stationary processes of calls. We 
shall use the following notations for shifts 


( 0 ^' 4=^ a> + t for o) £ © and -oo t < oo , 

(25) 

00 € 0)"^ € e. 

We add the new assvimption P(S) = P(£^) for all £ e B and 
-00 ^ t ^ 00 . As in the case of the discrete time, we have 

(26) p(n(-oo, +00 ) = 0 or N ( -00 , O) = N(0, oo ) - oo} = 1, 
and in what follows we always assume that 
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(27) P(N(-oo, +00 ) =0) * 0. 

Hence we can restrict our attention to the realizations o) with 
infinitely many calls in both time directions. First we shall 
establish the form of the conditional probability P(e|t), from 
the preceding section. 

Theorem 5 . There exists one and only one probab ility measure 
Pq defined on the space (a, B) for which the measure function 

(28) Tr(e|t)tf PoCe'"). 

depending on the parameter t, satisfies the condition (22) for 
all £ € B an^ Q. 

Proof . For the stationary process the measure ix is 
proportional to the Lebesgue measure ix(dt) = adt, where a is 
the intensity of calls. Roughly speakings the matter is quite 
simple: the new measure equal to P(SlO) and formula 

(28) is a special case of 

(29) P(£lt) = P{e®|t+s), 

which seems to be obvious in view of the assxraied stationarity . 

For a precise proof, let P(e|t) be any conditional probability 
measure satisfying (22). It follows from the statioparity that for 
each £ € B, s e R and for almost every t, in the sense of the 
Lebesgue measure, the relation (29) holds. In view of the Fub5.ni 
theorem we know that there is a number t^ such that, for almost 
every s and for all £ e B we have P(£|tQ) *= P(£ |tQ + s). 


Approved For Release 2009/07/09 : CIA-RDP80T00246A011 700340001 -4 


I' 


Approved For Release 2009/07/09 : CIA-RDP80T00246A011 700340001 -4 


- 13 - 

The quantifier "for all S" can be put at the end because P(-lt) 
is a measure and it suffices to consider only some countable class 
of sets S generating the whole field B. It is easy to see that 
the measure Pq(S)*^P(£ ^1^0^ satisfies the assertion of theorem 5» 
The proof of the uniqueness of the measure Pq is omitted because 
it is quite simple. 

Remark 1. Now our conditional probability measure P(*lt) 
can be determined in a unique manner by equation (29). This 
"regular" P(*lt) will be used later. 

Remark 2. Now the equation (23) takes the form 

(30) Jf(aj)N(a>,Q)P(d<JD) ^ aj PQ(da3)^f(cD^)dt. 

Next we give another description of Pq. We say that a B-measurable 
function f(a>) defined on © is continuous if and only if it is 
bounded and if for each fixed (a e SH :the function f(co ) of the 
feal variable t is continuous. 

Theorem 6. If f is continuous, then.. 

(31) lim f f(cD)P(da)) , 

^ lll-^O ^ ^{N(I)s13 

where 0 € I, an interval . Or, in another form . 


(32) 


lim Ep(f|N(l) ^ 1) = EPQ(f). 


Proof. From formula (30) we have 


(33) I 11® a f(cu)N(cw,l)P( dco) 


:JpQ(dcD) V 
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and on the other hand 


(3^) |^/f(<.)N{o.,l)P(do>) - 

g sup |f(a3)| f [N(a),l)-l]p(du>) . 

{N(l)al) 

The ri^t side tends to zero together with the length of I 
(compare the theorem of Koroliuk, p. 39 of [2]). 

Corollary . where Uq^={(x>: 0 e co) . 

For the proof of the preceding very intuitive equality, we 
consider a sequence (fj^(a))) of continuous functions defined as 


( 35 ) 


fn(a^) 



if d(oa) > i 


l”nd(a)) if d(a)) < 


where d(a)) is the distance of the set oo from the point t=0. 

By theorem 6 we have ^/fJJ(<^^)PQ(^) ~ ^ n=l,2,**», and hence 

in the limit we obtain Pq(®q) ® 1. 

We introduce now a sequence (■n^(i»i)} of functions defined on 
the subspace Uq sketched in Figure 2. 



Figure 2 
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Theorem 7. The random variables n=0,tl,t2. 


in the 


measure space ©qOB, Pq) are 

(i) nonnegative t] ^ 0, 

^ -1 
(ii) they have finite first moment ^ ^ ^ co , 

(iii) form a stationary sequen ce with respect to 

the measure Pq. 

Conversely each sequence of random variables satis ryin ^ (i) 

^ (iii) can be obtained in this way . Moreover, the corre spondence 
between P and Pq is 1 to 1 and it is givan 

(36) j£(oo)P(da)) = af 


which is valid for all measurable and^-integ rable function f . 

Proof . Let a be a positive number. We have, in virtue of 

the stationarity, 

(37) rf(cD)P(dio) = S J f(co)P(dai) 

{N( -a,0)>0) (N(l_j^)>0,N(l.j^^^)=0, • • • ,N(l_^)=0} 


•^2 J f(oD"^^"^^^)P(da)) , 

(N(I.j^)>0,N(Iq)=0, • • • 


where 5^a/n and »^Ck6,(k+l)6)] . Consequently, we obtain 

(38) I 


m^(a)) 

f(co)P(da)) = P(da))6 ^2^ f (co"^^”^^*^) , 


{N(-a,0) 0) 

df r / 1 1 _ _ ji _ df 


where n[cp/n] - 1 and cp min(TiQ, a). When n »-oo, the 


Riemann sxims 

m ^ m 

(39) 6 2^ f f(to’^)dt 


FOfJ OFFiSil iSE m 
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in a bounded manner with respect to the variable to. In virtue of 
theorem 6 we obtain 


(40) 


^ r V nm±n{r\Q,a) 

f(to)P(d£o) = a P(.(da)) / f(co ’^)dt. 

(N(-a,0)>0} ^ ^ ^0 


Finally, if a — ► 4-.oo in the last formula, we obtain the equality 
( 36 ) for each continuous f and, consequently, for each 
P-integrable function. 

Now from formula (36) we obtain, by putting f s 1, 


(41) 


I - a J' •nQPQ(dto) and Ep (tiq) =■ a 


Next we must prove property (iii). Let X 5 (^) 
characteristic function of the event {to: N(<o,l) Si), where 
I = < 0, 6 > 0. 

From ( 31 ) and (36) we have for each continuous f 
(42) yf(co)PQ(dto) “ ^l im 

* lim f PQ(da))'T f ^)X 5 (^ 


''^0 

= lim f Pn(d«>)x f f(co"^)dt 

6-^0 4nax('nQ-6,0) 

= f f(to '^°)PQ(dto). 


Hence we have obtained the important equality 


(43) 


f f(a))P^(da>) =® f f{(X> ^)PQ(dai), 

•k 


valid for all continuous f, and consequently for all bounded 
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measurable functions since, by iterated passage to the limit, we 
obtain all measurable functions from continuous functions. The 
last formula expresses the stationarity of hence statements 

(i) to (iii) are proved. 

We shall now give the proof of the inverse implication. We 
suppose that (i) to (iii) hold and a probability measure Pq 

satisfies (^3). We define the measure P by formula (36). 

TIq 

/f(a))P(d<Jo) & f Po(daj) f f(a)”^)dt. 


W 

where 

(45) P IT no(“)Po^^^J * 

From (43) we obtain 

(46) /f(a>)P(da)) = p f PoCdai)/" f(a)‘*^)dt 

"^V'^Pk-i 

for k=l,2,*** and consequently, 

(47) /f(a>)P(da)) » p lim T Po(d^)Ti f f(co“^)dt. 


k— 

and by analogy for arbitrary real s 


(48) /f(cu'®)P(dcD) = p lim r Po(<3“)ct / 

^ k-»^3o ^ ^ 


n^+.. .+Ti,+s 


f (a)”^)dt . 


Hence 

(49) 


Jfioi~^)'P{dai) = Tf(a))P(da>) , 


that is, the measure P is invariant. 


i-r’r.-i -111’'!' -ti'* ' -1 k; r^;.ul 
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In addition we must prove that the conditional probability 
induced by P and denoted for the moment by P is identical with 


Po- 

We have by (36) 


(50) 

tIq 

yf(u3)P(dcD) = aj P*(dcD) f((jo"^)dt. 


Let 

have the same meaning as before. We obtain 

(51) 

Jx^{oi)P{dai) = 3 PQ(dcD)min(6, y]^) , 


and 

1 


(52) 


P-(da))mxn( 6 ,t|q) * 

Iq 

Therefore, a * P. 



From (44) we have, by the previous reasoning, the equality 


(53) Jv*{dia)f{(x>) = JpQ(da))f(cu °) 

* 

which is valid for all continuous f. Then P * Pq* 

Finally we give an analogy of theorem 3 which can be proved 

in a similar way. 

Theorem 8. The measure P is metrically transitive if and 
only if the measure Pq is metrically transitive . 




Ns.. 


' ' 1 
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Let us point out thet there Is nothing unexpected in 
this paper. The sole element of novelty is the formal descrip- 
tion of a simple relation between a chapter of mathematical 
mathematical statistics* The word semantic occurr- 
ing in the title indicates that, roughly speaking, provability 
or non-provability is to be estimated on the basis of truth 
and falsehood in interpretations in models. The logical for- 
malism used in this paper is monadic logic Introduced by P.R. 
Halmos in [ 2 ], In principle it is possible to replace the mo- 
nadic logic by a more developed formalism, for instance, by 
polyadic logic The elements, the provability or non-pro- 

vability of which is to be estimated, as well as the interpre- 
tations are chosen at random by appropriate chance mechanisms, 
hence, the whole problem is probabilistic in nature. The estim- 
ation procedures established in this paper possess a natural op- 
timum property. The study of behaveor of these procedures at in- 
finity shows that the statistical decision functions of finite 


size, which estimate provability are, in fact, asymptotically 
good approximate proofs. One may hope that the questions treat- 


ed in this paper reflect at least the most elementary feature 





a 
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of heiirlstie reasonj^g n^ich la so perfectly realized by the 
human brain* 


All that is necessary for an easy understanding is de- 
veloped in the paper in full details and with intuitive 
Justification* The main reason is that one cannot expect that, 
in general, specialists in mathematical logic are familiar with 
concepts* methods and results of statistical decision theory 
and that statisticians are familiar with formalisms of mathema- 
tical logic* 

The basic concepts and results of statistical decision 
theory bn an appropriate level of generality are summarized 
in §1* These results are then applied in §2 to the problem of 
statistical estimation of belonging relations* The passage from 
the considerations of §2 to the solution of our main problem 
jf statistical estimation of provability is completely trans- 
parent and forms the contents of §3* 

The present paper, which is closely connected with 1173* 
does not furnish more. than may be intuitively expected and* 
therefore* its practical value is very limited* Further deve- 
lopments in this direction, however, will probably throw some 
light into the mechanism of human behaveor in problem solving* 


§1* The Neyman - Pearson theorem* 


A wide variety of problems of mathematical statistics 
can be reduced to a simple application of a classical theorem 
due to J.Neyman and E*S*Pearson C53* It is not surprising that 
this famous theorem plays a decisive role in our considerations* 
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Its original version, however, does not fulfil our require- 
ments. The main reason is that it does not allow the discussion 
of cases in which more general sample spaces occur. We shall 
see later that an adequate generalization of the Neyman-Pearson 
theorem can be easily obtained. 

Our basic probsblllty Space will be denoted, as usual, 
by ( j t where JO. is the set of elementary events, 

® the sigma-algebra of random events and ^U/ the probability 
measure on (S • The symbol cO will always mean an element of 
XX . Throughout this paper the notation just introduced will 
be preserved. 

A statistical decision problem is defined to be a pair 
( j ^ ) of random variables, where ij? takes its values in 
the parameter space and J ranges over the sample space. The 
parameter space is assumed to consist of exactly two elements, 
namely 0 and 1 , hence, the measurability of (j> is assured 
by the requirement that 

: (f(co) ^ !} ^(3 

On the other hand, no restriction will be imposed on the range 
X of ^ except that it is supplied with a fixed sigma-algebra 
of subsets of X . The measurable space (K.3C) is said to 
be the sample space. The transformation ^ of XX into X will 
be called random sample if 

{ CJ; j(cj) € £ } € & 

for every set from 3^ • ^ 

Hourly speaking, a statistical decision is an action 
determined by the value of the random sample. This action can be 
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formally described using the concept of decision function. 

The domain of a decision function ia^t^^^ and its 

range is usually called the space of decisions. In our case, 
however, the space of decisions is assumed to coincide with 
the parameter space, hence, a decision function J" is a func- 
tion defined on X and taking the values 0 or i . But this 


<is not enough. In order to ensure that the compound transformation 
f • y) becomes a random variable, it is reasonable to 
impose on cf an additional condition Of measurability, namely, 

{\x: 6U) ^ i] e 3E . 


A natural manner of how to evaluate statistical decisions 
with respect to the random occurence of parameters is the con- 
vention that 

means the random event of incorrect decisions. 

Our main question Is how to choose the decision function 
(5 in order to make the probability of the random event of 
incorrect decisiohs as small as possible. The answer is quite 
satisfactory. 

THEOREM 1. There always exists a statistical decision 
function which minimizes the probability of the random event 
of incorrect decisions. 

The proof is a simple application of the Hahn decomposi- 
tion theorem 4 . Let us write 

}>(E) =!• = nf(E))-^({u,:<f(ui)=0}nC(E)} 


ft 
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for every E from • Clearly, V Is a signed measure on 
36 • It is well known that there exists a set H from 3S 
ouch that i>(HnE) ^ 0 and i>(Hn£) ^ 0 for every 
El from 3E , where K'“H * Since 

for every E from 3E , hence, the number v(H) is the maxi- 
mxim of V on 3C * Now let us define the decision function ^ 
by the requirement that 

Since for every decision function (5* the probability of the 
random event of incorrect decisions is equal to 

(U^icOi 1} 

hence, using the fact that /3 is determined by the Hahn de- 
composition of 'p , we can write 

(yt {cX>: Ljf(u}) s-/} = O ^{co: f 

tor every decision function E , q»e*d« 

The decision function /3 , the existence of which is 
assured by Theorem 1, is said to be the Bayes solution of the 
statistical decision problem |) • 

It is easy to verify that the signed measure V is abso- 
lutely continuous with respect to the probability measure 
in • hence, using the Radon-Nikodym theorem C4!]| we can 
state that there exists a real valued measurable function ^ 
on X such that 



U li tJOL 





Approved For Release 2009/07/09 : CIA-RDP80T00246A011 700340001 -4 



Approved For Release 2009/07/09 : CIA-RDP80T00246A01 1700340001-4 

i Ubi itfa a 

6 

for every set £* from 3£ . We see at once that the set 

U:^(M)>0} 

and its complement determine a Hahn decomposition of and 
this is in fact the content of the Neyman-Pearson theorem* It 
is, however, more appropriate to formulate this theorem in 
terms of the measurable functions ^ and ^ defined for every 
element 04 of ^ and every set £ from 3£ by the eQuations 

(U/ n f'(E)) = 

(U.(iu>: tf(u) = i)} n I Xe) = 

where 

oC (^('co)='/} 

The number oC is said to be the a priori probability in the 
parameter space. Clearly, oL>0 then is a conditional 
probability density and if oL < i then 'ftT is a conditional 
probability density. Since 

•• A. M = ot - a-cL) CM 

the Neyman-Pearson theorem can be formulated as follows: 

THEOREM 2. The statistical decision function /3 deter- 
mined ^ t^ relation 

W.p>M='t} = U : oC r/x) > (4-cL) CM} 

minimiaes the probability of the random event of incorrect 
decisions. 

In applications of this theorem the densities ^ and 
are always assumed to be known, hence, the Bayes solution 
1^ of the statistical decision problem ( J ) depends o nly 
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on the a priori probability oC in the parameter space* 


Now we shall introduce the abstract substitute of the 
concept of sample size* The classical, model shows that one 
of the most important CQnsequences of the reduction of sample 
size is a restriction Imposed on the measurability of the de~ 
eision functions* This fact motivates our definition of the 
size of a decision function* 


Let j ® non-decreasing sequence 

of sigma-algebras of subsets of X and suppose that the union 

OO 

U 

'VI = 4 

is a base of the sigma-algebra 3C • This sequence will serve 
as a scale of the sizes of decision functions* 



The decision function ^ is said to be of size rtl/ if it 
is measurable with respect to the sigma-algebra 36^ , i*e. 

but it is not measurable with respect to the sigma-algebra -36^^ 
for /m = 2,, , 'TL-'f . We shall say that is of finite 

size if there exists a positive integer my such that ^ is of 
size 'TL 0 The decision function 5* » which is by definition 
measurable with respect to the whole sigma-algebra 3£ , is said 
to be of infinite size if it is not of finite size* Clearly, if 
there exists a decision function of finite size then, roughly 
speaking, the scale 3^^ > 3^3^... must have effectively 

an infinite number of divisions* 

Denoting by 4^ the set of all decision functions in X 
and by that of all decision functions in X at most of 
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size TV for /TV = /j JZ»_, 3j ... , we see at once that 

c A^dAs^'" c A / 

hence, if S is the probability of the random event of incor- 
rect decisions associated with the Bayes decision function ^ 
from A and that associated with the Bayes decision 

function (3^ from A^ for /VL then 

^ 6,3 ^ & 

i.e., as may be intuitively expected, the least probabilities 
of making incorrect decisions do not increase whenever the 
sizes of the decision functions admitted to the concurrence 
increase to infinity. 

By Theorem 2 a Bayes decision function f3>^ size /yu 
is determined by the relation 

iAt oL-k*u) >(i-coC(A)} 

for ^ t where and are defined using the 

sigma-algebra in the same, wsy as and were de- 

fined using the whole sigma-algebra 36 • 

The mail! effect of increasing the sample size can be ex- 
pressed as follows: 

THEOREM 3» The sequence of random variables (•)) j 

. *• converges to the random variable A^(f(>)) 

^ - - 

with probability one , the sequence of random variables 

))j .... converges to tl^ random variable A(fC)) 
with probability one , and the sequence j j ^ . . . of pro- 
babilities of the random event of incorrect decisions , associated 
successively with the Bayes decision functions (3>f^ .... 






- 

■Of- ' 
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converges ^ ^ probability h of th« random event of incor»~ 
yect decisions associated with the Bayes decision function /3 • 

The first two assertions of Theorem 3 are Immediate 
consequences of a well known martingale theorem C13 and the 
last assertion is contained in C6l as a particular case* 

Let us note that if ^ = 0 then the last assertion of 
Theorem 3 expresses the well known property of consistency of 
the Bayes decision functions 

§2* Statistical estimation of belonging relations* 

A wide variety of questions concerning statistical esti- 
mation of provability possesses a common statistical structure 
of very elementary nature and this fact enables us to treat the 
basic statistical problem separately and Independently of apy 
consideration belonging purely to the domain of mathematical 
logic. After establishing the general results it remains only 
to interpret them appropriately in order to obtain the desired 
final answer to various questions of statistical estimation of 
provability. The realization of this last step is, however, 
rather only a routine matter. 

Suppose that one wants to decide whether an element chos- 
en at random by an appropriate chance mechanism from a fixed 
set A belongs or does not belong to a fixed non-empty proper 
subset M of A . 

The random variable 4^ taking values in A is assumed 
to be a formal substitute of our basic chance mechanism* One 
of the most natural requirements concerning measurability is 
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■{(U); ^(c^) e M} e (B . 

The direct observation on /'I is replaced by observations on 
the subsets Gi(nm,) of A for ^ 'ij hence, it is 

also natural to impose on an additional condition, namely, 

for 'fjZjSj and this completes the definition of the 

random variable • 

Now let Z, be an ordinary random variable taking on va- 
lues of positive integers. The compound transformation Q(tC)) 
is a random variable in the sense that 

( 1 ) icdi fie Q (t(co))} e (& 

for every element of A . This follows from the obvious 
identity 

{co: 'fieQ(T(cS!i)} =.(J {^o: ZM « /nij > , 

^ SB ^ 2 ^ 

where the ^-th subscript for which fLsQ,C'm>^). 

Clearly, 

'ri(cd) eC(Cz(cS))^ - U ({^: ^(co) 

ytls4 t ‘ ^ 

hence, we can state that 

( 2 ) {coi ^(oj) <S 

and this is the most important fact concerning the relation 
between the two kinds of random variables. 

In elementary set theory the relation ^ e A1 is often 
expressed in terms of the characteristic function c. of At by 
the equivalent statement that cCfS) = Y . A little more com- 
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plicated concept is that of the characteristic function of a 
random set. If for each denotes the 

characteristic function of the set Q(nv) then by (1) the 
compound function oCx^C.)) is an ordinary random variable tak- 
ing the values i or O • The random variable C^C'cC.)) is 
said to be the characteristic function of the random set 

The element fv of A belongs to Q(v(£o)) or 
to its complement A according as 

or 0. 


Clearly, the compound transformation is an 

ordinary random variable taking the values i or ^ • The 
value of 4^ at CJ belongs to or to its complement A” At 
according as o('yi(co)) = t or 0 , By (2) the 

compound transformation C-CzOyC^C)) la an ordinary random 
variable taking the values t or O • The value of ^2^ at o) 
belongs to Q.C'vCco)') or to its complement A‘~ accord- 

ing as C^(T(ui))('>i(co)) =1 or c(t(co))(oi(£4j)) = 0, We have 
thus defined a probabilistic extension of belonging relations. 


In order to simplify the notation we shall write 
instead of C('yi(.)) and instead of ))C^C>)) . 

Let X be the set of all sequences 'X == ^ ^ X3 /•>». 3 

every term of which is either equal to 4 or to 0 . The coin- 
cidence in the first fw terms of sequences from X is ah equi- 
valence relation in X • The class 3€ of all unions of equi- 

'Tv *’ 

valence sets induced by this equivalence relation is a complete 
algebra of subsets of X for &vory no, =■ '1 ^ !L,2>j ,, , The sets from 
are called 44, -dimensional cylinders. Our basic sigma- 
algebra 3i£ of subsets of X is that induced by the union 

S'/'''*' '< 1 


la 
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U 36 


<v^3^4 




l>e a sequence of integral-valued 
random variables* Then the sequence 


**'*" for = iB a 

random vector with values in X . Clearly, 3S is the smallest 
sigma-algebra of subsets of X for which the vector ^ is 
measurable* 


Now the ground is prepared to put the traditional machi- 
nery of statistical decision functions into action* The passage 
from the general scheme of statistical decision to our particu- 
lar case is very simple because the notation of 51 is preserved* 
As has already been pointed out in §1, the Bayes solution of a 
statistical decision problem depends on the a priori probabili- 
ty in the parameter space* We shall see, however, that, as com- 
pared with the general case, our particular version of the sta- 
tistical decision problem is, rough]^ speaking, leas sensitive 
to the exact knowledge of the a priori probability, provided 
that a very simple and natural condition, namely. 


(3) Me aCr^) 


for ss 1 j is satisfied* We shall aee that under this 

condition either the decision function /3 . which associates 
with every sample point JC of X the decision 0 , or the 
decision function which associates with the san^le point X 
of X the decision 1 or 0 according as the first coor- 

dinates of X are equal to i or at least one of these coor- 
dinates is equal to 0 , can occur* More precisely: 
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THEOREM 4« Under (3) the Bay ee aolntlon of size ^ of 
the statistical decision problem §) ^ determined by the 
decision function /2>^ w and the probability of t^ ran- 

dom event of incorrect decisions Is equal to 

( 4 ) ('^j '"j ^ j ^/n+1 } 

or_^ oC according as 

( 5 ) cL j (i-oL) 

or the opposite inequality holds » 

The details of the proof can be omitted because Theorem 4 
Is nothing else but a particular version of Theorem 2. It suf- 
fices to note that) as compared with Theorem 2, the main sim- 
plification arises from (3) and from the definition of X » 
and ^ • Under these conditions ("o() = 'Z or 0 , according 
as the first ^ coordinates of 0( are equal to -Z or one at 
least of these coordinates is equal to 0 , ^ 

for every from X » hence, Theorem 2 is immediately applicable. 

In order to make the intuitive content of the theorem 
Just established more transparent we shall give the Informal 
description of an experimental procedure of how to estimate 
that an element of A chosen by belongs to M or to its 
complement A- M using the Bayes decision procedure of size 
i.e. that determined by the random variables . 

Whenever the inequality (5) does not hold then the value of 
is always estimated to belong to A — M • If (5) holds then 
the decision procedure runs as follows: At the first step we 
choose the set Q('yyv) determined by the value of • 









SS!f 
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If the value of ^ does not belong to this setj the procedure 
is stopped and the value of 4^ is estimated to belong to A-M. 
In the opposite case we continue the inspection choosing the 
set Gl(yYi) determined by the value of .If the value of 

does not belong to this set« the procedure is stopped and 
the value of is estimated to belong to A’-M , In the 
opposite case we continue the inspection choosing the set 
determined by the value of and so on. Exhausting all the 

sets aC'yyVf) determined successively by the values of 

without reaching the decision that the value of be- 
longs to A-M we accept the decision that the value of ^ 
belongs to M . We see that the final decision that the value 
of 4 ^ belongs to A-M can be reached at every step of the 
decision procedure. On the other hand, the opposite decision 
that the value of belongs to A1 can be reached only at 
the last step. 


( 6 ) 

(7) 


Now we shall show that under the two additional condltione 


QCw.) = M, 

7yi =4 
oo oo 

( n U { aj : T Cco) nruj) — i 

'»na4 'n='( ^ 


the Bayes solution of the statistical decision problem ^ fj § ) 
becomes asymptotically independent of the a priori probability oC 

Roughly speaking, the condition (6) together vfith (3) 
express the natural requirement that the approximation of Af 
by the successive intersections of the sets Q('nv) can be 
arbitrarily close and the condition (7) means that the sequence 
exhausts with probability one whole set of po- 
sitive integers. 




iH': 
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For Instancd) the condition (7) is satisfied whenever 
the integral-valued random variables ^ ... are mutu- 
ally independent) identically distributed, and such that 

t/co) =iyyYi} >0 

for ijZj 


Clearly, under the last condition, 

i 4^^}) '= ( ^{co: Z^(c^) =f=> /yyL}) ^ 

(y- (oil < 'I j 

for = hence, 

OO 

(14. ^ {co : ^ /Mtl) ^ 

for nn, i.e* 

oo oo 

yy( LJ O f w : T Cco) 1 ) = 0 


or, equivalently, (7) holds. 

Our Theorem 4 can be completed as follows: 


THEOREM 5. If oC > 0 and t^ conditions (3), (6), (7) 
are satisfied then there exists ^ positive integer ^ such 
that /3^ i3_t^ Bayes solution of size /ku of the statistical 
decision problem (^j ^ ) whenever ov'> 


Since by Theorem 3 ^ ^ with probabili 

ty one as —>• oo , hence, by Theorem 4 and by the assumptioK 


0 of Theorem 5 it suffices to show that ^ 0 

i.e. that 


(8) A-Mlnica: fyi(uii)e ^^0.(T^(ca))'^) -O. 


In order to simplify the notation we shall write 

O XJ (oi- T (oi) -nrL} ^ Gr. 


f.rTi r. '"' ' 
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It follows from (6) that 

oo 

hence, 

(^(Gn{M: n^Me A-M}n{co: n^Q{r^{u>))}) =» ^ 

and since (7) (O’) =* / , we obtain (8), q*e.d. 

Let us denote by 0 "the decision function which asso- 
ciates with every sample point OC from X the decision i 
ov O t according as OC— or • By 

Theorem 2, ^ is the Bayes solution of the statistical decision 
problem (^j §) with respect to the whole sigma-algebra 30 , 
hence, it is of infinite siae. Since the probability of the ran- 
dom event of incorrect decisions is equal to zero, the decision 
function l3 t fact, becomes a proof that the value of 
belongs to M or to its complement A~M . 

Now we shall introduce a function £ on XI the values of 
which are positive integers or OO as follows: 

{,co: iCco)- 1 } -{oi: 

{co? X(a)) = /yt} 96 = O { w-* 

i-7 

for rn - and 

{io: lCco)isoc} = r\ {cn) : . 

We see at once that l is an ordinary random variable, provid- 
ed that the definition is modified in such a way that the possi- 
bility 

(^icOilCco)=^oo} > 0 

is not excluded* 
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The random variable ^ is said to be the length of the 
decision function /3 • 

THEOREM 6. If the conditions (3) t (6) and (7) are satis- 
fied then the length of the decision function ^ ^ infinite 
with conditional probability one under the condition that the 
value of belongs to A1 and it is finite with conditional 
probability one under the condition that the value ot be- 
longs to A~* M. 

By the definition ot 'C t 

^ ({^Oi l(co) - oo}j {co: 6 M }) - 

= (icd: /Yj^Cio) e M} n {oj ; /yi(oo) s Q . 

Using the conditions (3), (6) and (7), we see that (8) holds* 
hence* the first assertion of Theorem 6 is an immediate con- 
sequence of (8)* Since* in addition* 

C(u))^ rYjico) € A—M}) = 

the second assertion of Theorem 6 follows at once from (8). 

Let us note that under the assumptions of the theorem Just 
proved it is not true that the conditional moments of Z- under 
the condition that the value of belongs to M are finite 
i.e* the analogue of Theorem 2 in C7 3 does not hold* This dis- 
advantage* however, can be removed by adding further restrictive 
conditions* 



ifijU 


m mt-: 





Approved For Release 2009/07/09 : CIA-RDP80T00246A01 1700340001-4 


Approved For Release 2009/07/09 : CIA-RDP80T00246A01 1700340001-4 



§3« Semantic concepts* 

The statistical decision problem of §2 is based on ob- 
servations on the sets which replace 

the direct observation on M . The most natural way of how 
to get the sets is the effect of re- 

duction of resolving power in /A which can be formally des- 
cribed by an appropriate application of equivalence relations* 

A binary relation 1^ in the set /A is said to be an equi- 
valence relation if it is reflexive, symmetric and transitive* 
Every equivalence relation in A Induces a partition of A into 
equivalence sets and vice versa. Two elements ^ belong 

to the same equivalence set if and only if /fi'Rcy » The equiva- 
lence relation sS in A is said to be finer than and we 
shall write S ^1^ implies or, in other words, 

if every equivalence set induced by S is included in at least 
one, hence, in exactly one equivalence set induced by ^ * Clear- 
ly, the set of all equivalence relations in A is partially or- 
dered by ^ and the identity I is the finest equivalence re- 
lation* 

The formal description of reduction of resolving power by 
equivalence relations is intuitively Justified by the convention 
that two elements of A which belong to the same equivalence set 
cannot be distinguished* Under this convention it is reasonable 
to introduce the concept of closure of M induced by the 
equivalence relation , requiring that 

Clearly, s t*e* the application of the Identity I on 

M has no effect, and M C M ^ whenever R ^ S , 
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Let Rjj ...be a sequence of equivalence rela- 

tione in A . Putting 

M'*" - Q(n) 

for 7i=> 1f2^3y..f we see that) in fact) the decision problem 
of §2 is based on observations at a reduced resolving power* 
This artificial reduction of resolving power is Justified by 
the fact that, in general, has a simpler structure than 

, whenever R ^ S » 


The application of the elementary facts summarized in §2 
to our main question of statistical estimation of provability 
by Interpretatioxis in models requires a number of restrictions 
which must be Imposed on the sets A and M and on the equi- 
valence relations Rg^ Rs j — 

First of all we shall suppose that A is a Boolean al- 
gebra. As usual, we shall denote by 0 and 1 the zero and unity 
of A , by p! the complement of the element ^ of A , by A 
the operation of forming the greatest lower bound, and by V 
that of forming the least upper bound in A . 


In order to eliminate misunderstandings we recall that 
the subset A/ of A is said to be a Boolean ideal in A if it 
contains the greatest lower bound of any two of its elements 
as well as the least upper bound of any two elements of A one 
at least of which belongs to M . The algebraic structure just 
defined is usually called dual Boolean ideal* We shall, however, 
omit the suffix dual because no other ideals will occur in this 
paper. 


The relation R defined in A is said to be a Boolean 
congruence relation if it is an equivalence relation which, in 





ri 
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addition, satisfies the condition 

(9) A ^ ? implies p! v X R Cj! V X . 

The simplest algebraic structure, which enables the treat 
ment of propositional functions of mathematical logic and for 
which the concept of interpretation is natural, is that of mo- 
nadic algebra introduced by P.R.Halmos [2]. 


A monadic algebra is a Boolean algebra A together with 
an operator V which assigns to every element ^ of >4 an ele- 
ment Vp, of A in such a way that 

VI * 

V pi ^ pL 

for every element pL of A ^ and 

V ( pi V Vf ) = Vpl V Vcp 

for every pi and in >4 , The operator V is said to be 
the universal quantifier in >4 . 


A subset M of a monadic algebra A is said to btf a mo- 
nadic ideal in A whenever M la a Boolean ideal in A and 
^ € A/ impliec ^pl € A/. 

A monadic ideal M in the monadic algebra A is called 
maximal if it is proper i.e. M ¥> A and it is not a proper 
subset of any other proper ideal in >4 . 

The relation R defined in the monadic algebra A is 
said to be a monadic congruence relation if it is a Boolean 
congruence relation and, in addition, 

(10) p R ^ inqplies ^ Vcp . 


r '''fi 
liUsi 
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A monadic congruence relation R in the monadic algebra 
A ia called simple whenever the monadic residual class algebra 
A modulo R is simple l*e» there is no proper mo- 
nadic ideal in A other than that containing the sole element 

The relevant properties of closures of monadic Ideals will 
be expressed by the following lemma: 

^ ® monadic ideal and R a monadic congruence 

relation in ^ monadic algebra A then the h/f ^ ot M 

induced ^ ^ a monadic ideal ^ ^ . If , ^ addition . R 

simple then either A/ * A or M ^ maximal* 

We shall first show that M is a Boolean ideal in A . 
Let ^ € M and ^ € 4 . E(y the definition of the closure 
M of M f there exists an element JCp of M such that 

Ap, R p/ , ^y i9) Ap V 0 R p, V 0 i.e. Xp R fl t hence, 

A.p )/ (p R pi» V <p. Since M is a Boolean ideal in A , 
we have Xp y Cf^ e M , hence pi V ^ M ^ . Now let us 

suppose that, in addition, cp € , Then there exists an 

element Xp<if M such that A<p R cp » By (9) we have 
Ap V Xp RflvX^^plvX^Rpiycp , hence, 

(^P y Atp)’ y 0 R (pi V Xp)‘ V 0 , 

(pi V x‘c^)' y 0 R (pi V cfl f y 0 

or, equivalently, 

Xp A Xp R pi /A X<p , 

p A Xcf, R p A cp ’i 

and, using the transitivity of /? , we obtain 
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A JLc^ R p, A Cp . 

Since Mr ia a Boolean ideal in A we have X/f A JLj.^ M ^ 
hence » p, A O' €. M » We see that M is a Boolean ideal in ^ • 

Now it remains to show that M is a monadic ideal in A i.e* 
that Vp, € f whenever p> € . Since Ap, R pu ^ It 

follows from (10) that /? hence , using the assumption 
that M is a monadic ideal in A , we have £ M and, con- 
sequently) ^p ^ M^ • This completes the proof of the first 
part of our lemma. It R is simple then, by the definition 
of simplicity, the class of all congruence sets which have 
a non-empty intersection with M is either equal to A(R) 
or to the monadic ideal f ^ j in A(R) ^ hence, either M ^ A 
or - {p' ' p R ^ j » q*s.d» 

A monadic logic is a pair M), where A is a mona- 
dic algebra and M is a monadic ideal in A * The monadic 
logic (A y M) represents a deductive theory in /4 . The elements 
of >1^ w^ to M are called provable. If R is a simple 

cohgz*uence relation in /A then the closure M ot M induced 
by /? is said to be an interpretation of M in the model A(R)» 
If an element p ot A belongs to ^he interpretation M of M 
we shall say that p te true in that interpretation and other- . 
wise false. 

, The monadic logic (A,M)±a said to be semantically con- 
sistent if there exists at least one interpretation ot M to 
a model . ’ 

Since Mc M , we can state that a provable element of A 
is true in every interpretation. Whenever the opposite conclu- 
sion is possible then the the monadic logic (A,M)^ is called 
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semantically complete. More precisely, the monadic logic (A,M) 
is said to be semantically complete if M is equal to the 
Intersection of all its interpretations. 


For our purposes, however, a restricted version of seman* 
tic completeness is more appropriate. Let be a class of 
interpretations of M . The monadic logic CA,M) is said 
to be semantically -complete, whenever 

M ^ r\ Q , 

Q£<ef 

In order to eliminate degenerate cases it is natural to 
assume that the monadic logic (AiM) ia semantically consistent 
and semantically complete. Clearly, the assumption of 

semantic consistency can be replaced by M^A and, by our 
lemma, there is no restriction of generality if we assume that 
the interpretations from are maximal monadic ideals. 

The estimation of provability or non-provability of ele- 
ments of a monadic logic is based upon the inspection of its 
truth or falsehood in interpretations in models. Since to each 
interpretation Q from there corresponds a simple monadic 
congruence relation Rq such that Q — , the idea of 

artificial reduction of resolving power by simple monadic con- 
gruence relations is justified by the fact that, by the lemma, 
the induced closures are maximal monadic Ideals which evidently 
have an extremely simple algebraic structure. 

The application of the results established in §2 to the 
question of statistical estimation of provability in monadic 
logic requires a further restriction, namely, that is de- 
murable. In this case we can write 


P- 


IvW 






'•I! 
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{ Q(i), Q(2), 0(3),...}. 

The random variable /7^ chooses an element of the monadic 
algebra A , the provability or non-provability of which is 
to be estimated on the basis of interpretations of M chosen 
from ^ by the random variables , T 2 9 ^ • 


One may intuitively expect that the following decision 
procedure is the most favorable one« At the first step we choose 
the interpretation Q ('Ttv) determined by the value of <r^ • If 
the value of ^ is false in this interpretation, the procedure 
is stopped and the value of is estimated to be non-provable • 
In the opposite case we continue the inspection choosing the 
interpretation 0 (/TTZ^ determined by the value of Tg • If the 
value of ^ is false in this interpretation, the procedure is 
stopped and the value of is estimated to be non-provable. 

In the opposite case we continue the inspection choosing the 
interpretation QC'yn) determined by Tj and so on. Exhausting 
all the interpretations Q('m) determined successively by the 
values of , Tj >•• -) without reaching the decision that the 

value of ^ is non-provable we accept the decision that the 

/ 

value of ^ is provable. 


In fact, the decision procedure Just described minimizes 
the probability of making an incorrect decision only if the 
a priori probability OL that chooses a provable element of 
A is sufficiently large. Whenever cX is small then the degene- 
rate decision procedure which always estimates the value of 
to be non-provable is better. The exact discrimination between 
these two decisions procedxired is contained in Theorem 4. 
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If the a priori probability OL is positive, if the values 
of the random variables j *22 » ••• exhaust with probability 
one whole set of positive integers, and if the monadic logic 
(A^M) is ^-complete then, by Theorem 5, for a sufficient- 
ly large number of interpretations to be inspected, the non- 
degenerate estimation procedure is the most favorable one in 
the sense that the probability of making an incorrect estimate 
becomes a minimum. Let us note that the condition of semantic 
consistency is in this case fulfilled automatically as always 
whenever oL > 0 and (A^M)te semantically ^-complete. 

In the language of monadic logic the decision function ^ 
of infinite size occurring in Theorem 6 is said to be the heu- 
ristic reasoning about the element of A chosen by and the 
random variable is called the length of the heuristic 
reasoning . 

The content of* Theorem 6 can be expressed as follows • 

If a > (? , if the values of the random variables 
exhaust with probability one whole set of positive integers 
and if the monadic logic (A,M) is semantically ^^-complete, 
then the length of the heuristic reasoning about the value of 
^ is Infinite with conditional probability one under the 
condition that a provable element of A has been chosen by ^ 
and it is finite with conditional probability one under the 
condition that the element of A chosen by ^ was non-pro- 
vable. 

Clearly, only the last assertion is practically effective 
because only non-provability can be discovered after a finite 
number of steps. On the other hand, this pessimistic opinion 
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concerning heuristic reasoning is weakened by the fact that if 
provability is estimated then this result is asyn^jtotically good 
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Introduction. 

In the present paper we deal with random operator equations, 
in particular -with random integral equations of Fredholm and Vol- 
terra type, where only the keroel is random. It can be shown that 
such a model is general enough to cover other cases, for example 
random Unit a of integration* 

However, the author was not able e ^ive a more detailed dis- 
cussion of the subject, mainly because of the lack of. time. Never- 
theless, he prefers this somewhere oven blurring preliminary version 
to a short sunuaary. 

Handom operator equations. 

First of all we ehall Introduce some basic conceptions indis- 
pensable for our further considerations. 

Throughout the whole paper we shall use a probability space 

with a complete probability measure fx. , i.e. H is a 
non-empty set, ^ a CT-algebra of subsets of the set n , and ^ 
is a probability measure such that “ G implies E € © 

for every E E © . Pxurfcher, unless there will be a statement to 

the contrary, \ denotes am arbitrary separable Banach space and 
the E'-algebra of all Borel subsets of the space X , 

Definition 1. A napping V of the space into 
the space X is called a generalized random variable if 

DQfinitiom. 2o k mapping T of th© Cartesian pro- 

H H.Z into the , space X is called a raado® traaeformation 
is for every 7 a generalised random variable. 


**» 


P 


I 5- ■' 


^ V 
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Two generalized random variables V and VV are 'loaumed to 
be equivalent if 

All the classical notions of the functional analysis, like the 
inverse operator, the resolvent operator, the adjoint operator, otc., 
are carried over in an '’almoat sure” way, that is, e.c., the mapping 
5 is said to be the inverse of the mapping T if 

^ [u: 5 (O ,T = Z for every z€ I ] = . 

Finally, vre recall the following throe theorems on generalized 
random variables ; 

Theorem 1. If V, , . is a sequence of general- 

ized random variablee converging almost surely to the mapping V , 
then V is a generalized random variable. 

Theorem 2. A mapping )/ of the space -0 into, the 

space X ie a generalized random variable if, and only if, for every 
bounded linear functional i € A , where A a subset of the first 
adjoint space which ie total on the whole space X , the com- 

pound mapping KV) is a real-valued random variable. 

Theorem 3. LetV be a generalized random variable 
with values in the space X and T a random transformation of the 
Cartesian product ilxX into the space 2 that is almost surely con- 
tinuous. Then the mapping W of the space -i - into the space Z. 
defined for every ofe/l by the formula 

WC4,) * T(o^Vc<0)) 

is a generalized random variable with values in the space 2. . 
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Let X and Z be two separable Banach spaces, T a mapping 
of the space X into the space Z , and Z a fixed element from 
Z. . If 21 denotes the set of those elements x € X for which 
the equality T”(>c)=Z holds, i.e. if 

Z * £X:TCX) 

then any x € Z is used to be called a solution of the operator equa- 


tion 




« Z 


If the set Z ia empty, we say that the operator equation /!/ 
does not possess a soiutioni if It is non-empty, we say that /!/ is 
solvable. In the case Z consist b of exactly one point we say that 

/!/ has a unique solution. 

Now, let in addition be a probability space with a 

complete prebability measure ^ and ^ and ^ be the tf'-algebras 
of all Borel subsets of the space X and Z respectively. If 7~ 
is a random transformation of the Cartesian product x X into the 

space Z then 

tL jI) - z 1^1 

is said to be i«ndom operator equation. 

Howeyer, the relation /2/ does not express the most general 
totm of a random operator equation, namely the right hand side of 
/2/ need not be a fixed element from the space Z , but can be re- 
placed by a generalised random vartable with values in the space 
Moreover, it should be remarked that the solution of a random ope- 
rator equation does in general depend on the choice of g, con- 

sequently , th® most general form of the random operator equation 
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may be more precisely written as 

TCjIo) ^5/ 

where) as mentioned above, T" Is a random transformation of the 
Cartesian product X Into the space Z and 2/ is a general- 
ized random variable with values in the space "Z. . 

Similarly as in the deterministic case, with the only except- 
ion of neglecting a set of probability measure zero, the wide sense 
solutions of the equation /3/ are defined, i.e« every mapping 
of the space n into the space X satisfying the equality 

for every A) from m set Cl. of probability maaeura ona 1 b said to 
be a wide sense solution oT the equation /3/. However, following 
tht spirit of our previous papers, It !• quite natural to require 
the condition of measurability to be fulfilled in order that we can 
speak about random solutisms. Thus, if the #lde sense solution is 
moreover measurable it will be called the random solution, an^ we 
can state 

Definition 3» Every generalized random variable X 
with values in the apace X satisfying the condition 

will be called the random solution of the random operator equation 
/3/; 

Evidently, there may exist wide sense solutions that are not 
random solutions, iloreover, if the random operator equation has 
more than one solution for every U) from a set of positive proba- 
bility measure then they may be, in dependence on the 6^-alfebra 6 

, ’A 

' i • ' ■ ' ' ■ 

1 Dn o:. : 
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ot oour8«t marly wide eetiBe eolutlone that are not meaeurable. As a 
tilaple example of this fact let us mention 

B X a m p 1 e 1. Let X be the apace of all real numbere, 

£ a non-meaeurable eubeet of the space XI and 7" a random trans- 
formation of the Cartesian product XXk X into the apace X , de- 

fined for every u 6 •XZ euid x a X by the formula 

* A* - y . 

Then the mapping V" of the space into the apace X de- 

fined by the formulae 

^ for ui i: B t 

V* (^ ) ^ Oth6Z*wl80 { 

is a wide aenae solution, but la not a random solution, of the ran- 
dom operator equatlwi 

n ,fc)) = 0 

Roughly speaking, we ere therefore interested mainly in the 
case when for eweiT « /I ‘here eilete e unique eolutlon Of the 
deterministic operator equation 

More precisely, we. shall Inyeetlgate most frJquently the caee when 
here exists a unique wide sense eolutlon, provided we Identify ♦- 
solutions dlfferring on a set of probability measure 
Nevertheless, even under this restriction, the unJ 
se solution need not be measurable as shown by the following 

Example 2. Let XI be the space of all real numbers, 
<B the 6'-algebra of all at most denumerable sets of real numbers 
and their complements, and ^ a complete probability measure defi- 
ned by the formulae 



p 


P. 
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(W.(E-) - 0 if E ia at most denumerable; 

= >f if the complement of E is at most 

t ^ denumerable; 

Further, let X be the space of all real nximbers with the ^algebra 
J€ of all Borel subsets, and T~ a random transformation of the Car- 
tesian product jQxX into the space X defined by the formulae 

= 0 for 4) - Jt I 

T( 40 ^k) ~i Otherwise. 

Then the unique wide sense solution of the random operator e— 
quation /4/, given for every k}€ n by the formula 

- (J 

is not a random solution, because of the fact that, e.g., 

[a); Ar(4» i 0 j ^ ^ 

'lany other questions concerning the relationship between wide 
sense solutions and random solutions of the same random operator 
equations arise, the greater part of them having been as yet unsol- 
ved, Unfortunately, we too are not able to present some useful theo- 
ry of random o-erator equations unless some further assumptions are 
imposed. 

In the present paper we shall discuss mainly three particular 
cases, namely if 

a/ the separable Banach space X equals to the separable Banach 
space Z ; and/or if 

b/ the random transformation Z” is almost surely linear and 
bounded. 


• , -‘'V 
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It is not surprising that in the theory of randon operator 
equationa the main role is played by probabilistic voralors of the 
well known Princif lo of Contraction ilappinti;; apd its many modifica- 
tions and generalizations, wirLch under appropriate assumptions fur- 
nish the existence, uniquene.;a, and measurability of the random solu- 
tion of a random operator equation, 

?ixe following theorem io a useful at irting point for other theo- 
rems of this kind. 

"’heorem 4. Let 7^ be an almost surely oontinuous 
rp.i- ;: :n transformation of the Cartesian product jQx X into the spa- 

C' X 30 that 

/« ( O 0 Q Q {*>11 -T>,. I < (1 - 4). j } /W 

where for every , X€ X , ^nd • 

-n^x) 

and 

r-'^Vo 

Then ttiere exists a gensralised random variable <f> with values 
in '.;ce X satisfying ths relation 

» ^(w)} = y. /6/ 

Moreover, if there exists another generalised random variable 
with the property 

pi {cj :T(U)^^piCJ)) * (//(w) } = Y 

ti;en 

p[U)- <pC£0) ^ 

Proof. Let us denote by E the set of those Ui from the 
set occurring in condition 75/ for which the mapping T(0^ •) ie con- 
tinuous. Evidently, according to the assumptions, ^ (E) = ^ . Now, 
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let ua define the mapping <p of the space fl into the space X so 
that for every 0€£ the point <^(«) equals to the unique fixed point 
of th> mapping T(<0^-) and for every 4)6 il-F we set where 

Q .B the null element of the Banach space X .Thus, relation 

/6/ holds. 

In order to prove the measurability of the mapping ^ we make 
use of theorem 3 end theorem 1. The remaining statement follows im- 
mediately from the uniqueness of the fixed point of the mapping T(u/) 
for every 0) ^ E * 

The 3ust proved theorem forms a generalisation of author’s pre- 
vious result, the stronger aasxunptions of which enable one to for- 


mulate condition /5/ in a ^ore traneparent way. 

Theorem 5. Let 7” be an almost surely continuous 

random transformation of the Cartesian product -0. x X into the 
space X and O a real-vnlu^d random variable so that the follow- 
ing relations hold : 

^ (U) j 

5 = '< | / 8 / 

for every two eleuicnta ^ and from X • 

Then there exists a generalized random variable 4> 


lues in the space X for which relation /b/ holds. 

Proof. Since the Banach space X separable, we can 

replace the intersections in the expression 


r\ n iB continuouej] 

by intereectlon. ov.r a countable dene, subset of the space A and 
thus condition /5/ is fulfilled with -n.-l . what proves our th.o- 


rem. 




Uc, 
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R e m a r k 1» It should be remarked that both theorem 4 
and theorem 5 can be reformulated and proved also in the case the 
space X under consideration is a metric 'apace. However, in the 
present paper we formulate all the theorems for Banach spaces only, 
though the "metric" versions of theorems 4 and 5 are used in proofs 
of theorems 11 and 12 in order to avoid more complicated consider- 
ations. 

As an immediate consequence of theorem 5 we get 
Theorem 6. Let C be a real- valued random vaz*iable 
and 7 " an almost surely random transformation of the Cartesian 
product ilxX into, the space X satisfying the condition /8/. 
Then for every real number -A- + 0 such that 

C(«> < I A/I J »-/ 

there exists a random transformation S that is the inverse of 
the random transformation (T-Xl). 

Proof. Evidently, as + 0 , the random transfoxmtion 
(T-Xl) is Invertible whenever the random transformation (ir-i) 
is invertible. liowever, for every z € X the random transformation 
“Q defined for every U) € CL and X € X ’ l>y the formula 

=x T(u,x) -z 

is almost surely reducing and therefore by theorem $ there exists 
a unique random fixed point satisfying the relation 

X^Ho) * X -2 J 

Since the last statement is equivalent to the invertibility of the 
random transformation fir - Jj , theorem 8 is proved. 


fi;.:' i 


’ ■ ^ .’’"Pr 
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It is a well known fact that any linear bounded operator A 
satisfies the Llpschltz condition with the constant i(Ali , what is 
at the same time the smallest constant with such a property. There- 
fore making use of this fact and some classical results about li- 
near bounded operators we can state 

Theorem 7 * Let T be an almost surely linear bounded 
random tirans format Ion of the Cartesian product x Into the dpa- 
ce X • 

Then for every real number X^O such that 

^(u£w iiT''(u/)iKurj) “-f 

there exists a linear boxmded random transformation ^5 that Is the 
inverse of the random transformation ( ^ ■" and we have 

where the siun Is meant uniformly. 

A number of interesting theorems on random integral equations 
has been derived by A.T. Bharucha-Reid. Here we mention theorems 
2.1 through 2.3 only, which can be a little strenghtened using theo- 


rem 7 t namely we can write 

Theorem 8 . Let 1~ be a random transformation of thm 
Cartesian product nxX into the space X which is for every 
A) £ n linear and boxmded. 

Then for every real number the set 

il W “ 1X1} 

belongs to the (S' -algebra 0 , the random transformation 

is invertible for every (O^ClcX); the resolvent operator ^ 7 - exists 
for every i06fl(X) aDd tor these 60*s we have 

R rco.) - T^'U-) . 

Finally, for emy the solution 3(A)) of the operator equa- 
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tion 

M 

ifl for every z £ A given by the fommla 

sw = R^j (u,z) , 

where the resolvent operator ^ and consequently the solution 

S ns well^ls measurable with respect to the €r-algebra OC-^)n ^ • 
Proof. Theorem 8 follows immediately from our preceding 
theorems and from well known classical resultSy because of the fact 
that for evejry if 6^ 

where ■■■ le a countable dense eubaet of the ephere^*ffzl|d^j. 





Heretofoz^ we hare always used the above foxraulated assumption 
•/, sometimes together with the assumption b/. Now, we shall state 
two theorems In which the spaces X and Z may be different separa- 
ble ^»*«*»*» spaces, provided the random transformation 7” is almost 
surely linear and bounded. The proofs are omitted, because both the 
theorems are only slightly modificated previous author’s results. 

Theorem 9. The inverse of an almost surely linear 
bounded invertible random transformation T~ of the Cartesian pro- 
duct ^ X X into the space ^ is a random transformation of the 
Cartesian product -0.x Z into the space X , 

Theorem 10. Let X and Z be two Banach spaces 

whose first adjoint spaces X** and Z* are separable; let , 

^ and b6 the ^ —algebras of all Borel subsets of the space 

X , Z , X* , and Z* respectively. If T' is ah almost surely li- 
near bounded mapping of the Cartesian product -Qx X ^nto the spa- 
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«e Z then the following two conditions are equivalent : 

for almost all elements OJ € iZ the mapping 77«/; of the space 

X onto the space Z is invertible f 

for almost all elements wfc i2 the range of the adjoint mapping 

rk-) is the whole space X « ^ 

Further, if these conditions are satisfied then 7” is inver- 
tible and the inverse mapping to the adjoint mapping 7” is 

almost surely equal to the adjoint mapping 3 ""of the inverse >5 to 

7“ 

the mapping ' • • ^ 

Moreover, if one of the mappings ' , , » ts » 

dom transformation then all four mappings are random transformations. 

One of the important problems in the theory of random operator 
equations is the question of the measurability of the solution, which 
has been dealt with in the preceding theorems. Now, we shall be con- 
cerned with the question of the relationship between the random so- 
lution of the random operator equation and the solution of the cor- 
responding deterministic operator equation. More precisely, we shall 

discuss the case when the random operator equation /3/ is such that 

/ 

the Bochner integrals 

^Z(4>)cl/u(<a3 * ^ 

and 

'^SL 

exist for every JC ^ X . bet us assume that the solution of the de- 
terministic operator equation 

equals to ^ . The question arises whether the expected value of 

;the random solution of the random operator equation /3/ exists, and 
if so, whether it is equal to the deterministic solution y . 
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It is not difficult to construct an example showing that there 
are esses in which the answer is affirmative. A most trivial one is 
that when the probability measure ^ is a Dirac measure, i.e. when 
there exists an element Oo ^ such that ^ (O©") * ^ . Another 
still trivial example is the following 

Example 3. Let T” be a random transformation of the 
Cartesian product . 0 . x X into the space X defined for every A) 
and X € X by the formula 


•cx ^ y(^) , 

where C ^ 0 is a real number and 1^ a f eneraliked random vari- 
able with values in the space X so that the Bochner Integral 

equals to the null element of the space ^ . 

Then the expected value of the unique random solution of the 


random operator equation 

TO, ft )) -8 

equals to the solution of the operator equation 


where, of course, 



S CX) * CJC 

for every JC € X • 

It is also not difficult to give examples when the answer to 
the above stated question is negative. 

Howevor^ there are many cases in which we are interested in the 
solution of the deterministic operator equation Corresponding to ® 
given random operator equation rather than in the expected value, 
cr even in the probability distribution, of the random solution of 
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the random operator equation under consideration. Really, the case 
of determining LD 50 Is one of them. 

Let us call, for the sake of brevity, the deterministic opera- 
tor equation associated with the random operator equation by means 
of expected- value correspondence simply the regression operator e- 
quation. 

Thus, an important problem of the theory of random operator 
equations is that of reaching the solution of the regression ope- 
rator equation, and it is this problem the remainder of this section 

0 

is devoted to. 

Since a detailed case history of this and similar problems is 
in a common pauer written by 11. Driml and the author which 
will appear ir the Transactions of the Seoond Prague Conferenoe on 
information Theory, Statistical Decision functions, and Random Pro- 
cesses, we shall not go into details here, buj shall state three 
useful theorems only. Nevertheless, it should be noted that this 
branch, of irobabllity theory, often called experience theory^ is 
very tightly connected with stochastic approzimatien methods ad da- 
veloped by K. ffobbins and 3. Llonro and other authors. 

The following theoi'em, as yet unpublished, is due to M. Driml 
and the author and car be counted to the basic theorems of the ex- 
perience theory. • 

Theorem 11. Let 7" be a generalised stochastic pre- 
cede mapping the Cartesian product 13 x[0,oo) n X into the space 
X and Aina; t purely continuous with respect to both the argu- 
ments t >0 and JfcdX ‘simultaneously. Let there exist an element, 
jt e X »’ a real-valued random variable C , and let the following 
conditions, together with condition /7/, hold : 
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ll t /T(«^5^jc>oCiS- -X 11 = 0 ] = 

-T(o,iyy)ll ~ j “ ^ 

for every t ^ 0 and every two elements 6 X . 

Further, let t ) be the solution of the random operator 

aquation 

1.0 = T(^0J.()) '( 

i 

IjC) “ t t>0 . J 

Th6n JC is for ©very 1^0 a rsuadoo solution of the ran** 
t 

dom operator equation /lO/ and we have 


and 


|U.{<0: Jtj CW") is continuous in j = ^ 

|U [u) : iimv II tw) - JC II ® 0 } ® ^ . 


711 / 


A2/ 


Proof# Let us denote by the space of all continuous 

mappings S "^be space into the space X such that 

the relation 

Hjjmj ^ 

holds. Introducing the dictance function d for every couple of 
elements by the formula 

= fHP 

the space C becomes a separable metric space whose ^-algebra of 
all Borel subsets is the -algebra generated by the class 

' {{/ ifd) 6 beSfJ, 

rurther, let us denote by 5 the operator on the Cartesian product 
fl X C defined by the formulae 
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fsc«,i')] (<?) = Tlu^O^^io)) 

and t 

[5(0, hj (h - ^ 

for every f eC t i > 0 t and every , where E. equals 

* 

to the intersection 

is continuous in i and simultaneously j 0 

n(w:C(«)<>f}o B i J - X H 0 ] n 

^ “t 0 ' ' 

For every ^ € -fl-E , ^ € C , and "t ^ 0 let us put 

- j? . 

First of all let us prove that the sapping 3 maps jQ^ x 0 into 
(y • Choose arbitrarily ^ ^ , and €. ^ O . Then th* 

re exists a real auaber such that for every if ^ 

I - i J ^ % 

and simaltaaeously ^ 

I I - X I « c/a 

Then fos every 

'.ve can .vrite , 

0 

t t 

^ 4 j II T ^ csi) -T (A), s, X) lUs + // 1 J T C«, - Jt // ^ 

^ 6(0) tin S(i) - Jc II ol5 + Vs - 


^ C(«)- C(oV-~^.^p I|^(s)-a/I +% ^ . 
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olnce the (H E) part is trivial we have proved that S maps the 
Cartesian product fl into the space C 

Now. lot uo prove that S lo a reduolng trahaformation. Thus, 

lot ue have i,, * C and «*£ / for ,e get a singular 

case/ • Then 

S((U ^ 

* Sup lltJ i‘jT'(*i,s^f(s))ds I < 

i M • ^ • 

~ fatP r / f*J /® £ 

£ CVJ) . . 

The gapping .5 being a reducing randon tranaformatlon of the Cat- 
teelan product fl a C mto the spa*. C -e c«.. naklng use of 
aemnrk 1, «p-l, theorem 5 which aoaerta that there exists a general- 
laed random varleble with values in the space C so that 




However, we have £ € (5 JUL(E)~'f . ^ 

• V ' ^ ^ hence setting for evezy 4)6; 

and every i 

X^i(o) •ilfJCco)2(i) 

we get Immediately all the assertions of theorem lie 

A generalization of the preceding; theorem for almost surely li- 
near bounded random transformations is the following 

Theorem 12. Let 7” be a generalized stochastic pro- 
cess mapping the Cartesian product .fl ^ [O^oo) a X ‘into the spa- 
ce X and almost surely continuous vlth respect to both the argu- 
ments i»0 and 4t « X simultaneously. Denote by ^ . v 
the mapping of the Cartesian product il w X into the ’space X de- 
fined for every W ail . at e X . and / W/Z,... by the formulae 
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and 


^ (a;^x) * 4:) 

(",■<) - rr<y, ij,,, r«,oc);. 

Let there exlat an element ^ € X so that condition /9/ and the 
following oondltlons are satisfied : 

for every t ^0 , and any real numbers and (3> ; 

lITCw^i^O ^ ^ 

^^6 2QQ Dvo 

Purthert lo't C\) be the solution of the rauidom operator equation 

no/. 

Then is for every the unique random solution of the 

random operator equation /lO/ and the relations /ll/ and /12/ hold. 

Proof. The proof follows that one of theorem 11. ,e cunt 
only replace the inequn? ity /13/ by the inequality 

t > 3.t. 5(^^l),sap IIT(ut,-)ll i 

and prove the contraction property in the following way ; 

Denote by 5^ the mapping of the Cartesian product 12 /( C ir+o 
the space C defined for every , and 'n, ■ • 

by the formulae 

S (<d, i-) 

and 

Then we can for every ^ ^ C i ev«ry ... , ev^ery "t > 0 , 

and almost all ^*8 write 




V . - ' 
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A V 


.X 

0 ^ S 

““ i J / s; i ] (Si)) d/Sj.) d/s, = 

0 Q / n 

r^4 

t J si j oLs^ <jts, 


.t s, 


“ i J ^ I ^,5 (S^)JcSx)) cjCs^d-S, 

0 S ^ 


and hence by Induction 


i 


C'S'^co^f)3 c-t) 


“ i J ^ i • • • ^.4 J A; . . . ds* ds^ . 

0 o 0 J f / 

Thus* for every <0 from a met of probability measure one there e> 


zlat positive integers ^ and ^ such that for any two elements 

f £ C we have 




■ »fjjp mj Ij CJ \...^(^(v,ScK)- 30 t,))cLs;^...d.sJI 6 

« (1-£) 

and hence applying the '’metric" version of theorem 4 we get the de- 
sired result. 

Theorems 11 and 12 and many other theorems of the same type 
claim the fact that under appropriate assumptions the "decision pro- 
cess" converges to the searched fixed point of the regression trans- 
formation with probability one. However, in practical situations 
the statistician scarcely knows whether all the necessary conditions 
are. satisfied. A kind of justification of his decision about the 
fixed point of the regression transformation is contained in the 
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following 

Theorem 13. Let 7" be a generalized stochastic pro- 
cess of the Cartesian product ^nLO^oo') x X into the space X and 
0 ^ a fixed element of the space X • Let Jt^O) be the solution 
of the random operator equation /lO/ and let the following relations 
together with relation /12/ hold : 

- r(4)^t i')l|=Oj=-f . 

u{<l) J I FCw,s, 0 (j(m)) -T(«,S, oJ)|(..Lj -tfoo J =■! 
for every i ^ O , / 

Then the relation /9/ holds. 

Proof. According to the condition /12/ it^ suffices to pro- 
ve that 

R {(0 li/yvL lij T(o,s^5) CWJ II = 0 } = /f 

t t 

II t ^ jT(w,s^oc,N)^/|aOj«f 

However, the last relation follows immediately from the trivial in- 
equality t ^ .A 

Hi - 1 jrc«,s,j(4(o))<pL$8 6 

which holds with probability one. 

Some other theorems dealing with experience theory problems 
can be found in some papers published in the Transactions of both 
the First and the Second Prague Conferences. 
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Random integral equations. 

\ 

In the remainder o.i this preliminary v^ri'ion v/e shall 
deal with a special case of random linear operator equation 
ly with random integral equations. 


briefly 
i!, na me- 


in this section X denotes the separable Banach space of all 
continuous functions defined on a closed interval , where 

0^ (X.^ ir , with the norm 

Ojtl ^ rnax I jcc-tc) I . 

Further, let us denote by A the set 

First of all we shall rcci-li tne well itno-.vn x.cult from fun- 
ctional analysis, namely 

Theorem 14. If ig bounded for every 6 A 

and if all aiocontlnnity points of 4 are situated on a finite num- 
ber of curyf>? 

where the functions /y arc continuous, then the formula 

yfiLj « jA(-u^rJJC(rO<iC^ 

defines a compact linear operator on the space X into itself. 

For the sake of simplicity, wo shall not work with the most ge- 
neral form of the kernel ^ , but shall assume only kernels all 

discontinuity points of which are situated on the curve = . 

It woul'’ be still simpler to discuss continuous kernels only, however, 
this would exclude the Important class of integral equations of Vo:-- 
terra type. Therefore we have accepted the above stated compromise. 
Thus, let us denote by H the space of all kernels all 
discontinuity pointa of which are situated on the curve V j(jk 


i 
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Introducing the norm given by the fomula 

where the least upper bound is taken over the rjet 


4 


the apace ^ becomes a separable Banach space. 

NoWy we can state the following two results concerned with the 
measurability of the mapping T occurring in the theory of random 


Integral equations. 

Theorem 15. Let the mapping 7~ of the Cartesian pro- 
duct XixX into the space X be defined for every <Oe^ and 
iX by the fomula 

T(*J^x) \J /U/ 

where ie a mapping of the ipace into the space ^ such that 

for evexy 6 A t every real nui^aoer. • 

Then the mapping T is a eompaet linear random transformation. 
P r o o f. That the mapping /14/ is for every <J eO linear 
and compact follows inredlately from theorem 14. Let ue therefore 
prove that it is a random tranoformution. 

Thus, choose an arbitrary € X » According to theorem 2 it 
suffices to prove the measurability for every x e X and every li- 
near bounded functional defined for every ^ a and e A 

by the formula ' 

that la, it suffices to prove the measurability of the mapping 
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for every fixed and X^X , Howeverj by the same theo- 

rdm 2 we get that the statement 

A,0 XCV') 

is a real-valued random variable for every ^ and X^ X Im- 
plies the statement 

is • f enerallzed. random variable with values in the space . 

I'low,. the mapping associating to every , every kernel ^ , and 

every X6 X the real number 

J' 

is a linear bounded functional, say , on the apace X t bo that 
vife can write 

= A. [A(O^U,*)>JCO)] 

and thus acr-^rding to theorem 2 1“ is a random transformation. 

Theorem 16. The compact linear random transformation 

i 

7~ defined in theorem 15 satisfies the relation 

{aTCt,y)eB}je(^ 

for every Borel /.vith rv^spect to the norraed topology/ subset 0 
of the space of all erulcmorphisms on X into itself. 

Proof. Heretofore we have de«lt with the random trans- 
formation 7" as with the mapping of the Cartesian product n.K 
into the apace X . only. Now, we shall use another point of view, 
•Let us denote by M the space of all endomorph! sms on X in- 
to itself, 1.e, the apace of all linear bounded operations on 
X into itself. Introducing the usual norm into this space by the 
formula ,, . „ 

= sLcp II Am II 

nxif'l 
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th« 8pao6 A/ becomes a Bai^h algebra* Denote further by the 
6'<-algebra of all Borel /with respect to the normed topology just 
lntzN>ducsd/ subsets of the space M • Thus, we have to prove the 
relation 

f^^CO: T(6 )j 0 e & }: Be C ( 3 . 

However, this relation is equivalent to the relation 

{{i>:r(vy)eB} 9^ j cs, 

where the 6~-ai/:ebr* ^ is defined by the foreiula 

^ = {BnF : ae%j 

*hd ' is the apses of sXX possible cornpset linear operators for*> 
ed by means of kernels from the space K , i*e. in symbols 

r- 

F~{l L U) -J *)JCM<Or ^ JLiK^-kiKi 

Because of the inequality 

IlLI - iL(oc)// 


- ^ II - 

=:/»rvcu6 AUM IX jC('y) ai/v- 1 ^ 

^ max Secc/a 

•*%##. a*#.v 


and the separability of the space K , the space is separable 
in the normed topologye Since F is at the same time a metric spa- 
oe in the topology considered, it is perfectly separable* Therefore 
the class of all spheres contains a countable subclass that is a 
base of the space F , Hence and from the validity of the relation 


t 

ii 



K 
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{«: 0 6 fi. ■ II L -L. ; ^ £ }!=■ 

■‘Q {to-rcoy) € e~'A}j = 

- LV/O 6 f-x - e - A}} 

Ikm4 

for every £ >0 and , where iw a ocmntable dense 

subset of the space X « we get the statement of our theorem. 

Similarly as in the deterministic case we associate to every 
random integral transformation T a subset of the Cartesian pro- 
duct -O K f~**/**J denoted by ^(.F) and called the resolvent set of 
the random transformation T . the measurability of ^ -sections 
of the resolvent set ia devoted 

Theorem 17. Let all the assumptions of theorem 15 be 
fulfilled. 

Then for every real number A the set of those 4j*o for which 
the linear random transformation (T-xl) ia invertible belctfigs to 
the (5^-algebra ^ , l.e, for every real number 

Proof, According to the well knoi^ theorem on resolvent 
sets in Banach algebras the set 

is for every f Ized X open and therefore fa»m the 6'-algebra 32^/, 
Hence, theorem 17 fellows from theorem 16 aid the relation 

€ ?cr) j = {i,: r(*3, ) e j 

••vhlch holds for every fixed real number . 

K oufficient condition for the invertibility of the random 
transformation (7~-Xl) is given in 
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Theorem 18. Let all the assumptions of theorem 15 be 
fulfilled. Let in addition the real number satisfy 

[w - cu) •,•)//■< /«A/ / = //. 

Then the linear random tranafonnatioh^T' ~ -1 is invertible, i.s 
^ [W: (O^A) e * /. /15/ 

Proof. Prom the assumptions we have for every (J € ^ and 
every X€ X the inequality 

4- 

which shows that 

Thfe desired conclusion then follows immediately from theorem t. 

The poseibility of reaching the solution of the regression in- 
tegral. .equation using only one realisation of the stationary and er- 
godic kernel is furnished by 

Theorem 19. Let ^ be a. mapping of the Cartesian pro- 
duct n.o,-) into the space ^ such that 

{w; A/(a,i,v.. V") ^ >t J 6 (S 

for every i ^ 0 t € A , and every real number ; 

/U{w: oO is continuous in»^} “ fj 

^ is stationary and ergodlc, i.e. in particula.r 

for evei*y "t ^ 0 t and ^ 


(a=5><FS> 


be a stationary and ergodlc transforsastiosa of th® Cii®^®isi©n 


th® spa@® 


ioQo in 
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i) cifULiU) = M 

for every i ^ 0 t and 

^ ^ -z, II = 0j -- i. 

Further, let XfO be any real nu!;!l:.'“r- ' ',-irig; th;- c. r.di Lion 

^ jXl ] = 'I 

and denote by X^O) the \ujique random solution of the random opera- 
tor equation^ 

^J*/(;l)yj»-)[§J)](rJc(,r -X§,(-) =Z(-,0) 

t <• t 

for every i > 0 , 

Then there exists a unique solution X € X of the operator e- 


quation 


J"Z ^ ~ 


/17/ 


and we have 


^ {(•> : (*» - X U »0 } ^'f. /IQ/ 

Proof. The existence of a unique solution follow. '?y apply- 
ing theorem 18 to the kernel £ ; the relation /18/ is a oonoequen- 

ce of theorem 11* 

The next theorem fom,.3 an axialog of xheorom 10 for '/olterra 
kernels. 

Theorem 20. Let all the assuiaptions of theorem 15 be 
fulfilled. Let in addition the kernel ^ satisfy the condition 

^ 0} ^'1 

for every cu S'* 
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Then for every real number A 0 the linear random transfor- 
mation (T- JKX) is invei'tiblc, i.e. relation /15/ holds. 

Pro o f. Prom our assumptions we get after several lines of 
computation that for every 6J6/2 and every 

iiT^cu ‘)H ^ 

/ /Fv « 

what enables ua to make use of theorem 7 v/hich yields the desired 
result. 

Finally, we shall prove a theorem of experience type for ran- 
dom integral equations of Volterra type. 

Theorem 21. Let all the assumptions of theorem 19» 
with the exception of relation /16/, be -fulfilled and let, in ad- 
dition, the kernel ^ satisfy the condition 

- 0 ] = 'f 

for every i ^ 0 and S'. 

Then there exists a tinique solution x « X of the operator 
equation /17/ which satisfies relation /13/. 

P r d o f.. The existence of a unique solution follows from 
theorem 20 applied to the kernel^ { relation 718/ is furnished 
by theorem ]^2. 


i 

! 


*1. * '{lb/ 


Lj UI--3 
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' Some tentative results 


By Tore Dalenius (Stockholm), Jaroslav Hijek (Praha) 
and Stefan Zubrzyckl (UToclaw) 


1 . Summary 

Ue study the following problem. An isotropic plane sto- 
chastic process is observed at points making up a regular pattern 
We are interested in finding patterns yielding the least limiting 
variance of the observed values, i*ien the points are sitxiated 
within a circle with infinitely increasing radius. 

In section 4, a solution is presented for the correlation 
function (3.5) and some intervals of point densities. The 
solution is obtained by solving the related geometrical problem 
of covering a plane by circles in such a way that the circles 
mutxjally intersect as little as possible (see section 3)* 

From the results obtained it follows t!lDt“-in contrary to the 
linear case- -no unique pattern of points is optimum for all 
convex correlation functions simultaneously. The efficiency 
of usxially used patterns is, however, quite good. 

In section 5, finally, we study a subclses of convex 
correlation functions of an isotropic plane process, consisting 
of functions which admit a spectral representation in terms of 
the slmplo correlation function (5*2). 


'■'7. s* 

If 
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2 . In troduc t ion 

In this section, an expository survey of the background 
of the problem will be presented. 

2.1. Applications of plane sampling . Many applications 
of the sampling method may be broadly described as “plane 
sampling." We will give some examples. 

Fore s t survey s . In the simplest cose, one might wont to 
estimate the area of a certain country or geographical district 
covered by forest. Similarly, one might want to estimate the | 
proportion of a forest area covered by a certain variety of tree. 

In another case, one might want to estimate the number of trees 
or the volume of timber in a forest area. These kinds nf appli- 
lications are discussed in, that is, Matem [12]. 

Agricultural surveys in general . Illustrative examples 
of plane sampling are furnished by large-scale surveys carried 
out in order to estimate the cultivated area of a certain 
country or geographical district or the total production of 
a particular crop. Wb refer here to, for example, Mahalanobis [Ill- 

Analogous examples are furnished by such small-scale 
surveys as "field experiments" restricted to a single field on 
a farm. There is no need for specific references on this point. 

Soil surveys . One specific example concerns the estima- 
tion of the proportion of the area of ground of a certain district, 
which is too salty to be cultivated in the usual way; for a 
discussion, we refer to Sulanke [18]. 

Another specific example concerns the estimation of the 

density of worms in soil; see^Fiinuey [ 5 ]* 

Geological surveys proper . The method ef plane 

Biad in order to estimate the wIwe© 
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and other parameters characterizing such geological deposits 
as black and broun coal, sink deposits, etc. tte refer to 
Zubrzyoki [2J>]. 

In this connection, we want to briefly mention 
applications of piano sampling in connection with the 
construction of water power stations. In such situations, 
there is often need for estimating the total volume of earth 
to be removed (for erample, as a basis for cost estimates), 
the total volume gravel available for construction purposes, etc. 

axamnlcs . The mKiples given relate to 
sampling a geographical area of some sort. The method of plane 
sampling is, however, applicable to sampling other kinds of 

areas; some references will be given. 

Dr^al, et al, [2] discusses the problem of estimating 

the proportions of the surface of cost iron composed of crystals 
of carbon and of iron, reapectively. This problem bears a 
considerable resemblance to the "corpuscle problem," discussed 

by Uicksell [21]. 

Husu [9) considers the problem of estimating a parameter 
which characterizes the "smoothness" of the surface of a metal 

plate. 

Faure [ 3 ] and Savelli [16] consider the problem of 

measuring the transparency of photographic film. 

2.2. The sampling theory . The theoretical task of 
constructing a (probabilistic) sampling theory to cope with 

teh© of estimation actualized by such applications 


a® ttose just discussed has long been the subject of 
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By and large, the theory o£ "field c3q>erin)entation" 
la the origin of the theory of plane sampling. However, from a 
rather early date, aomevdiat different paths of advancement have 
been taken . 

In field experiments. It Is often feasible to apply 
randomization of the experimental vmlts; the use of randomi- 
zation may be considered as a device for getting around the 
need for a (realistic) model of the role played by "topographic 
variation." In such applications of plane sampling as those 
discussed above. It Is often desirable, for practical 
reasons, to use systematic sampling procedures. As a 
consequence. It Is necessary to accomt for the role played 
by "topographic variation" by means of a (realistic) model 
of this variation. 

The theory of linear sampling . To a large extent, the 
theory of plane sampling Is a formal extension of the theory of 
"linear sampling," this term referring to san^llng a one- 
dimenslonal stochastic process. Therefore, we will Include 
some references to the linear case. 

Early contributions Include such papers as Osborne [14], 
Madow [lO] and Cochran [1]. In the last -mentioned paper. It Is 
proved that systematic sampling Is, on the average, more precise 
than stratified san^ling, provided that the correlogram Is 
ccmcave upwards. 

Among the recent contributions wc mention Hajek [6] and 

[7]. 


ffr//,. .. 

‘ I L' ij I . 
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The theory of plane sampling . A classical contribution 
to the discussion of topographic variation is Smith [I?]. In 
the field of plane sampling proper, Mahlanobis [11] may be 

considered the pioneer work. 

Matern [12] represents a most important contribution. 

In this work, Matem demonstrates how the theory of stationary 
stochastic processes as developed by, that is, Khintchine and 
Cramer may be used in the construction of a stochastic model 
of topographic variation. 

Quenouille [I 5 ] is another important contribution from 
the I9if0«8. Among recent contributions, we mention VJhittle [I 9 ] 
and [ 20 ]; Williams [22]; and Zubrzyeki [ 25 ] and [24]. 

2 . 3 . The obje c t of the paper. The main object of 
this paper is to analyze the feasibility of estimating the moon 
value of a certain stationary stocliastic process in the plane 
by means of observations at points distributed over the plane 

according to some regular pattern. 

In section 3, we develop a specific formulation of our 
problem. This formulation is the basis of the discussion in 
section 4. In section 5, finally, we present some related results 


Formulation^^ 

Our problem is to find a regular pattern of points 
^ich yield the least limiting variance of values associated 
with an isotropic plane stochastic process observed at these 
point® o In this section, we will transform this problem 
into an equivalent I problem, the solution of ^^ich 


i® discussed in section 4. 


A 
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TO begin »ith, so:^yevlouely 

established results concerning the linear case. The typical 

problem cen be found os follows. 

TO the points t of a real lino there are assigned 

random variables r,(t), subject to the following assumptions 

(a) - (c). 

(a) All random variables n(t) have common expected value 

2 

pi and common variance o . 

(b) The correlation coefficient between any two random 
variables nlO ^nd n(t") depends only upon the 
absolute difference |f - t" | , or in symbols’- 


(5.1) 


R(Tl(t.), . p(|f - t"|). 


(c) The function p(t), t i 0, colled Che correlation 

function of the process, is continuous with p(0) = 1. 

The assumptloos (a) - (c) characterize the family of 

random variables n(t) as a continuous stochastic process 

Stationary to the second degree. -iT^ 

Suppose now that wo want to estimate the mean T* Ti(t)dt 

of the process by the average 


of its values observed at n points selected in a 

given segment 0 i t < T. Consider all probability methods of 
3 at.g>llng n points such that the expected number of points selected 

I For convenience, wo number the formulas, figures, etc., 
serially within each section. 
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' 

from any subsegment (a, [3), 0 ^ a < p ^ T, is proportionate to (3 - a. 
We ask how to choose these n points in onder to minimize the 
quadratic error of estimation, defined as the expected value 

of (ti - T"^/ Ti(t)dt)^. This value extends over both the 

^ 0 

sampling experiment and the nature’s experiment producing the 
process Ti(t). By using an argument of Hajek’s {?] involving a 
kind of spectral representation of the correlation function of 
the process with respect to a one parameter family of properly 
chosen simple correlation functions --it follows that if the 
correlation function is convex, then the best method of chcosing 
the n points t^ ... is to select them equidistantly. 

We now try to generalize the discussion of the linear 
case to the case of a plane. Thus, vxj consider a family of 
random variables 'n(p) assigned to the points p of an Euclidean 
plane, for which the following generalizations (a’) - (c») of the 
previously given assumptions (a) - (c) are fulfilled: 

(a’) all random variables Ti{p) have common expected 

2 

value M- snd common variance a ; 

(b') the coefficient of correlation between any two 

random variables r|(p) and T](q) depends only on the 
vector joining the points p and q, or in symbols 


(5.5) R{n(p)> = p(<l " P) 

q - p la the wnocor differanen between q and p. 
(c’) The correlation function p(p) is a continuous 

function of p with p(0) - 1, where 0 is the zero-veefcj 
In the sequel we shall be concerned with processes 
^ich are, in addition, isotropic. That is to say, the 
correlation function depends only on the length u = jp “ ql of 
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of the vector p - q 
( 5 . 4 ) 






p(p - q) = p( I p - <il) = p('») 


that is, the correlation function is a function of one real 
variable. In \*iat follows, we refer to this function p(u) as 
the correlation function. 

In the linear case, it turned out that the best method 
of sampling n points is to select them equidistantly . It is, 
however, difficult to generalize this result in a straightforvord 
manner to the case of a plane; it is not obvious which domains 
in the plane can replace the segment 0 i t < T. Therefore, we 
have looked for such regular allocations that can be dealt 
with by means of limiting theorems, relating to increasing 
domains. This approach eliminates the troublesome boundary 
effect from the problem.^ On the other side, it introduces 
some problems of a purely geometrical nature which we are now 


going to discuss. 

As shown in Zubrzycki 'we can construct a two- 

dimensional continuous and isotropic stationary stochastic 
process ti(p). correlation function of which is p(u) = r(u/a) 


( 3 . 5 ) 




I (arc cos I - I V 1 -( 3 )^' ) for 0 f u ^ 1, 


= 0 otherwise 

Attd a is A poa;lCl^ cc&«s.'ii4£.s 


^ An alternative device to cope with the bottndary effect vrould 
be to define the stochastic process q(p) on the surface of a 


sphere or a torus. 


I V ’/i N 




ifir' 
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FOR OFHSiAl 9i1f 


In this analytic form, the correlation function doea not 
reveal its most important feature: the value of r(u/a) for a 
given u can be computed as 

■ ,u, 


(5.6) 


r(^) 




that Is, r(u/s) equals the ratio of the area Kgj of the 

common part of t»o circles and Kg with radius o/2 and centers 
p^ and pg at distance u - Ip^ - Pjl «« the arn. w *^/4 of such 
a circle. The geometrical interpretation is illustrated in 


Fig. 5.1. 







-d '< 


3.1. Geomptrloal Interpretation of the value of 
the correlation ftmctlon given by (3.5)- 


Suppose now that we have selected n points ® 

plane and want to estimate the mean value p. of the process^ by 

the average 

^ The mean value u may be interpreted as iDj ^ q(p)dp for a 
domain D with infinitely large ai^a |d1 . 

r?furv 
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F 




(5.7) 


n = s (t](P]^) + . . . + Ti(p^)) 


of the values T)(pj^) ... r\{p^) at these points. This average 
T) is an unbiased estimate of p,. Obviously, 

Var n » — " " p(IPi - P.l) • 

n2 1=1 J=1 ^ J 


(5-8) 


The double sxira of the right member of (5*3) is, by virtue 

of the geometrical interpretation of (3-5) equal to the ratio 

2 

of the sum of the areas of the common parts of all n possible 
pairs of circles with radius a/2 and centers p^, i = l...n, 
to the area of such a circle, or in symbols 

^2 .2, J, |K. /') K. I 

(5.9) Var n - 2^ ^ 1^- • 

n2 TT a^/4 


We now ask which distribution of points in the plane with 
a given plane density yields (in the Limit) the least variance. 
Fittiat we said in connection with the correlation function given 
by (5*5) shows that this problem is uniquely related to certain 
questions concerning distributions of circles. Let us consider 
a sequence of points the plane and define the density 

d, if it exists, as 

(5.10) d = lim Card (i: p. c K(0, R) ) , 

R >00 ttR^ ^ 

that is, as a limit of a ratio of the number of points p^ in a 
circle K(0, R) of radius R and center 0 to the area irR^ of 
this circle, when R tends to Infinity. Of course, this limit 



V ’'V, :?* I- ;» jj’/c |j y 
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docs not depend on the choite of center 0. Then, given a 
sequence p 2 > • • • with density d, let us call a limiting 
variance a limit 

2 


( 3 . 11 ) 


o~ = lim n„ 


Var 


nR 


where nj^ = Card (i: P^ ^ K(0, R)) and is the average of those 
variables t)(p^) for which p^ is in K(0, R) . 

Let us introduce two more definitions. Given in a 
plane a sequence of circles Kp, Kg, • . • vn.th radius a/2, the 
centers pj^, pg,... of which have a given density d, we will 
call a mean covering , in short C‘, a limit 

(5.12) C = lim 2 IK. n K(0, R) \ 

R >00 ttR^ i 

and a mean double covering, in short C" , a limit 

(5.15) C" = lim --i- 2 2 K. K(0, R) | . 

R >eo TTR2 i j J 


In this sum, the case i = j is not excluded. Of 
course, the mean covering C of the circles Kg,... and 
density d of their centers p^, P 2 ».*. ^re related by the 
equality C» = As a consequence, we may use C' as our 

measure of density of centers in comparisons */diere jKj^l is 
kept constant c 

Now it is clear that for stochastic processes t|(p) with 
correlation functions given by (3.5) the search for a sequence 
of points with a proscribed density v.hich yields the minimum 
limiting variance is equivalent ^Tith the search for a 
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rbt! 




■ ,j 


;>n 


corresponding sec^uencc of circles yielding the tnininiuni inesn 
double covering. Moreover, if there exists such a sequence of 
points idiich would realize the minimxjm limiting variance for 
all positive values of a in the correlation function given 
by (3.5)> then it would be the best sequence also for a process 
with a correlation function given by 


(5.14) p(u) = f r(u/a) dF(a) 

vdiere F(a) is a distribution function with F(0) = 0 . 

It is of considerable interest to find out which 
correlation functions admit the representation given by (5.14), 
Unfortunately, there do not exist sequences of points vAiich yield 
minimum mean double covering simultaneously for all values of a 
(3«5)> OB will be shown later on in this paper. 



Consider a sequence of congruent circles K^, Kg... with 
centers Pj^, Pg*** respectively. Let us denote the indicator 
function of by k^(p), that is, let us put 

f4 1^ k fn^ = P ^ 

' ' ^ 1^0 otherwise^ 

Moreover, we put 

(4.2) k(p) = 2 k.(p) . 

i ^ . 

In other words, k(p) is equal to the number of circles covering 
p. In terms of these functions, the definitions of rhe mean 


* * * * 
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covering C’ and the mean double covering C” given in section 3 


take on 

( 4 . 5 ) 


(4.4) 


the forms 


= lim 

1 

Z J k^(p)dp = 

R->oo 

ttR^ 

^ K(0,R) 

= lim 

1 

J 2 k^(p)dp = 

R-o- eo 


K(0,R) ^ 

= lim - 

1 

o 

J k(p)dp; 

R->-« 

ttR'^ 

K(0,R) 

8 lira 

1 

o 

22 r k.(p)k.(p)dp > 

R-^ « 

•frR^ 

i J K^(0,R) ^ 

= lim 
R— >00 

1 

7lR^ 

r 22 k^{p) k.(p)dp 

K(0,R) ^ ^ 

8 lim 

R— >00 

1 

r' 

TTR^ 

J k^(p)dp. 

K(0,R) 


Our problem is to determine such sequences of congruent 
circles with a fixed mean covering for vAiich the mean double 
covering attains its minimum. We are now going to prove an 
inequality from which it follows that a sufficient condition 
for a sequence of circles to have this minimum property is that 
the set of values of the function k(p) consists of two consec- 
utive integers. It is the content of the following. 

Letnmfl 4a . For any sequenc e of circles with mean 
covering C», the follow ing inequality, 

C" > (2[C‘] + 11 C« - [Ct] ([C] +13 
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holds, where [C ] is the integral part of C« ; equality holds if 
k(p) takes only the values [C» ] and [C« ] + 1. 

Proof. Clearly, we have 


(4.6) 


f k^(p)dp =» 
K(0,R) 


i JL 


J k(p)dp|^ 

K(0,R) 


. ( _ 1 _ f k{p)dp - [cO - 5 }^ 

^ ** lt(0,R) 

+ -1_ f (k(p) - tc-1 -|)^<lp • 


As always, 

(4.7) 

we conclude thflt 


("k(p) - tc-j - 1 Y : I 
\ ^ 


('l.S) 


^ f k^p)dp i f / Mp)«>p } 

1*2 K(0,R) 


K(0,R) 


2 

L I J k(?) dp - (C ] - I I + ^ • 

^ ^ K(0,R) 

For R « , we get 

r 1 1 

(4.9) - I c« - [c« ] - 2 j TJ 

and this is an alternative form of (4.5). Now if [C‘ ] and 

[C.] + 1 are the only values of k(p), then (4.7) and consequently 

( 4 ; 5 ) become equalities. This proves the lemma. 

(: 1 rr.n ^ 
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We will now dcscirlbe somo sequences of circles tn^ 
the mean double covering, life confine ourselves to the case where 
the centers of the circles form nets composed of congruent 
figures such as triangles, squares, etc. This will enable us 
to compute the mean covering and the mean double covering from 
a single mesh of a net and we shall e3q)loit this possibility. 

The minimum property will follow by our lemma, as the function 
k(p) will take only twa consecutive integers as its values tin 
our examples. We arrange these examples by Inoreasing values of C’ 

Case I. If 

Ct < - 2 - = 0.907 ... 

" 2V5 

then the net of equilateral triangles^ has the optimal property. , 
This situation is Illustrated in Fig. 4.1 and Fig. 4.2. 
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For the purpose of illustration, wc %iill present here the 

details of the computations of C» and C”. 

In Pig. 4.1, WB put the radius R of the circles equal 
to 1, and the side of the triangle equal to s ► 2. Thus, the 
area of the triangle is 



The circles divide this area into four parts 
A - Tq + . 

The of T^ and T^ is shown in Fig. 4.5. 
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Fig. 4.3. 


In T . k(p) - 0, Alin in T^, k(p) - 1- I*®* 

C. - I t/^Odp +/ dp ) .J/ Idp. 
o 1 ^ 


ThuSp 


t? • ? ) 




For 8 > 2, C» < Tr/2'VT “ 0»907 ••• for s 

C« = Tr/ 2 VS' » 0.907 ... . Moreover, C" = C» as 


“ X ^ y' ^ dp } = c » . 


We will now compare this value of C" with the corresponding 
value of C” for a net of squares having the same value of C» , 
and therefore, representing the same point density. 
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put the side of the sqxiare eqvial to x. Drawing the 
four circles with radius R * 1, we get, say 



Fig. 4.4. 


odp+y' idp+y' 2dp)» 


From C» » irl2~\fS $ wo get 


- ^12; X Ta'i 1.86 < 2R. 


If Ag stands for the area of that portion of the square, 
vAierc k(p) => 2, we get 




V and y having the moaning Indicated in Fig. 4.3> 
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V-U , U'.i .) " 


o';’, I/;;'-' 



Pl«. 4.5. 


Carrying out the conputationa gives A2 » 0.14, 
- T - 2A2 - 2.86. Thus 


Clearly 


•Via' 

(as it should be), and 


{2.86 + 2 . 0.14) « 0.907... 


C" - (2.86 + 2^ • 0.14) « 0.988 ...> 0 . 907 ... 


Case II. If 


0.907... : 1.209... 

then the net of equilateral triangles is still optimal. See 
Fig. 4.6. ' 
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;:o 



However, in this case k(p) has three values: 0, 1, and 
2, so that our lenaa 4a does not apply. The optimality of the 
net in question is a consequence of a known inequality (Toth 
Tojea [4], Chapter III, paragraph 8, ineqxiality (3), P* 80) 
from which it follows that among all convex hexagons of a 
given area and circles of a given area, the maximum possible area 
of a common part of a hexagon and circle is reached, if the 
hexagon is equilateral and the circle is concentric with it. 

The statement of case II follows, if we apply the quoted 
Inequality to cells which are formed by attaching each point of 
a plane to the nearest circle center. The above-mentioned 
inequality is of its greatest interest when the mean covering is 
in the range indicated in Case II. Let us note, however, that 
it implies also the statement in Case I to the effect that the 
circles should be disjoint. 
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r ; ■ ' h: 

.( s. . : 

Case III. If 

• 1.209 ... = f C» < = 1.684... 

then the net of isosceles triangles is optimal. 

This is seen as follows. Me start with the situation 
drawn in Fig. 4.7. 



Me then Increase the mean covering without spoiling the property 
of k(p) of having only two consecutive integers as values, 
letting the base of the triangle diminish and the height of 
it enlarge, so that the three circles Intersect still in one 
point. Me can continue this procedure until the length of 
the base becomes equal to the radius of our circles, as showi 
in Fig. 4.8. 
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Fig. 4.3. C' 


2t 

+ V? 


i 1.634 ... . 


Case IV. If 


1.571... » f ^ C* < = 1.814... 

a net of rectangles has the optinal property. 

Wh start with a net of squares and circles intersecting 
in the centers of the squares as indicated in Fig. 4.9* 
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Ptg. 4.9. C» = I = 1.571. .. . 


This corresponds to C» » ir/2 - 1.571 ••• • ^ then 

enlarge the mean covering by lengthening two sides of the 
square and shorten;las two others, ^ile the circles still 
intersect in the middle, as shown in Fig. 4.10, \Aiere the 
extreme situation is drawn. The radius of the circles is then 
equal to the shorter side of the rectangle. This corresponds 
to C* “ it/ 1.814. . . . 
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W8 note that the intervals for C corresponding to case III 
and case IV respectively overlap. The Mture of this situation 

will be somewhat elucidated here# 

instead of considering the pattern with tfcich we start 

in case III as made up by a net of equilateral triangles, we 
think of this pattern in terms of rhombuses, with the base 
angle v - 60°, corresponding to C* = 2ir/5'f5'“ 1.209. •• 
me increase v to v - 90 °, that is, we change the rhombuses 
into squares, C will increase to C< - ir/2 i 1.571- •• • 1^"- 

after, by “sttoechlng" the squares into rectangles, we may 

further Increase C' to C - r/Vj' “ 1•8I*^ ••• • 


Case V. 

2.418 


4Tr_ < c» < — » 2.714 ... 
" 7VT 


the optimal property is possessed by a net of hexagons which 
have two perpendicular axes of symmetry and can be Inscribed 
In a circle; in general, they are not equilateral. 

Me start with a net of equilateral, congruent hexagons 
and place the centers of circles at the vertices, the radius 
of the circles being equal to the side of the hexagons. In 
this cose C» = 4Tr/3V5’* 2.418 .... This case is shown in 

Fig. 4.11. 
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We let C» increase without spoiling the property of k(p) 
of having only two consecutive integers as values, by narrowing 
suitably our hexagons. We can continue this procedure until 
the circles corresponding to the vertices of neighboring 


hexagons come in touch. Fig. 4.12 shows the extreme situation. 
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Case VI. If 


C» = ^ = 5.628... 

the net of equilateral triangles has the optimal property. 


This 


pattern is represented in Fig. 4.15. 



2t . 


Fig. ^.13* C» = s = 3.628 ... . 

Ue may sxjmmarize the previo^ findings as follows. 


By means of lemma 4a, optimal regular nets of sample points 

were found for the following values of C 

VMAm m Cl 


c<( i = 0.907. . . 
- 


111 + IV 


1.209 ... 4 ^ < Cf - 4 1 . 814 ... 


V i3 


2.418 ... = f C» ^ = 2.714...^ 

5^" - " 7V7’ 


C» = ” =5.628. . . 


On intuitive grounds, I suspect that for case V we should have 
2.418 . . . = — < Ct < i 2.721 ... 

5V5’ “ 2fy 

1 have not had the opportiaiity to discuss this footnote with 
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Ue observe that lemma 4a does not provide solutions for 
values of C» close to 1, 2, and 3 respectively. Me conjecture 
that the same holds true for sufficiently large values of C* • 

This leads us to formulate the following 

Problem 4.1. Determine the range of values of C* for which 

C” - (2 (C»] + 1) C - tC'3*l[C»] + 1 ) . 

For solving this problem, Heppes [8) should prove valuable. 

It is of eome interest to coiqpare, for given values of Ct, 
the corresponding values of C" for different nets of eample 
points. In the following Table 4.1, we present such a comparison 

TABLE 4.1 

The Relation Between C" and the Pattern of 


the Net of Points for Some Values of C‘ . 







value 


(C«l 


C” when the pattern of the net of points is 


squares 






0.907 0 


1.209 



f 1.571 


2.418 2 
| 6 Tr 2.714 2 

7 V 7 ' 


0.907 


1.627 


2.861 


6.395 


7.711 


0.988 


1.695 


2.712 


6.389 


7.956 


I.I65 


1.870 


2.814 


6.110 


7.756 
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The cases discussed above and the exataples given in Table 
4.1 show that the net of equilateral triangles, is not, in 
general, the optimal not. In other words, this net does not 
yield the minimum limiting variance for an isotropic stochastic 
process in a plane with correlation function given by (5*5) • 

The differences are, however, rather small and their sign 
alternates, if C increases. Therefore, we state the follo\d.ng 


Problem 4.2. Is it true that the net of equilateral 
tilmgles yields the minimum limiting variance for a stationary 
isotropic stochastic process with exponential correlation function 

The affirmative answer to this problem would imply the 
optimality of the net of equilateral triangles for all isotropic 
processes with any completely monotone correlation function. 
Nxmierical examples contained in Matem [12] give a certain 
support to such an affirmative answer. Mat^m compares the 
limiting variances for on isotropic process with correlation 
fxinction e^, if triangular, square, and hexagonal nets of some 
chosen densities are used. The effect is that in all cases 
triangular net proved to be somevAiat better than the other 
ones . 

Finally, we mention without formal proof the almost obviouG 
relation concerning the limiting behavior of the mean double 
covavtns* Let us write it down as 

Lemma 4b. For any regular net of points the ratio of the 
mean double covering C" and the soxiare of the mean covering 
tends to xinitv when the mean covering grows over all bands 

(4.10) lim = 1. 

C«2,. 

. - I- ' ■ 
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Dalenius 

Zubrzyckl fim il't ^ 

(continued) ’’ 

We shall discuss the class of convex planar correlation 
functions admitting representation 


(5.1) 


p('») r(|) dF(a) 


idiere F(a) is a distribution function with F(0+) = 0, and 
(5.2) r(u) = - (arc cos u - uVl - ) if 0 < u < 1 


if u > 1 , 


Clearly, 

(5.5) 


r»(u) 


- =\/i 


if 0 f u < 1 


{5A) 


r"(u) = I --Ji 


fl - u 


Lemma 3a. 


if u > 1 


if 0 < u < 1 


if u > 1. 


r" (g) r"(g) du = 1 S 


Proof . The case a > |i is clear, 
in view of (5.4) 


if M. > a > 0 


if a > p,. 

If p > a, we have. 


This paragraph is due to Kajek and Zubrzyoki. 
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(d) p(u) is continuous, convex, and with p(w) » o. 

(e) p'(u) is absolutely continuous. 

(f) / (1/u^) r”(a/u) p”(u) du is a nondecreasing 

^ 0 

function of a. 

The functions F(a) and p"(u) are linked by the following 
inversion formulas: 

(5.6) dF(a) = - I a5 d f’-j r'Hj) p"(u) du . 

( 5 . 7 ) p" (u) =/'"^r"(S) dF(a) . 

The condition (f) is fulfilled, for e^mple, if(p’*(u)/u) is a 
nondecreasing function of u, \4ilch means, provided that p”(u) is 
absolutely continuous, that 


Approved For Release 2009/07/09 : CIA-RDP80T00246A011 700340001 -4 



Approved For Release 2009/07/09 : CIA-RDP80T00246A011 700340001 -4 


(5.8) 


p"(u) - up'"*’(u) >0 u > 0. 


If (3.8) holds, then F(a) is absolutely continuous and therefore 


(5.9) 


dF(a) 1 -2 n. / a v 

”31^ ' ■ 2 P ' HTe > 


sin® e 


Proof . The property (d) easily follows from the corre«- 
spending property of correlation functions r(u/a). The property 
(e), and simultaneously the relation given by ( 5 - 7 ), will be 
proved, if we show that the indefinite integral of the right 
side of ( 5 . 7 ) equals p‘(u). Now, 

‘/o n 5 

u 0 L 

The change of integration order is justified, since r"(u) > 0 
(Fubini's theorem). The last identity follows from (5.1) hy 
differentiation under the integral sign, \4iich is justified, 
since (1/a) r»(u/a) is uniformly bounded for u > e > 0. 

In view of (5.7), we have (by using Fubini's theorem again 

f'-h '"(S) P"(“) f ^ /"-T r"(S)dF(ti)du . 

Jo u . J 0 \x ^ J 0 ^ 


fo7 


which gives, in accordance with (3.5) 


Cr' '] ■ 


HsuiL/ 
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/o" 7 “ -/a" ^5 • 

The last relation, hovnever, is equivalent with (3>6). 

How, assume that the correlation fxmctlon p(u) fulfills 
the conditions (d), (e) and (f), and consider the function 
F(a) given by (5.6). In view of the property (f), F(a) will 
be nondecreasing. 

The fact that the total variation of F(a) eqtials 1 follows 
from the subsequent lemmas 5b and 5c and from the following 
relations: 

(5.U) J" dF(a) = - I a5 d ^ r"(S) p"(u) du da - 


[■ 5 “Vo" ? ^ 

0 L 0 ^ J 

y -> 00 ^00 

up"(u) du = - r p'(u) du = 




= p{0) - p(«)) = 1. 

It remains to show that p»(u) is uniquely determined by the 
relation (5*6), that is, that p(u) coincides with the correlation 
function obtained from (5.1). However, (5.6) is equivalent to 
(5.10), if rewritten in the following form: 

(5.12) S pi dF(n) r''(^) r] oMu). 


E’sl.rj 


iii| ; 

Approved For Release 2009/07/09 : CIA-RbP80T00246A011 700340001 -4 


Approved For Release 2009/07/09 : CIA-RDP80T00246A011 700340001 -4 


Comparing (5.12) with (5.7)> we can sec that the p^(u) may be 

determined from (S/w) / *(l/p.^)dF(M-) in the same way as F(a) 

w a 

has been determined from p<*(u). (The fact that may not 

have' finite variation is irrelevant.) 

Before proceeding to the rest of the proof, we observe 
that by substituting u =» (a/sin 0) into (5*6) we get 

, , ^ ir/2 (.“(rff-a) 

(5.13) dF(a) . - I 0^ d / ■ 3-" ^ d e . 

0 Sin e 


From this form it is easily seen that the condition (f) is 
fulfilled if (p”(u))/u is a nondecreasing function of u, or 
more especially, if (5.8) holds (notice that [(p" (u) )/u]* *= 

=> - l/u^ ■* '*P*" ('j)l)* Now, if (5*8) holds, we can 

differentiate in (S.ij) tinder the integral sign (Fuhlni»s 
theorem), which gives 

^ w/2 

(5.14) ^ 


1^3/^ III / \1 -11/ ® \ sin 0 

► 


Tr/2 




a 


- 5 ‘■p"(iT^)<=°» ® 


da 




-|/aV'{ 


a \ cos G 

sin q ) 2 ” 

” sin 0 


.Tr/2 


1 2 r ' .M / j? ) s 

2 ^ Jo P ^iln-G^ 


1 2 .11 / ji __\ 

‘ 2 ° J P ^3la 0' 

0 


2 ? 
sin 0 4 cos ' 0 


d© = 


siu 0 


s-n 
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The relation p”(«) - 0 ^i^±ch we have used, follows from the 
subsequent leiana 5c. Our theorem is thus completely proved. 


Lemma 5b. 


(5.15) 


r u^ r"(u) du = 

Jo JTT 


Proof . Integrating by part, we have 

r" u^ r''(u) du - - r* 2 u r» (u)du « 

Jo - 0 

= a =-8- . 

TT J 0 5ir 

T..>fnma 5c. Any correl ation function p(u), ^ich fulfills 
conditions (d), (e) and (f) of Theor y 5.1, haS_the 
following properties ; 

(5.16) lira e} J r"(|) ?”('») ” . • 

a-.>0 ^2 

» Itm a^f \ r'*(2)p"('»)d'» * 
a-».» ^0 Vi ^ 

(5.17) ^ 11® ® P’(®) “ ^1® ® P'(®) “ 

a->0 

If, moreover, (p”(u))/'» i» nondecreasing, then 

(5.18) im a® P"(») - 11“ a® p"{a) - 0. 

Proof . As p(u) is convex, - p» is nonnegative and 
nonincreasing, and wc have 
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0 < - I a p*(a) * - J p'(u)du » p(|) - p(a) 

a/2 • 

As p(u) Is continuous in points 0 and m, ( 3 . 17) Is clear. 

Now, if (5»8) holds true, the fvinction (p''(u))/u is 
nonnegative and non increasing, : so that 

(5.19) 0 p"(a) - i ^ du < 

a/2 

< 2a f p"(u)du = 2a p'(a) - p'(J a) 

''a/2 . L . _ 

lAiere the esqpresslon converges to 0 if a 0, or a — >». 

The same consideration will bo used in proving (3.16). 
In view of the condition (f), we have 


( 


5.20) 0 f i a5 f" Jg r"(a)p" (u)du J 

v/ 0 u 


■ /V" ^ ?”(“)*> 


a/2 


u 


Sl% " - 


p'*(u)du 


/ 


P a/u « 

/ u^r‘'(u)di| 

a/2u 


up"(u)du 


li^re, in view of ( 3 . 13 ) 
pa/u o 

/ u^r"(u 
a72u 


X 

if ? > 

0 

3Tr 

u 


-S-e 

if s < 

e 

3Tr 

u ® 


0 

if f > 
u 

1, 


Vi. ■■ 
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foi OFFieaf isE urn 


Consequently, on the one hand. 


(5.21) uV(u)du up“(u)duS^ e +/^“^Sp"(u)du 

^ a/2u ■ ■ I- 

and, on the other hand, 

(5.22) J J u^r"(u)d^ up’'(u)du’ < up”(u)du. 

The inequalities (5-20) together with the inequality (5-21) 

or (5.22) prove the relation (5-16) for a > 0 or a > «, 

respectively. (Notice that up”(u) is integrable with 

f up"(u)du *> 1.) 

0 . 

5.1. The convex correlation function e has 
a negative third derivative and therefore fulfills the condition 
(5.8). Hence, it admits the representation (5.1)# ^re the 
spectral density is .jivon (5.9). 

Example 5.2. The convex correlation faction 

p/y) = — 2 — r e du 

also admits the representation (5.1)# since (p”(u))/u = 

« (l/^ir) is a nonincreasing function of u. 

Example 5.5. The linear convex correlation function 


p(a) = 1 - u 


if u < 1 


if u ^ 1 


has a discontinuous first derivative, and therefore, does not 
admit the representation (5.1). 1*^ shown, however. 
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that p(u) is not a planner isotropic correlation fxmction. 
Actually, considering a square net of points with coordinates 




we have 


n n 

^ 2 p( IPi'i “ Pii4ilH“ 

ij>=0 i»,j»=0 ^ J 


i+J+i*+j« 


= n^ - 4(1 “ ) n(n - 1) 

which is negative for a sufficiently large n. 


Example 3.3 shows that the class of planner isotropic 
convex correlation functions is smaller than the class of 
linear convex correlation functions. One might suspect that 
all plannar isotropic correlation functions are expressible 
in the form ( 5 .I). This Is, however, disproved by the following: 

Theorem 5.2. There exist isotropic stationary 
atoch>*stic processes in a plane with correlation function 
g(x,y) = f(V + y^' ) such that f(u), 0 3 u < », is a convex 
function ^ ich cannot be represented in the form 

(5.23) f(u) = r(|) dF{a), 

v<iere 

(5.24) r(u) = ^ {arc cos u - uV 1 " 0 » 

e 0 if 1 3 U < CO, 

and F(a) is a distribution function with F(0+) = 0. 


fi 


■'*r- H 


imM. 


■ > 'Uu, 


u S' f 
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This theorem follows from the following two lemmas: 
l>&aiaa 5d. The function 8(x,y) - £('\lx^ + t<here 


(5.25) 


f(u) “ f (5 - u) 


for 0 * u i 1, 


I ((arc sin - (u -'\j - I ) ) 


for 1 "« u < 00, 

is a cor relation function of a stationary Isotropic stochastic 
process (see Fig . 5.I), 




Pig. 5.1. V » f(u), f(u) given by (5.25). 

Lemma 5e. If the function f(u) la representable j,n 
form (5.25), then f*'(u) > 0 for all u > 0 with u < a, iihare 
F(a) < 1. 

To prove lemma 5<], we consider a linear stationary 
stochastic process T|(t) with correlation function h(t) given by 


(5.26) h(t) - 1 - It 


if |t| <1, 


otherwise ; 
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I 

t 


i 


Define then a plane stochastic process ^(x,y) by 
putting 

(5.27) ^(x#y) = y 


where a is a random variable independent of the process 


T^(t) with 
(5.28) 


Pr (a < a)= U/2ir 


if a ^ 0, 
if 0 < a < 2ir, 
if 2ir < a. 


In other words, we first define a plane stochastic process 
tAiich depends only upon one coordinate and has with respect 
to it correlation function h(t), and then vpb randomize the 
direction. It is soon that |(x,y) is an isotropic stationary 
stochastic process with correlation function g(x,y) * 

= f(Jx^ + y^ ), where 

(5.29) f(u) - -i- r^l - h(u sin t)) 

2v^0 


v^ich leads to (5.25). 

To prove lenma 50, we note that the second derivative 
of a function f(u) given by (5-23) is given by 

(5.30) f"(«) • ^ 

idiere 


4 

—a > 0. 

if 

0 

A 

C 

A 

w 

TT 

h - u2' 



S8 0 


if 

1 < u < CO. 


This proves lemma 50. 

Now the function f(u) given by (5.25) has a second deriva 
tive which vanishes for 0 < u < 1. This contradicts lemma 5e 
and thus proves our theo;rem 5.2. 
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